
One can easily verify that every element of ~ is a right tail of

5 preordered withrespect to relation defined 1n (j). On the other

hand if (5,<) is a preordered set and ~ is the set of the right tails
'"of (5,<) then for every x,y e 5 the following properties hold

'"

(e) x ~ y iff X ~ ~(tR) according to (j)Jand x/vy iff X ~ ~(iRo)'

where iR 1S the set of the principal fi lterso of (5,~) generated by
o

an elment of 5. And hence, as a consequence of (jj), the following

property holds:

(ee) X < y i ff w < X (tR') ,
;;> - o

where~' is the set of all set complements in 5 of the elements of ~
o o

Now we can g1ve the following

THEOREM 1. Let '€ ~f(5) be, Y e'e and y e Y. Then Y 15 o point

closure in 'e vlith respect to y iff y is m.wJmum ln Y with respect

to relation defined 1n (j).

PROOF. In fact: y . ~. .
l S m""'1 mum 1n Y <ç~~> VxeY : 'e Co 'e <: '} VxeY ,

y -, x

VZeC : Ze'F /---o-.. VxeY ,VZef. : xeZ <;::? vZe'e :Yd.y "J(~ y y ,-
Q.LO.

N. 3. A CHARACTERIZATION DF V-PRIME ANO 5TRONGLY V-PRIME ELHlrtHS

OF A P05ET.

Henceforth let (5,<) be a poset. Then we can consider the function

9 : 5 +~(5) mapping an element x e S into the set g(x) =

Clearly f is a'\ iJective function; mOl'eover Vx,ye5 x<y

(yeS: xh j =S- r(>('ji' .

iff g(x) ,
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~ g(y), in fact xc y iff the principal filter r(x) includes the principa1

filter r(y), and hence x < y iff g(x); S - r(x) eS - r(y) ; g(y); thus

9 lS an isomorphism from (S,~) onto (g(S),c). Now we want to prove the

following.

THEOREM 2. The ordered pair ((g(S),c),g) lS a U-proper set representation

of (S,<).

PROOF. Since 9 is an isomorphism from (S,~) onto (g(S) ,c) we need only

U-proper set poset. Thus if Y c S thenprove that (g(S),c) is a

n r(y) - r(Y) - U r(x)yeY - - xer(Y) (see (ii) of N. 2). Whence U (S-r(y)); S-r(Y);
yeY

In particu1ar

then

if Y- and S-r(y. )
l

(i=l, ... ,n)

n
and hence .U1A. is equal to the set intersection of all

l; l

Now we can give the following

g(x) such that

Q.E.O.

THEOREM 3. Let c be an e1ement of S a~d let c be not m1nlmum in (S,.).

Then c is strong1y v-prlme ln (S'2) iff for ever U-proper set representation

((f(S),c),f) of (S,<) f(c) lS a point closure "in f(S).

PROOF. Let f(c) be a point closure ln f(S) for every U-proper set represen

tation ((f(S),c),f). Now then we Cf,",;-"'r the U-proper set representation of

tneorem 2; thus, as a consequence of the fact that c is not minimum in (S,.),

the set (yeS:c.!.y) lS different from and it is a point c10sure in g(S).
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Hence,as a consequence of theorem l and of (ee) in N. 2, g(c) has a

maximum in (5'2)' therefore c is a strongly v-prime element of (5'2)'

Conversely let c be a strongly v-prime element in (5'2); in such

a case the set {ye5:ctyl has a maximurnb. Now let ((f(5),ç),f) be

an arbitrary u-proper set representation of (5'2)' 5ince c i b then

f(c) C f(b) and hence we can consider an element xef(c)-f(b). We want

to prove that f(c) is a point closure with regard to x. In fact if

l is an element of f(5) such that x el then there exists zel such

that f(z) = l. Now then c<z~ in fact assume, ab absurdo, that ciz,

then z<b, thus Z = f(z) c: f(b) and hence xef(b). 5ince c<z iff

f(c) c:f(z) = l, the theorem follows.

Q.E.D.

THEOREM 4. An element c e 5 lS v-pr1me in (5'2) iff a ULproper

set representation ((f(5),<),f) of (5,~) exists such that f(c) is

a point closure in f(5).

PROOF. Let ((f(5),~),f) be a ~proper set representation of (5,~)

such that f(c) is a noint closure in

f(c) ,ff(Z), thus

is a U-proper set poset) f(y) U f(z) is equal to set intersection

lety,z e S such that C i y

x ~F(y) and

and
•x ,

f(5) with regard to x; moreover

Cf z. Then (f(c) f f(y) and

f(z); moreover (since (f(5),C)

af all f(t) including f(y) and f(z). As a consequence an element

t e 5 exists such that f(t) ~ f(X) U f(y) and x ~ f(t), thus

f(c)$f(t) and hence ctt but y <. t and z <: t. That means that tl1e

subset {s eS: c t s1 is v"directed .

Canvensely let c be a v-prime element in (5..::.) and ((f(S),g,f1

a U-proper set representation of (S,~). If f(c) lS a point cìosure in

f(S) we have nothing to prove. If not let us consider the set X' = XU{X},
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((cfr. [l], p. 62, proof of theorem 31)) where X =t~Sf{t) )and the

function f' : S ... tP(X') such that for every se5 f'(s)=f(5) iff

c t sand f'(s) = f(s)U{X} iff c ~ f(s). Clearly f' is an

injhive function and for every, sl,s2 e 5 sl ~ 52 ifi; f~(sl)S:f'(s2)'

moreover f'(c) is point closure with regard to X in f'(S). Then

we must only prove that ((f'(5),~1f') is a U-proper set representation

of (5,~).

n
Now if sl""'s e 5 then .U{(s.) is equal to the set intersection

n 1 = 1

of all the elements of f(5) that include every

consider the following two cases:

f(s.). Hence let's
l

CASE l : for every i= l, ... ,n: c fs .. Then for every i =l, ... ,n
1

f'{s.) = f(s.), moreover (since c is v-prime in (5,<)) an element
1 l -

S e 5 exists such that c *sand for every i=l, ... n s .<S, thus
. - 1-n n

f'(s) = f(s) hence .Ulf'(s,)(:U
l

f(s.,) is equa] to thp s.et iflcers.ection
1= 1 1= 1 ,. ..

of al! the elements of f'(5) that include every f'(s.)( = f(s,)).
l l

CA5E 2 : for some i;c < x .• Then f'ts.) = f{s.) U{X} ; moreover
- l l l

Q.LO.

includes every f'(s.) one has,
f'ls) = f{s) U{X}. Thenand hence

n ,
that iU/(si )(iUl T(si) U {x}) is

interse.ction of aìl the e'lement of f' (S) includ'ìngequa] to the set

every f(!>.).
,l

f'(s) ~ f'(s.), thus c < S. < S
- 1 - ,

in this case too we car conclude

for every s € S such that f'(s)

REMARK.

We observe that if (5,<) has at least a v-prime element then a

U-proper set representation l(f(5), Ò,f) of (5,~) exists slJch that

f maps every v-prime element of (S,~) in a point closure. In fact let

A ~e the set of all v-prime elements of (S,~),((f(S),~,f) a U-proper
, ,

set representation of (S,~) and B the set of all the elements of A



rnapped into a point c1osure. If B - A we have nothing to prove.

Now we suppose that B # A and

(USf(s))rY (A-B) = Il
se

( ~)
•

. I

Then we consider the functiontthat Maps every s e S into the set

f(S) U A • where A = {yeA - B : y < s}. Oar1y f' is an injective
s s

function and for every sl,s2 e S sl'::' s2 iff f(sl) U A5 Cf(s2) U
1

are arbitrary e1ements of S then

n
.U l (f(5.) UA ) =
1= 1 5.

1

Now let Z be the set of all upper bounds of {sl, ... ,sn} in (S •.::.).

We want to prove
n

that (l (f(z) U A) =.U
1
(f(5.) U A )

zeZ z 1 = 1 S.
1

n n
=.U,1 (f(s. )',U: .UlA, \.

1= 1 '1= 1

A5 a consequence of condition (m) (l(f(z)UA )
zeZ z

= (tìZf(z))U(!ìJ, ',;
ze zeL Z'

moreover we alyeady know that (lf(z)
zeZ

n
=.U

l
f(5.)

1 = 1

n
and (l A :;,.U1A ;zeL z -1= S.

l

tnen

n
i t i 5 5uffi ci ent to prove tha t (ì A U A

zeZ z':'i =l s; .

Now if x e ("lZA then x is a v-prime e1ement of (S,.::.ì such t"èt
ze z

x ~ z for every z e Z. Moreover Z ;s the set of all upper bounds of

(51" .. ,5 }, then.. n .
X < 5. for some

- 1

as a conseauence of the definition of v-prime
n

i e{l, ... ,n}, thU5 x ei~lAs. and hence ~ZAz
1

els:;ent
n
l' Ac. ~l .

-l = S,
l

From this the enounced assertion fo11ow5.
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(~) The case ( USf(s)) lì (A-B) fil' can easily be reconducted to CC~dl :ion -)
se '


