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One can easily verify that every element of ¥ 1is a right tail of
S preordered wit};respect to relation defined in (Jj). On the other
hand 1f (S’i) is a preordered set and R 1s the set of the right tails

of (S’i) then for every x,y € S the following properties hold

(e) X <y 1ff y < %UR} according to (J)

4y

and x <y iff x < (R ),

J 0’

where @O_ 1s the set of the principal filterg of (5,<) generated by
an elment of S. And hence, as a consequence of (jj), the following

property holds:

(ee) x <y 1iff HiX(@{J»’ ,

o

where Ré 1s the set of all set complements in S of the elements of RO *

Now we can give the following

THEOREM 1. Let € <@(S) be, Y €¥ and y e Y. Then Y is a point
closure in € with respect to y iff y 1is mudimum in Y with respect

to relation defined in (J).
P . f: . . AT 1 '5( f s : 18 e P ;
ROOF. In fact;y is miwimum in Y &= VxeY ‘Ey ce & YxeY,
VZeCy D Zeg, @VMY,VZEE)’:XEZ S vZeEy;\’gu
Q.E.D.

N. 3. A CHARACTERIZATION OF V-PRIML AND STRONGLY V-PRIME ELEMENTS
OF A POSET.

Henceforth let (S,<) be a poset. Then we can consider the function

e

g : S~+>@(S) mapping an element x € S into the set g{x) = {veS:xiy = S-r(x)
1 ,

. moo _ . o
Clearly f s an ijective function: morecver ¥x,veS x<y 1iff g(x) -

[



< g(y), in fact x < y iff the principal filter r(x) includes the principal
filter r(y), and hence x <y iff g(x) =S - r(x) €S - r(y) = g(y); thus
g is an isomorphism from (S,<) onto (g(S),c). Now we want to prove the

Sl e

following.

THEOREM 2. The ordered pair ((g(S),c),g) 1s a U-proper set representation
of (S,<).

PROCF. Since g s an isomorphism from (S,<) onto (g(S),C) we need only
prove that  (g(S),c) 1is a U-proper set poset. Thus if Y < S then
A r(y) =r(Y) = U r(x) (see (ii) of N. 2). Whence U, (S-r(y))= S-r{Y)

yeY ’ xer(y) yeY
= xer(v)STT0) =y 900

then
U. A 3
i=179 xer(Y)g(x)
n
and hence 1Q1Ai is equal to the set intersection of all a(x) such that
n
g(x) = .U A Q.£.D

Now we can give the following

THEOREM 3. Let ¢ be an element of S and Tet ¢ be not minimum in {S,<).
Then ¢ 1s strongly v-prime in (S.,<) iff for ever U-proper s=2t representation

((f(S),c),f) of (S,<) f(c) 1is a point closure in f(S).

PROOF. Let f(c) be a point closure in f(S) for every U-proper set represen
tation ((f(S),q),f). Now then we cnnsi-pr the U-proper set representation of
tneorem ¢; thus, as a consequence of the fact that ¢ 1is not minimum in (S,-).

the set {yeS:ciy} is different from @ and it is a point closure in q(S).
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Hence,as a consequence of theorem 1 and of (ee) in N. 2, g{(c) has a

maximum in (S,<), therefore ¢ 1is a strongly v-prime element of (S,<).

Conversely Tet ¢ be a strongly v-prime element in (5S,<); in such
a case the set {yeS:ciy} nas a maximum b. Now let ((f(S),¢),f) Dbe
an arbitrary u-proper set representation of (S,<). Since ¢ i b then
f(c) € f(b) and hence we can consider an element xef(c)-f(b). We want
to  prove that f(c) 1s a point closure with regard to x. In fact 1f
Z 1s an element of f(S) such that x €Z then there exists zel  such
that f(z) = Z. Now then c<zy in fact assume, ab absurdo, that cjz,
then zb, thus Z = f(z) c f(b) and hence xef(b). Since c<z iff
f(c) € f(z) = Z, the theorem follows.

0.£.D.

THEOREM 4. An element ¢ € S is v-prime in (5,<) iff a U—perer

set representation ((f(S),<),f) of (S,<) exists such that f(c) is

a point closure in f(S).

PROOF. Let ((f(S),<),f) be a U—p‘r_‘oper‘ set representation of (S,<)

such that f(c) is a point closure in f(S) with regard to x; moreover
let y,z € S such that C _{r_y and C;F z. Then (f(c) $f(y) and

f(c) Ff(z), thus x éf(y) and x ¢ f(z); moreover (since {f(S),Q

is a {proper set pasét) f(y) U f(z) is equal to set intersection

of all f(t) including f(y) and F{?‘ As a consequence an element

t € S exists such that f(t) o f(z) U f{y) and x ¢ f(t), thus
f(c)f(t) and hence c‘it but -j;-,f <t

subset {s € S : ¢ *_ s} is v-directed .

and z < t. That means that ine

Convensely let ¢ be a v-prime element in (S,<) and ({f{3),c,f)

a U—pmper set representation of (S,<). If f{(c) 1is a pcint ciosure in

f(S) we have nothing to prove. If not let us consider the set X' = XUi{X},
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((cfr.[{], p. 62, proof of theorem 31) where X =tgsf(t} ,and the

function f' : S -~ @(X') such that for every se$S f'(s)=f(S) iff
c_$'5 and f'(s) = f(s)U{X} iff c < f(s). Clearly f' is an

inj8tive function and for every, s.,s, e S s, < s, iff f!(s])gf*(s

3
1772 1 =72 2/

moreover f'(c) is point closure with regard to X in f'(S). Then
we must only prove that ((f'(S),gjf') is a U-proper set representation

of (S,<).

n
,$ € S then iy{(s.} is equal to the set intersection

Now if s.,...
] n ]

of all the elements of f(S) that include every f{Si)' Hence let's

consider the following two cases:

CASE 1 : for every i= 1,.,.,n:c:fsi. Then for every 1 =1,...,n
f'(si) = f(si), moreover (since ¢ is v-prime in (S,<)) an element
s e S exists such that ¢ ¢+ s and for every i=1,...n s.<s, thus

- 1

' : { } f *
f'(s) = f(s) hence 1E]f (51)(?21 f(s{) 1s equal to thg set iuntersection

of all the elements of f'(S) that include every f'(si)( = f(si)}.

CASE 2 : for some 1ilc < X Then f'Lsi) = f(si) U{X} ; moreover

for every s € S such that f'(s) inciudes every f'(si) one has

f'(s) j._‘_:f‘(s].), thus ¢ < s. < s and hence f'(s) = f(s) U{X}. Then

m————— -

n g

in this case too we can conclude that 191f(51?(?u1 f{s.) U {x}) is
= - 1

equal to the set intersection of all the element of f'(S) including

every f(s.). |
Y (-1) 0.t.0.

REMARK.

We observe that if (S,<) has at least a v-prime element then a
U-prOper set representation ({f(S),_gj;f} of (S,<) exists such that
f maps évéry v-prime element of (S,<) in a point closure. In fact Jet
A be the set of all v-prime elements of (5,<),{{f(S).¢),f) @ U-oroper

set réprésentation of (5,5) and B the set of all the elements of A



mapped into a point closure. If B = A we have nothing to prove.
Now we suppose that B # A and

)y  (UF(s))N (A-B) =g \B)

SeS

!
Then we consider the functionPthat maps every S € S into the set

f(s) U AS, where AS = {yeA - B : y < s}. Crarly f' is an injective

1 . 1 |
function and for every 5135, € S S, =S, iff f(s]) U As] Ef(SE) J ASZ,
Moreover if S]""’Sn are arbitrary elements of S then

n " n
EIUCHR p‘si) = GGf(s) U (1_91Asi) '

Now let Z be the set of all upper bounds of {5],...,5 } in (S,<).

n
We want to prove that zé% (f(z) U Az) =ig1(f(si) U As.) =

:

II;E pam. |

777N =]

As a consequence of condition (m)zé%(f(z)UAz) = (g;zf(z))U(éngZ};

N
]f(Si) andz& AZ ?-ig-lAS‘i; tnen

Hc 3

moreover we alveady know that Zé}f(z) =

n
it is sufficient to prove that f} A c.UA .
zel 'z —i=1 ¥

Now if x e é%ZAz then x 1s a v-prime element of (S,<j) such trat

x <z for every z € Z. Moreover 7 1is the set of all upper bounds of

{s],...,sn}, then as a consequence of the definition of v-prime elsment

n

AS and hence N_A c.U_A

n
X<sS. forsome 1 e€{l,....n thus x €.U $ ,
—— { ? ? }! 1= 2€l Z —1=1] S_i

]

From this the enounced assertion follows.
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(F(s. UL UAD

f(s))N(A-B) # @ 'can easily be reconaucted to condizion -



