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7. ASYMPTOTIC BEHAVIOUR OF -'ti (cl ,r-> , ~ ;x) for x "7 00 •

In order to derive the asymptot"lC behavi\lur of 't'" (al, f3 ,If ;x) for

large x, we recall for the sake of Cùnvenlence the following generaliza

tion of Poincarl's definition of Q ~symptotic expansion (2lJ :

DEFINITION 7.1 " A sequence L~ s (x)} of functions such that

(7.1)

for x and any s = 0,1,2,

°

...., ~s called an aSymptotic

sequence or scale as x _ + - •

Consider now a scale t'\' (x) l as x ~ .. 00 , and let f(x),
s

f (x) (n = 0,1,2, ••• ) be functions such that for every non-negative
n

integer N, the quantity

<7.2)

N-l
f(x) - L.

s=O
f (x)

s

J.s bounded for x ~ ... _
DO

Then the series !
s =0

~ansion with respect to

•

f (x) is said to be a generalized as~totic
s

the scale l~ (x)Ì ' and one writes
s

<7.3)- f(x)

00

rvI
s=O

f (x);
s

as • "

The following theorem holds:
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THEOREM 7.2 "The function

(7.4) l»(a,e,y;x)
(

- Idt
) x

CL - l 1-
t ,1-(1

I
I

-t
e

/ (x >0)

admits the asymptotic behaviour

( 7 • 5 ) l»(a,e,y;x) 'ò
c-8-1

x
-x

e I A (x)
55=0

l
5

X

,

for x ~ + ~, in the generalized 5en5e of Poincaré (5ee

Def. 7.1) with respect to the scale {l}, where
s

x

(7.6) A (x) _ (_1)5+1
5

l
r(-y) I

m=O

-mxr(m+1-y)r(5-a+(m+l)e+l)e .
5+1 me

(m+l)! (m+l) r(-a+(m+l)e+l}x

the 5er1e5 on the right
-

X > x, where

verified".

-
x

of (7.6) being uniformly convergent for any

15 5uch that the inequality e-x < xe i5

The proof of thi5 theorem will be obtained with the

help of a few lemma5. More specifically;

Lemma 7.3. "The following inequality hold5:

(7.7)
a-l

(l +y) -
N-l
I (_l)'R-l

m=l

r(m-a)

r(l-a)

m-l ly

(m-l) !

l
<

(N- 2) !

where y ~ O ".

r(N-a)

r(l-a)

N-l la-Nly
y e ,
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Proof. Recall first that, as lS known, if f(y) is a

function having continuous ~erivatives up to the (N-l)-th

order enclosed, then

(7.8)
N-2

f(y) - I
k=O

f(k)
(O) k

Y
k!

l

(N - 2) !

y

ff(N-l) (t) (y_t/.J-2 dt .
o

If we deal with
a-l

the case f(y) = (l+y) and put k=m-l,

Eq. (7.8) glves rise to the inequaiity

(7 .9) I (l+y)a-l
N-lI (_l)m-l rem-a)

m=l r(l-a)

m-l
y l

(m-l)!

where

l

(N-2)!
,

(7.10) f(N-l) (t) _ (_l)N-l r(N-a)

r(l-a)

a-N
(l+t) .

t
Since l+t < e for any t such that O ~ t ~ y, the

assertion comes out immediately from (7.9).

Lemma 7 .4 . " Let N be a positive integer such that N~2.~

N-l
(_l)m-l r(m-a) l

r(a,x)x -a X
ì:e - <m

(7.11)
m=l r (l-a) x

(N-l)
r(N-a)

r(l-a)

l ,
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for every x > I a - N l''.

Proof. Consider the Laplace transform

(7.12)

) o

where

(7.13) f(z) a-l- (l+z) -
N-l

l: (-l)
m=l

r(m-a)

r (l -a)

1

(m-l)!

m-l
z •

In virtue of Lemma 7.3 one has

(7.14)

for x >

(~

Idz e-zxf(Z) :: (N-l)
)0

a - NI .

r(N-a)

r(l-a)

l
- .- N •Lx -I a-NI J

On the other hand. we can write

(7.15)

where

(~

I dz
) O

-zx -a Xe f(z)=x e r(a.x) -

00

N-l
l: (_l)m

m= l

r(m-a) 1
mr(l-a) x

•

(7.16) (<lI,x)
':li -x

- x e d z e - zx ( l + Z )'" - 1 .

/0

The Lemma follows then from (7.15) and (7.14).

Lemma 7.5. "Let N be a positive integer such that Nz2and

(7.17) A (x)=(_l)S+l
s

l
r(-y)

00 -mxl: r(m+l-y)r(s-a+(m+l )~+l )e
s+l m~ •

m=O (m+l)!(m+l) r(l-a+(m+l)~)x
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where a,a and y are fixed parameter~.

Then, if E is any arbi'rary positive number,

N-l a-a+l x
Ix {~(a,a,y;x)x e

(7.18)

N-2
L

s=O
A (x)

s
l
sx

} I

N
(N-l)(l+E)

Ir(-y)1

~

L Jr(m+l-y) Ur(~-a+(m+l )a)

m=O (m+l)!(m+l) Ir(l-a+(m+l)a)1

-mx
e

max
,

for x > [Ia/+la-NI]

(1.6)".

l +E , where ~(a,a,y;x) is defined by
E

Proof. Consider the integra] representation of ~(a,a,y;x)

as given by (1.9).

One has

(7.19) (l -y)y - l +
l

r ( - y )
L

n=l

r(n-y)

n !

yn ,

where

(7.20 ) y -
-x(l+y)e

< l ,

for each y > O.

Since the series on the right of (7.19) converges

uniformly for IYI 5 l-E (E being such that O < E < l),

from (1.9) one gets integrating term by term

lji(a,a,y;x) - -
a

X

r ( - y )
ì:

n=l

r{n-y)

n!

-nx
e

nax
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f ( - Y )

00

L
1'\,= l

r(n-y)

n!
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-a+nB
n ,(a-nB,nx) ,

where the representation (7.16) has been u5ed.

Putting m = n-l, Eq. , .21) can be expre55ed a5

1/J(a,B,y;x) - -

(7.22)

l

r(-y)

~

xa-Be- x L r(m+l-y)

m=O (m+l)!

-mB -mx
x e •

• {[(m+l)x]-a+(m+l)Be(m+l)xr(a_(m+l)B,(m+l)x)}.

U5ing now (7.22) and recalling (7.17), we can write

B-a+l x
1/J(a,B,y;X)X e-

N-2
L

5=0

A (x)
5

l
5

X

(7.23)

l
- -

r(-y)

r r(m+l-y)

m=O (m+l)!

-mB+l -x
x e •

•
- ]-a+(m+l)B (m+l)x

{Um+l)x e r(a-(m+l )B,(m+l)x -

-
N-2
L

5=0

r(5-a+(m+l )B+l)
"-'-'~'--'-"'--:..L:::---'-=--------;-l--} .

f(1-a+(m+l)B)[(m+l)x]5+

~·1ultiplying both 5ide5 of (7.23) by
N-l

x • wi th

the help of Lemma 7.4 one obtain5 the inequality (5ee

Remark 7.6):
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N-2
N-l a-a-l A (x)

x {w(a,a,y;x)x - L 5
5=0

l }
5

X

<-
~

(N-l) L
Ir(-y) I m=O

(7.24 )

.J r(m+l-y)/

(m+ l ) !
-ma "mx. e •

•
r(N-a+(m+l )a)

r(l-a+(m+l )a)

N
x

[ ]
N

(m+l )x-iCt-(m+l )a-NI
,

for x > lal + la-NI.

Now we notice that

(7.25)
N

x

[(n,+ l ) x - Ia - (m+ l ) a- NiJ N

1
N

(m+ l )

-
1+ (m+l)[a/+/a-NJ

(m+ l ) ( x - IaIH a - fq

Furthermore, for any < > O there esist5 a value of

x, 5 ay x ,
<

(7.26)

such that for any m:-

(m+ l ) Ltl.:!:J a - N1__
< < ,

(m+ l ) ( x-I aI )- Ia-N I

for each x > X .
<

In fact, the validity of (7.26) 15 assured for any

1l'lwhenever x > X , where
s

(7.27)
1+<

€O
•

Finally, Le ..1ma (7.5) folloW5 from (7.24)after taking

into account (7.25) and (7.26).
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The use of Lemma 7.4 in derivino-
the result (7.24) implies ~;le evaluation of the Laplace

transform

r dt e-ÀCt N-l,
} o

where À =(m+l)x-Ia-(m+l)a-NI. which exists if and only

if (m+l)x > la-(m+l)a-NI for any m.

5ince ja-(m+l)a-N/ 5 (m+l)lal + la-NI.

we have

(m+l)x-Ia-(m+l)a-NI ::(m+l)(x-Ial)-Ia-NI·

Thus we heed to reQuire that (m+l)(x-Ial)-Ia-NI > O

for any /Il; the latter being satisfied when x > lal+/a-N/.

Lemma 7.6. "The seri es

~ -ma -mx
(7.28) L r(m+l-y)r{s-a+(m+l)a+l)x e

m=O s+l
(m+l)!(m+l) r(l-a+(m+l)a)

•

which defines the function (_l)s+lr(_Y)A (x). converges
s

absolutely and uniformly for any x greater than a certain

i satisfying the ineQuality e-x < x a ".

Proof. 5ince

(7.29)
l

(m+l)s+l

r(s+l-a+(m+l )a)

r(l-a-t(hltl )a)

-l
'V O(m )

as 19\..+ +~ • from a certain value of .'111.,

turns out that

say trL. onwards i to

(7.30)
l

(m+l)s+l

r(s+l-a+(m+l )a)

r(l-a+(m+l )a)
< l.
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Hence

J r (m+1-il Ur ( s +1-" +(m-: l ) e}1 x- mee - mx

(m+1 ) ! (m +1 ) s +11 r (1- +(m+ ì ìr )I
,

(7.31)

for m ~ 'ho. •. '''"o

.J r (m +1- y ) 1_

(m+ l ) !

-mx -me
e x ,

From (7.31) one deduces that the

majorised by

•serl es (7.28) is

(7.32) I
m=m o

r (m+1-y)

(m+ 1 ) !

-mx -mee x .

Reca11 now that (see (3.1))

(7.33) I
m=o

-mx -mer(m+l-y)e x

(m+ 1 ) !

-
- r(-y) (1 -

-x y -
e ) _1

xe
e xx e ,

being the seri es on the 1eft abso1ute1y and uniform1y
- -convergent for any x>x, where x is a cer.tain value verify-

ing the inequa1ity e-x<x S• The assertion arises therefore

from the fact that (7.32) is the

seri es appearing in (7.33).

Lemma 7.7. "The seri es-

m - tho remainder of the



- 37 -

(7.34) L
m=o

r(m+l-y....L)__
N(m+l)!(m+l)

r(N-a+(m+l )6)

r1l-a+(m+l )S)

-ms -mx
x e ,

which appears on the right )f (7.18), converges unifonnly
-for any x ~reater than a certain x '/erifying the inequality

-xe <:x . Furthermore, one has

(7.35)
N-2

N-l S-a+l X Lx {~(a,S,y;X)x e - A (x), s=o s
l

s
x

... const,

as x + + 00 , As(X) being defined by (7.17) and

(7.36 )
N

const ~ /yl(N-l)(l+e) r(N-a+S)

r(l-a+S)
,

where N ~ 2 and e is any arbitrary positive number".

Proof. The first part of the lemma follows directly

from Lemma (7.28).

As a consequence, the results (7.35) and (7.36)

arise immediately from (7.18).

In virtue of the seri es of lemmas from (7.3) to

(7.7), the basic Theorem 7.2 is thus comp~tely proved.

8. SOME SPECIAL CASES.

a) "Asymptotic expansion of the incomplete r-function".

The expression (7.6) can be written as

( 8. l )

s +lA (x)=(-l) {(-y)s
r(s-a+s+l)

r(-a+S+l)
+


