Sommario. -

e o

Sé studiane L semigruppd completamente regodand ed L serdgrupps
quasd semplicd a destra, mediante up Leoremd d{ decomposiziene do

J.Szép.



REMARKS ON SZEPS'S DECOMPOSITION OF SEMIGROUPS.

R. Scczzakava (Lecce]

J. Szép has given in [3] a disjoint decomposition for an arbitrary
semigroup. Let S be a semigroup without non-zero annihilators (every

semigroup can be easily reduced to this case): then

(1) S =.US.

holds, where the semigroups 51(1:0,1,...,5) are mutually disjoint and

S =(aeS :aSeS and 1 xeS, x #0, such that a x = O

S, =faeS:asS=S and ! y e S,y # 0, such that ay = 0%,

S, =+{aeS : a ¢S US.,asScsS and § x.X,€5, X, # X,
0] . I < ! 2

2 1’
such that ax, = a le,
= { . = ]
S, = laeS @ a ¢ S, US;,a S =S and 1 y..y, €5,y #V,
such that ay] = ayz:,
3
54 = {aeS : a ¢i9051 and a S ¢ St |
3
= 7 . = 1
Sc = faeS :a ¢1g08i and a S = S},

It follows that for a finite semigroup S one has



(2) S=S5 Us.US
0

The finiteness of S 1is not a necessary condition for the validity
of (2). F. Migliorini and J. Szép |1! proved that the same decomposition
holds if S s a regular semigroup without (left) magnifying elements.

The next Theorem 1 gives another sufficient condition.

Let S be a completely reqular semigroup, i.e. for every a € S there

exists x in S such that a = axa (that is, S 1is regular), and
ax = xa. It is well known that S 1is completely reqgular if and only if

it is a disjoint union of groups,

(3) S = UG, . 6,6, = 8 CI

X

where Ge is a maximal subgroup of S, with identity e

o
Theorem 1 - Let S be a completely regularn  semigroup. Then
S? = S3 = SJ =0 .
Proof. We prove that 84 = @ . Assume the contrary: then, given a € Sa’

we have a € Ge for a suitable o € I, and Ge # S. By the definition

X

of 84, the elements of the set a S are all distinct; hence an analogous
conclusion holds for the set e S (otherwise e s = e s' would imply
X X B3

as=as'). It follows that e s = s for any s € S (otheryise est#SO
Y i

would imply e e s # e s , which is impossible),i.e. e is a left
a o 0 a 0

o

identity of S; then e is the identity of Ge . with 3#a (contra

X
diction).



Now, S, =@ implies S, =S =@, by Corollary 1.5 of [1 .

Theorem 2 - Given a comoletely regulan semcegroup 8 and 63

decompesition S = S U 82 U Sg, the Latten three semdghcups axe
¢ N

completely regulas.

Proof. : a) For any a € SO there is an «el such that a € Ge

2

we show that Ge C SO (it will easily follow that SO is a disjoint

6
union of groups). Let b # 0 such that ab = 0 ({recall the definition

of S ): then G ab=6G b =20, i.e. G ¢S .
0 e = e — 0
o o &

b) Let aeSZ: then a € Ge for a suitable «el. The
o

definition of 52 gives ab, = ab,, with bI £ 0, b2 # 0, b

1 5 # b2’

]

and it follows that g b] = q b2 for any g € Ge , and so g € SZ'

o

c) Let aeS5 and a € Ge : then aS =S and e S =5,
A
o
[t follows g S =S forany ge Ge , and, since S.,=S_ =0, we
o)
h .
ave Ge c 55

o

Corollary 1 - I{ S (s a completely regular semegreup, then the

conclusions o4 Theorem 2.7 and Concllarny 2.2 o4 11} hotd wthout the

assumpiions concending the magnikying elements.,

Let us now apply Szép's decomposition to the case of a nearly right

simple (n.ns.) semigroup: for its definition, cfr.{ZJ. It can be

characterized as a semigroup which is the disjoint union of its prin-



-5 -

cipal right ideals. But we may also consider decomposition {1} in

this case.

Theorem 3 - Let S be a n.t.s. semigroup without nen-zeqc

annihilatons ), which L5 net night simple.

Then

(4) $=5,Us, .

Proof.: Since in S there are no nonzerc annihilators, it follows

from the definition of n.r.s. semigroup that also 0 ¢ S. Therefore

SO = S] =@, and it is not difficult to see that 53 = 85 =9 .

Corollary 2 - 14 S (s n.r.s. and perdodic (and net night

sample), then S = S,. Moreover, S s completely negular.

L

Remarks: (i) Although a right simple semigroup is n.r.s., its

decomposition is not a particular case of(4). In fact, if S 1is right

simple, one has S = 53 U SS .

(ii) In general, a n.r.s. semigroup, is not completely
regular, and conversely. On the other hand, it is shown in [2] that a

n.r.s. semigroup is right reqular.
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