
- 3 -

then, si nce a·b=b.a, if heN it fD 11 DWS that
h [(k+l)h] t

2 b=b ·a , where

teWdepends Dn h but does not depends Dn b.

Now we reca11 that the wset k+1+( Il)

then Slnce

and

a consequence

is invertible in

is the unique element ina

-h
exists such that (k+l) ~ l (mod n). As

fin ti fi i i
,therefore (2) b = (L:~~'~;)b = b~ .. .;. .. a ,= b;

n n
S such that afa = a, in the

-
i,

b·a

-heNhence

semigroup M(+) b generates a group ",'hose zero-element is a. From

this it follows that ll(+) is a group since b is an arbitrary element

Df ~1.

Q.LD.

N.2. A CHARACTERIZATION OF M(+,·) AND S(+,·).

We sha11 now prove tbe fo 11 owi n9

THEOREM 3. For alI x,yeM _l -1 (x+y = x· a .y. Moreover l +1=a and M,') ;s a direct

product of groups of arder 3.

is commutative,
kx = x; hence

is a commutative group and

is a multiple of the period of x. As ak-l

P O F I f - d - - h - -1 eM d - _.. 1RO. n act x = x·a an y .. x'y, w ere x = x·a an y=x .y-
-1 _ _ - k+1 - _k+1 - k - k

= a·x ·y€M. Then x+y = x'a + X'y .. ~ (a+y) = x .y = x'a .y.
k -kAnalogously y+x = y·a ·x and hence, since M(+)

k -k k-kx·a .y = y·a ·x. Then, by putting y = lJ one has

-1.. y·a ·x. Therefore M(·)-1x'a .y = x+y = y+x

-1 -ll+l=l'a 'l=a ;moreover

con5equence, since a150 n=2ktl is a multiple of the period of x,

3=2k+1-2(k-l) is a multiple of the period of x too. Then we can conclude

that M(') is a direct product of groups of order 3.

Q.LO.

Conversely it is easy to verify that if S(.) is a direct product of

groups of order 3 then the following theorem holds

THEOREM 4. If we define an operation on S by putting x+y=x·b.y, where
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b is a fixed e1ement of S, then 5(+,') is a (Z,p)··sernifie1d and
-l -l -lb+b =b.

And now we want to prove that if S(+,·) i, a (2,p)-semifie1d and

Isi > l then 5(') is a direct product cf groups of order 3. This is an

immediate consequence of the fo11owing two theorems

= 1- .

•
1S

hheN exists such that m

that the coset m+(n)

THEOREM 5. S(+) is a group and a is its zero-e1ement.

k+1 k+1-1PROOF. In fact for all beS one has b+b=b ·(l+l)=b 'a ; then,
. -1 2 p k+1 p k+1 p k+l k+'i

S1nce a =a =a , 4b=(b+b)+(b+b) = b ·a +b a =(b +b )·a =

=(bk+1)k+1. a-1. a = b[(k+l)2]. Now then, since the coset k+1+(n) is invertib1e

in (~)(.), the e1ement m = (k+l)2 is such

invertible too. As a consequence an e1ement

h (mh)
(mod n), then 4 b = b = b. The conclusion now fo11ows in the same way

as in the proof of theorem 2.
Q.LO.

THEOREM 6. The subset M coincides with S.

PROOF. In fact for al1 xeS one has:

222l+x=a 'a+a ·a·x=a(a+a·x) = a·a·x = a ·x,

1+x=a.a2+x.a.a2=a.aP+x.a.aP=(a+x.a).a=x.a.a=x.a2

Then a~ is a centra1 element in sto) and hence a = (a2)2 is central too.

Q.E.O.
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