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Introduction.- In DJ we studied the problem of a material point moving on

a straight line subject to a strength f depending on time and to a perfectly

elastic bouncing law.

This problem consists in the following:

such that it satisfies a lipschitz condition on

or s = O, b ~ O (permissible

[O, T1 ;

for every

b e IRS < O
l

feL([0,T1;IR),given

o

data), fi'nd u < O

T
f [u(t) ~(t) - f(t}q,(t)J dt < O

for u < O one has
T
f [u(t)~(t) - f(t)q,(t)] dt = O for every q,eC:([O,T];1R);
o

for every t e}O,T[ ù+(t) and ù-(t) exist; moreover 0+(0), O-(T) exist

and

t
+ f f(n)

o
o (n)dn for t e [O,T] ;

u(O)
.+

=s, u(O)=b (energy conservation law).

- This work was carried out in the framework of the activities of the

G.N.A.F.A. (C.N.R. - Italy).
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In ~J we have given a eounterexamp1e to uniqueness.

Prof. E. De Giorgi asked whether one eou1d eharaeterize the funetions of

L1([O,Tl; ffi) for whieh the eorresponding bounee prob1em has a unique

solution.

Also in [l) we gave eonditions that ensured uniqueness (e.g. if f is

a simple funetion (efr. theorem 2 in [1J)).

The aim of this paper is to show that uniqueness of the bounee prob1em

is a generi e property in Ll([O,T]; ffi).

Aetually, following G.

the one-dimensiona1 bounee is unique.

Vidossieh [2}. we prove the existenee of a G6­

that eontains the dense set M ={feL1([O,T] ;lR)lf
o

•sueh that for every feM the solution to the

of Ll ([O, TJ ; ffi)

L1([o,TJ;lR)

..
set M

simp1el of

Cauehy prob1em for

We reea11 that:

(i) a G
6

-set is a eountable interseetion of open sets;

(i i) a "generi e property" abDut poi nts of a topologica1 spaee i s a property

that ho1ds for al1 points of a subset of seeond eategory.

5inee seeond eategory is the topologieal ana10gue of a1most everywhere, a

generi e property is a property that is true for most points in the given

spaee.

The re1ation between G6 - sets and the eoneept of generi e property is

that a dense G6 -set in a seeond category spaee is of seeond eategory (sinee

the eomp1ement of a dense G6-set is a first eategory set,whi1e in a seeond

eategory spaee the eomplement of a first eategory set is of seeond eategoryÀ



- 3 -

Results.

The first step is to prove that the set M
o

={fel1([O,T];lR)!f simplel

is not a Go - set in II ([0;1'];lR).

It suffices to remark that M is a set of first category because it
o

is a subset of UN C which is of first category, where
ne n

l
C ={fel ([O, T];lR) If constant on (Cl ,8 ) c [O,T] ,Cl and 8

n
rational l .

n n n n

lel1Jl1a. -.!.i. feMo' (fn)n is a sequence in II ([O,TJ;lR) converging to

f ~ II ([O,TJ ;lR), and if un is a solution to the Cauchy problem for

bounce with strength f , then
n --

l im u = u
fn-++oo n

uniformly in [O,TJ ,

where u
f

is the unique solution to the Cauchy problem for bounce with

strength f.

Proof. For every neN we have

(j) u e lip ( [O, TJ ;lR), un ~ O in [O, T] ;
n

T
(jj) f [u (t) $(t) - f (t)~(t)J dt < O for every ~eCoo( [o,T1 ;R+);

n n - o - ~

o

(jjj) for
T

u < O f
n o

fu (t) $(t) - f (t)~(t)] dt = O for every
" n TI

00 ~ _

~eC (LO,TJ;lR);o

(jv) for every t elo,T[u~(t) and exist; moreover

t
exist and }[u~(t)J2 = ~[U~(0)J2 + f fn(n) un(n)dn

o
for teLO,1]
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(v) u (O) = 5 , 1/(0) = b o

n n

From (jv) and (v) it follows that

11 un" L=([O,TJ;JR)'::' constant (indipendent of n)o

( 0+ 0+ )It follows, because bouncing points for u where u = -u f O aren n n

at most countable, that the sequence (un)n is equibounded and equilipschitz

(equicontinuous) and therefore a subsequence

lim u = v uniform1y in [D,T] o
k->otoo nk

(u )k exists such that
n
k

We claim that v = ufo Indeed if we prove that v is solution of the

Cauchy problem for bounce with strength f, v = uf and 1im un = ufn->otoo
unifonn1y in [D,T] shall follow, on account of uniqueness.

Because (u )k is equilipschitz,
nk

1im u = v uniform1y in [D,T]
k->otoo nk

and 1illl f = f in L1([O,T];JR), from (j),(jj),(jjj) and (v) follow
k->+o> nk

respective1y

v e Lip( [O, TJ ; lR) , v .::. O on [O, T] ;

T
J [v(t) $(t) - f(t),(t)] dt < O
o

for every = +,e C ([D,T]; R);o

T
for v < O one has f [v(t) ~(t) - f(t) ,(t)]dt = O

o

v(O) = S, Y+(O) = b.

for every
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Moreover /(t) and v-(t) exist for t e ]O,T[

al mos t everywhere i n [O, T] .
t n

Indeed the function w(t) = v(t) r (I f(s)ds)dn
o o

limit of the sequence of concave funtions (see (jj))

t n
w (t) = u (t) - I ( I f (s)ds)dn.

nk nk o o nk

and lim ~ = V
k->+oo nk

is the uniform

Therefore w is concave,almost everywhere in [O,T) differentiable and

lim w = w almost everywhere in [O, T].
k->+oo \

This impl ies 1im ~ = v almost everywhere i n [O, TJ ' because
k->+oo nk

lim 1f = f in L ([O, T] ; lR) •
k-+-t<o n

k
t t

Moreover 1im I f (n)ù (n)dn= I f(n) v(n)dn .
k->+oo o nk n

k o

Then, from (jv), as k + + 00

t
I f(n) v(n)dn
o

almost everywhere in [O,T] , and also

t
}[/(t)J

2
= ~ b

2
+ I f(n) v(n)dn

o
for every t e[O,T] , by a continuation

of L/] 2 at those points where v has no derivate.

Hence v = uf and lim un = u
f

uniformly in [O,T].
n->+oo •
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Proposition.-

There exists a G -set
6 ­

_ l
Mo c M c L ([O,T];lR)

-M such that

and

for every f e M- the solution to the Cauchy problem for the one-dimensional

bounce is unigue.

Proof. For every let

S(f) ={u e Lip([O,Tl; lR)lu solution to the Cauchy problem

for the one-dimensional bounce with strength fl.

Defi ne D : Ll ([O, T] ; lR) ... R by

D(f) = sup Il v-wll CO([o,fJ;lR)
v,weS(f)

We note that, if feD-l(O) then S(f) is made by only one function.

The proof (cfr. [2J)rests on the following statement:

(a) For every f e Mo and every n e N there exists an open neighborhood

of f in Ll([O,T];lR) such that D(g) l
< ­

n
for every 9 .,f

e " n

In order to prove (a), we proceed ab absurdo. Therefore we assume the

statement to be false.

Then there are

such that l im
k-++=

f e M ,
o n e N and a sequence (fk)k in

l l
L ([O,T];lR)and D(fk)::i1 for every k.

By l
> -- ,- n such that
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l
> =
- n

Si nce l im f = f in Ll([O,T];R) and f e Mo' the lemma implies
k->-ta>

k

l i111 vk = l im w
k = u- uniformly in [O, T] , a contradiction.

k->-ta> k->-ta> f

Then
= U ]f

feMo .
n

is an open subset of lL ([o, T] ; JR). Therefore

M* = r;'1 i s a Gr - set i n Ll ( Q_O, TJ ; JR).
n= l n u

For every f e M* the Cauchy problem for the one-dimensional bounce

with strength f has an unique solution since M- ~ D-l(O) by (a) .

•
Theorem. - The uniqueness of solutions to the Cauchy problem for the

one-dimensional bounce is a generic property in Ll ([O, TJ;JR ).

Proof. -

The assertion follows at once (in view of what was said at the end of

the introduction), because Mo is dense in Ll([O,TJ;JR) and Ll([O,TJ;JR)

is of second category, since it is a complete metric space (Baire' s theorem) .

•
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