Summary. - On concluding |S|, J. Szép suggested the study o4 a
special algebra S(-,x), where "-" L8 a group operation (instead
04 a-b we shall write ab) and "x" s a semigroup cperation with

an idempotent element e; moreover
-1
(o) Ya,b,c € S : (axb)c = acxbc, c(axb) = caxc a

-1
where ¢ L8 the {nverse ok ¢ in S(-).

The aim of Lthis wornk L8 to analyze such an algebra.
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In [S] J. Szép suggested the study of aspecial algebra; the aim of

this work is to analyze such an algebra.

Let S(-,x) be an algebra where "+" 1is a group operation(instead
of a<b we shall write ab) and "x" is a semigroup operation with an

idempotent element e; moreover

()  V¥a,b,c € S : (axb)c = acxbc , c(axb) = caxc 'a

where c“1 is the inverse of ¢ in S(-).
The following results hold:

1) S(x) is an idempotent semigroup. In fact, let 1 denote the unit
-1 -1
element of S(:); since exe = e, we have a=l-a= ee a=(exe)c a=(1x1)a=axa

for every a e S.

2 -1 2
2) For every ae$S :a =a-a= a(axa) = a xa a= a x|

3) Let G, = {xeS|xx]

x} , G, = {xeS|Ixx = x}; then the following
2

result holds : ue G, => Ixu=1,ue€eG, =>uxl =u.
-1 -
In fact u e G ==> uxl = u ==>u (uxl) =u 'o=> 1xu = 13
-2 2
ue G, ==> Ixu=u==>u(lxu) =u ==>uxl =u.,
4) For every ueS : ue G, => u = 1. In fact (see 3),1))
2
ue G, ==>uxu= (uxl)xu = ux(Ixu) = uxu = u
and hence
2 2 2
ueG, =>uxu=u==>(uxl)u=u==>u-u=u==>u =1,

(*) Indirizzo dell'Autore: Istituto di Matematica - Via Arnesano
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5) Gyn G, = {1} (see 3))
6) The sets G,,G, are normal subgroup of S(-).

The following steps prove the assertion:

(1) if  u,veG, then uxl=u, wvx1 =v so uv=(uxl)v=uvxv=uyx(vxl) =
=(ux1)vx1 = uvx] and hence uveG, . (Similarly u,veG, ==> uveG,)
. -1 - -1 -1 -l _
(i1) UueG, ==>1Ixu = 1 ==>(Ixu)u =u ==>u "xl = u  ==>u € G, ;

-1
ueG, == u €G, (see 4)).

-1 - -1
(iii) For every aeG, , beS:b abxl = b 1(ax]) bx1 = (b axb)bx1 =
= (b 'abxb’)x1 = b labx(b?x1) = b abxb” = b 'ab and hence b 'ab € G, .
- - -1
For every aeG,, beS:b 'ab = b™ (1xa)b = (b~ xba)b= 1xbabeG, .

7) S =G;+G,. In fact for xeS we consider the element a=xx1€G, .

So it follows that a = (1xx-1)x, ie. Ixx ' =ax ' and hence, since

-1,-1

1xx_ler, x =(Ixx"") .a = a‘(]xx_l)_leGl'G2 .

From 5),6),7) it follows that
8) G=0G;,®@ G, (where @& denotes the direct product)

9)  1x919, =g, , 919,x] = g, where_ g6, , g,€G, . In fact, since

-1 -1 . -1 -1 -1
(g1 g, x1)9192: (1xg,9,) € G, ,it follows g, g, x1 € g, G, .

-1 =1 -] =1 -1
But 9, 9, x]eGl and so (by 5) g, g, x1 = g, . This means that
-1 =1 -1 . .
1x919, = (9; 95 x1)919,= 9, 9,9,= 9, (Likewise for g,g,x1 =g, ).

10) If a= g,9,, b=h,h,,where g,,h €G,,q,,h,eG, then axb = g,g,xh h,=

-1 -1 -1
=(1xhyhy95 79y )9192= N9, 919,= hygy= gh,.



So we have the following
THEOREM 1. For the algebra S(+,x) the following properties hold
1) S=6,@6, and g¢° = 1 VgeG, .

2)  919,xhyhy= gyh, (9,,h,€G; , g,,h,€G, ).

Conversely we can prove

THEOREM 2. Let the group S(-) be the direct product of two subgroup

H_u

G,,G, such that 92 =1 for every g € G, . A semigroup operation "x
with an idempotent element exists in S such that
¥ a,b,c € S : (axb)c = acxbc , c(axb) = caxc 'b .

Proof. A few calculations show that the required operation is defined
as follows:

9,9,xhyh, = g,h, for every g,,h,eG,, g,,h, € G, .

REMARK. Finally we observe that theorems analogous to theorems 1 and 2

can be proved if in place of (a) one has

-1
(8) ¥ a,b,c € S : (axb)c = acxbc c(axb) = ¢ axcb
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