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Introduction

The tangent and cotangent spaces of a bundle are well known. But their
affine structure is not sufficiently analised. We studydeeply this structu
re, showing its fundamental role in many classical operations, suggesting
new points of view, which we want to use in further works on Analytical
Mechanics and Field Theory.

Let n = (E,p,M) be a bundle. We show that the tangent (cotangent) space
TE(T*E) has an affine structure on the horizontal space hTE = ExMTM,
(vertical space, oTTE = T*E/hT*E) besides the vector structure on E(§1,2).
Specializing the previous results to E = TM and E = T*M, we get a syste
matical table of canonical structures, in particular we see the excnange
and symplectic¢ isomophisms as pull-back maps (§3).
We give an intrinsical definition and we find an explicit intrinsical expression
of the Lie derivative of a tensor, by means of the tangent functor (54).

We define a pseudo-connection on n identifving each affine fiber of
TE with its vector space, or, equivalently, choicing a "zero" on each affine
fiber. Then we get immediately an affine structure on the space of all con-
nections.We define the linear connections, requiring the previous identifications
to be bilinear on the horizontal tangent space.
We get a functional construction of the tensor product of two linear connections
and of the dual of a linear connection. In the case E = TM we can explain
the classical notions by the previous results {§5 ).

In the following all manifolds and maps are C”. We leave to the reader

the coordinate expression of formulas and the proof of some proposition.
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1 - THE TANGENT SPACE OF A BUNDLE.

Let n = (E,p,M) be a ¢” bundle.
1 DEFINITION.

The TANGENT BUNDLE OF E 1is the vector bundle

The TANGENT BUNDLE OF v 1is the vector bundle

tn = (TE,Tp, TM)

The following diagram is commutative.

Tp
TE »T 1

P
B~

p M

2 DEFINITION.
The HORIZONTAL BUNDLE OF TE is the pull-back vector bundle

htE=hTE,n', E),

where
h TE

The map h

iH

M
E xMT .

(Mg Tp) :TE —+ hTE

in the unique map which makes commutative the following diagram

it

TE Tp
\\h\ghTE_.:IT_—TM
p M

&

3 DEFINITION.
The VERTICAL BUNDLE OF TE is the subbundle of 1 E, kernel of h on
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v Es(v TE, M,E)

4 The following diagram is commutative

E ¢ - T E

v T
{
E

C \'n

and the following sequence is exact

0> vTE-TES hTE~DO,

hence we have a canonical isomorphism
hTE— TE/vTE.
5 PROPOSITION.

We get vTE=[] {d ce(O)}
eekt
where {ce} ={c :R~>E | c(o) =e, poc=p(c(o)} .

Such curves ¢ : R+ E are called VERTICAL.

6 DEFINITION.
The TANGENT BUNDLE OF E, ON hTE, is the pull-back bundle

rhE = TE, h, hTE) .

The VERTICAL BUNDLE OF TE, ON hTE, is the pull-back bundle

m
e

(v TE,h,hT E),
where STE=TMx, vTE and  h = id

Hence the following diagram is commutative

E » v T E

|

m¢—

<

7 PROPOSITION.
The bundle

il
m
m

(TE, h, h T E)
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is an affine bundle, whose vector bundle is

h

PROOF .

Let (e,u) € E Xy T M.
We get h-l(e,u) = {a e TE [T p(a) = u}
Since Tp:TE-T M is a linear map, then h (e,u) 1is an affine

e e p(e) i

space, whose vector space is Ker Tep = v Te E .

Hence T E 1s an affine bundie on h TE and a vector bundle on E.

Let us remark that we can consider the two difference maps, with respect to

the two previous structures

19 ff: > v 1 FF: >
diff:TE XhTETE wTE and cw,f.TEthETE vwTE

and the following diagram is commutative

TEthETE \\\\\\\\\\S ne
dif v TE

8 PROPOSITION.
Let n =(E,p,M) be an affine bundle, whose vector bundle is n = (E,p,M).

There is a unique diffeomorphism

v TE  &—p F xME

such that, for each vertical map ¢ : R - E, the following diagram is

commutative )
v ‘TE\——-———Q EXME
de R /(f:,m

Such a diffeomorphism is an isomorphism over E
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We will make often the identification

vTE =Ex,E
9 We define the map

Lp tvTESE
by the composition vTE - Ex,E T E

Then we get the commutative diagram

and the homomorphism

A0 -
. TE : 5 E
e l:s
E -————E——u——p M
is an isomorphism of fibers.
10 PROPOSITION.
Let n = (E,p,M) be a vector bundle. Then - - =(TE, Tp,TM) has a natura!
structure of vector bundle.
PROOF.
Let 2,8 € TE be such that Tpla) =T p(B) .
There exist ca :R - E and c3 R - E such that
peoc =p- cB and d cl(o) =a , d CS(O) = 5.
We can define c=c +c :R > E , for which we get
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pPpoC =pPoC=pocC and Tplae) =Tpodc=Tp(8) .

Since d y(o) depends only on o and B8, we can put

11 PROPOSITION.
Let n' = (E',p',M) and n" = (E",p",M) be vector bundles.

There 1is a unique map

t: TE' @ ™ TE"—> T(E' B M E")
such that the following diagram is commutative
TE'a., TE" : >T(E'a,E")
™ M
d:T;;::\\\“\\ R ,//’////;;:i;c")
for each ¢c':R - E' and c¢":R > E" such that

pl O CI = pil 0 Cil .

This map is a surjective linear homomorphism over TM .
2. - THE COTANGENT SPACE OF A BUNDLE.

Let n =(E,p,M) be a ¢” bundle.

1 DEFINITION.
The COTANGENT BUNDLE OF E 1s the vector bundle

JE o= (T7E, oosE)

2 DEFINITION.

The HORIZONTAL BUNDLE OF T'E s the pull-back vector bundle

ht*E = (hTTE,n',E),
where hT E =€ Xy ™M

1
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Hence the following diagram is commutative

m2 N
hT' E ITM
|

E P M

3. PROPOSITION.

The transpose map of h : TE > h TE over E is an injective map

hT'E - TE

The following diagram is commutative

hTF Fe—0 T

Ny
£ E
PROOF .

In fact h T*E is the dual of h TE and h 1is surjective
4 PROPOSITION.

The inclusion h T*E - T*E identifies h T*E with the orthogonal of
PROOF .
In fact vTE is the kernel of h

5 DEFINITION.
The VERTICAL BUNDLE OF T*E is the quotient vector bundle

v Ez (VTE, B’E,E)
*

where o T = T e/nTE

The following sequence is exact and the diagram commutative

v

* * *
0 —5h TEc s T E p VT Ee 30

\DE
f E E

O

6 DEFINITION.

JTE.
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The COTANGENT BUNDLE OF E, ON  VT'E, is
E = (T, v ATTE).

The HORIZONTAL BUNDLE OF T'E, ON vT'E, is the pull-back vector bundle
?t E= (RTTE, w,oWT'E)

where hT'E = vT*Eth T and | .

<
1l
=

Hence the following diagram is commutative

n2 *

h T E ph TE
?Kl - lp'
T*E "E $ £
7 PROPOSITION.
The bundle E o (TYE, v, TTE)

W
is an affine bundle, whose vector bundle is
2 oE(hTYE, ULuTTE)

v

PROOF .
*

Let [3] € ;TeE

We get mbfe] =fae T:E;v{a)=ﬂb}}.
. * . . - . .
Since Yo : T:E - uTeE is a linear map, then ™ Lﬁ] is an affine space,
*

whose vector space is Ker Ve = h TeE .

Hence T*E is an affine bundle on vT*E and a vector bundle on E.

8 PROPOSITION.

Let n = (E,p,M) be an affine bundle, whose vector bundle is =~ = (E,b,M).
Let ST EXME*

be the transpose map of the inclusion

ExME ¥ VTE — TE -

The following sequence is exact
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0 » hT'E e TE — ExME* ~ 0

Then there is a unique homomorphism over E
=%

\)T*E > EXME

such that the following diagram is commutative

*
TE ¥
N
* g{’/,, \\\5ﬁ "
vT —s b x E

M

Such a map i1s an isomorphism

We will often make the identification

*_ -
vTE < E xME‘
: * -k
9 We define the map Lt vI'E - E
% T2 -
by the composition v T*E - ExM E* H? E*

Then we get the commutative diagram

;tg//NE::;;:T\\HH“““~$

L D N —

N

and the homomorphism

-4

is an isomorphism on fibers.

3 - THE SECOND TANGENT AND COTANGENT SPACES OF A MANIFOLD.

1 As a particular case of the previous results, let us consider

ES
n =z (TM,n,, M) or n = (T M

M M)

M
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Then we get the following spaces

hTTM=THx TH VT TH=THx TH
* * * * %
T TM = T X, T M VT TM = TM X TN
hT TM=TMx, T s TIT M= T, TN
M M
h T M = T x T'M o T M = TM x, T M
M M
and the following maps
(TryeThy,) =hTT Mo h T T M CTTM -TTM
* + % Lk
(NtyTo ) =h:TT M~ h T T°H v T TM T T
. |
hT T M T M viTTHM =TT
hT M - T o s T 5 TiTM
VT TM- T M ST STM
Ly Y - Lpfy - v
* * *_ Kk
. > | t o b T M
gty v TT M TN Lighy P T TH
2 Taking into account that
NTTM= ol THN and b T T M=hTTN

we define the following maps

vi:TTM > TTM

given by TTM 2 hTTM=uTTH ~TTM
and h:TTH -T7TH

. \ . *
given by ™M YT =TT - TTH

3 PROPOSITION.

a) The vertical endomorphism is the unique map

viTTM -TTM
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which makes commutative the following diagram:

TM
I
UTM///’N qg“\xgzy
TTH - > TTM
T ;;\\“* TH “”’::T y

b) The horizontal endomorphism

* *
h:TTM - TTM

is the transpose of the vertical endomorphism v : TTM - TTM, as

*
(TTM, »p T M) 1is the dual of (TTM, T TM

™ -

™’

4 PROPOSITION.
a) (TTM, h, TMx, TM) is the pull-back bundle of

M
(TTM, h, TM Xy T M) with respect to the exchange endo-
morphism ex : T M XM TM — TM XM T M.
The induced map S = (ex)* T TM 2T THM

is an involutive automorphism such that the following diagram is commutative

TT Me—pT T

N,

T M
0)( T TM,h, T x,T M) is the pull-back bundle of
(T My, T M xMT*M) with respect to the exange map
ok o *
ex ¢ TH x,TH = TH x TM.
The induced map sz (ex)"  TTM =~ TTTM

is an isomorphism such that the following diagram 1s commutative
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b)' Reversing all the terms of b), we get the inverse isomorphism

LTI M. T T

¢) (T TM,TH T M) is the pull-back bundle of
(T*T*M,v, T'M Xy T M) with respect to the map
iz(id S ) TM X TM » TM x, T M
iz (i *n X (= 1 TM). Xy Xy
The induced map bz i TTHM o TN

is an isomorphism {the SYMPLECTIC ISOMORPHISM)such that the following diagram

is commutative

TT'M % o T'T™M
\Y}

(HT*M,TDM) *l i * l
T™H xMT Me—p TM xMT M

c)' In an analogous way we get the isomorphism

oo s TR T
5 DEFINITION.
The SYMMETRIC SUBMANIFOLD of T T M is

STTM=z={aeTTM]| s(a) = at

4 - Lie derivative of tensors.

1 Let M be the category, whose objects are manifolds and whose morphisms

are diffeomorphisms.

Let T(r,s) MM
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be the covariant functor defined as follows:

*
a) (r,s) = 8 TM 8 TM
b) if f : M= N is a diffeomorphism,
then I fzaTfaTF !
(ros) ~ r S (r,s) (r.s)
2Llet M and N be manifolds.
Let ¢ : RxM >N

be a map (defined at least locally). Then
3 : M TN

is the map given by
3(x) = To (0,1) .

3 Let M be a manifold.

Let u:M->-TM be a vector field and
Tet C:RxM »M be the (locally defined)
group of local diffeomorphisms generated by u.
Namely we have us=3c.
Let ViMoo T(r,s)M be a tensor field .
Let Cv:RxM T M be the (locally defined)

(r,s)
map, given, ¥ 1 € R, by the tensor field

(C v)x = T(r,s) CA ovo CX M- T(r,s)M .

Let us remark that 3(Cv) takes its values in the subspace

TT M— TT , Si i ' T M.
v (r,s) — (r,s)M since (C V)A is a section of (r,s)

Then we can give the following definition.

4 DEFINITION.

The LIE DEFIVATIVE of v : M - T(r s)M with respect to u :M - TM

the tensor field

is
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LV = lLT w0 2Cv) + M- T
(r,s)

5 LEMMA

Let u:M>TM be a section. There is a unique map
a(Tu) : T'M - T M

*
such that the following diagram is commutative and exact in T M

1dty';I*M {\\\\\jiio v
Py =) y T5TM Uy M 0
[u(M)
%11 "™
M 4 5
6 PROPOSITION.
We have
Luv = ilT(r,s)M o (Tvou - t o(% s o Tu g s o{a(Tu))o v) . (*)
PROOF .
It suffices to give the proof for v : M > T M and v : M- T

(1,0) ' (0,1)

In the first case, we get

Cv = (T.CC)o(n',v) o (n,C):RxM - TM,

(T1,¢71) 0 (1, Tv) 0 (n°,Tyc)

"

hence 3(Cv) (0.1) _

((aTZC_]

-1 .
(s oTsC ) o Ty * TdTTM) o(Tv) o u =

) o HTM+T2T26;]) o(Tv) o aC =

-soTuov+Tvou.

In the second case, we get

1
Cv = (TRC) 0 (T,v) o(n',c) : Rx M =~ T*M

*
2
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* 1 |
hence 3(Cv) = (TT2C) o (7 ,Tv) o (ﬂ‘,T]C)(O’]) =
* *
C =
=((3 2C) Moy * T2T2 CO) o (TV) o 3
=(- s o a(TZBC) 0 Moy + 1dTT M) 0 (Ty) ou =

=-50a(Tu) ov+Tvou

Let us remark that both tensors in (%) are on the same affine fiber on

h T%r,s)M'

5 Connection on a bundle.

Let - = (E,p,M) be a bundle.
1 DEFINITION.
A PSEUDO-CONNECTION on n is an affine bundle morphism on h T E

" TE »vTE
whose fiber derivatives are 1.

A PSEUDO-HORIZONTAL SECTION is a section

H:hTE - T1c

Hence the following diagram is commutative

v TE

Let us remark that T : TE~> v T E 1is characterized by the map

STE I3 0 TE .

e |

r* :TE - v TE given by TE
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2 PROPOSITION.
The maps o and 8 between the set of pseudo connections and the set

of pseudo-horizontal sections, given by
o " =H,
where H is the unique horizontal section such that I o H =0, and

B+ H -1 = 1dTE -Hoh,

are inverse bijection B

Henceforth we will consider T and H as mutually related . Hence giving
a pseudo-connection is the choice of a point for each affine fiber of TE,
getting in this way an identification of the affine fibers with their vector

spaces.

3 PROPOSITION.
Llet ¢ : R

+

E be a map. The following condition are equivalect :
a) Hohodc
b) ~"o0odc
4 DEFINITION.

Ho (c,d(poc)=dc

n
()

A curve ¢ : R - E is HORIZONTAL if the previous conditions are satisfied.

5. PROPOSITION.
The set J° of all pseudo-connections is the affine space of the sections
of the affine bundle rhE, whose vector space 1is the space of the sections

T, E

of the vector bundle ™ B

6. PROPOSITION.

The following conditions are equivalent

a)r : TE -V TE is a linear morphism on E

b) H : hTE - TE is a linear morphism on E.
Moreover, if such conditions are verified, then we get-

TE=hTE wE vTE
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PROOF .

a)<==- D trivial.

For the splitting it suffices to take into account the two exact sequences

on E
h
0~ JTE== TE - - hTE =+ 0
0-hTE - - TE-Te UTE -0

7 DEFINITION.

A CONNECTION (HORIZONTAL SECTION) is a pseudo connecticon(pseudo-horizontal
section) satisfyng the condition(a)(b) .

Hence giving a connections allows us to make a comparison between "close"

fibers of E.

8 PROPOSITION.

Let n be a vector bundle. Let o be a connection.

The following conditions are equivalent

a) T TE » o TE is a vector bundle mo~phism on TM

b) H : hTE - TE is a vector bundle morphism on TM

9 DEFINITION.
A connection (horizontal section) is LINEAR if the previous conditicns hold .

Hence giving a linear connection allows us to make a comparison between "close"

fibers of E by means of isomorphisms.

L

10 The set Jt of all linear connections is an affine subspace ofjv,whose vector

space 1S the space of bilinear sections of %hE(this vector space is naturally

isomorphic to the space of sections M - ™M akE a E)

11 PROPOSITION.

Let ' and be two linear connections on n' and n"

?

respectively.
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The map Hz to(H & H") : hT(E" g, ") = ¢
is a linear connections on n' & n"
Hence the following diagram is commutative:

1-
1 ] - o . II\
TE GTM TE" ——————7 T(E &ME )

H'aH" ////? H
S

] " T ?
(E'a,E")x, T

12 DEFINITION.

The TENSOR PRODUCT of ot and rf 98 the connection associated

oL

with the horizontal section H previocusly defined .

13 PROPOSITION.

Let [ be a linear connection on n
. . ) . ) * * e
There is a unique linear connection ' on n such that the following

diagram is commutative

+ b
TE XTM TE ? R
Towt) }
Ex E5}x T > 0
( Xy )XMT b
where b : E xME*—-f R is the inner product and o = 1< o T b.

14 DEFINITION.

The DUAL connection of o 1is the connection asscciated with the horizonta’

section H* previously defined

15 DEFINITION.

Let T be a linear connection on n = 1t M.
The TORSION of T ds the bilinear map
0 = ilTM o(H-s o Ho ex) : T MxM ™M - T M.

The connection T is SYMMETRICAL if o =0



16 DEFINITION.

A QUADRATIC SPRAY is a second order diffzrenti

X TWM -1

which is factorizabie by a symmetr-cal

17 PROPOSITION.

The previous diagram determines a bijacticr

symmetrical linear connections

The quadratic spreays are homogeneous w

18 DEFINITION.

equation

section as follows

novtZontal

between quadratic sprays and

ith deoree two

Let © be a linear connecticn on = = E.p.M).
Let v : M -fbe a secticr and let u : M - T M bhe a vector field.
The COVARIANT DERIVATIVE of v with respect u s the section
7Y E iiE oroTvou:M->E B
Hence the following diagram is commutative
T v . r -
TM —y T b e T E
”
u ; ] TT
I ) LoHE
7 v
M |1 S — - £
Let us remark that we have
vuv = ;:é oo afveg),
where C:RxM -M -s the group of lecal d¥f{ecmorphisms generated by u.
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19 PROPOSITION.

Let - be a linear connection on n = (E,p,M).
We have
€ na v, =fvy
fu u
g V=YV +Y |V
u+u u u

7 (vtv') =7 v + 9 V'
u u u

7 - f
! (fv) f vu v + (u,f) v

[f UcM 1is open , then

Tu/v V/V = (vuv)/U .

* )
£ - is the dual connection of © , we have

CoewVr o= <V g, Vetaw,V Vo
u u

u
If is the tensor product of the linear connection T©' and ©" ,
we nave T(viav'y=v viav'i+v gv o v"' .

u u u -

20 PROPOSITION.

Let © be a linear connection on n

[113
)
=

We have ¢ v =7u+L v+ e ofu,v)
u v u

PROOF .

v - 7 = _IT - - g 5 ! = A )
N Mgy oro (Tvou-so0oTvou)+aeo (uw) Luv + 0 o(u,v)

PROPOSITION.

Let g : M W T -+ R be a non degenerate symmetrical linear map. Let us
denote by the same notation the associated maps

¢ TH - R, g M + T oM and g : M- TM.

Each one of the following conditions characterize the same symmetrical linear

connection T on ™.

a) The following diagram is commutative



TTMXTMTTMQ R
(H,H)
0
(T MxMTM)xM ™M
C ) We have g=0 , Yu :M>TM.

d! The following diagram is commutative

T M T M TTHM
id_. x - T q
™*9

TM xMT*M : T 1M .
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