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4 5PECIAL FRAt1E5.

A classification of the most important types of frames can be Derformed
-

taking into account the vanishing of quantities occurring, in DP.

So Vie get a chai n of four types, characteri zed by a more and mOl'e ri ch

structure of the fosition space P.

Affine frames.

l DEFINITION

The frame ~ is AFFINE if

'2 -D P = O •

2 We have interesting characterizations of affine frames.

PROP05 IT ION.

The following conditions are equivalent.

a) t' is affine.
1'_ ,,_

b) D P depends only on time, l.e. D P lS factorizable as follows

v -[ . D P

~l
-lÒ -
$ ili $

~')
T

,
v

c) We have P = O

v ,
d) P depends only on time, • Pl .e . lS factorizable as follow$

,
T x [ p

l
-lÒ -

idTxt _$ ili $,

T x "1

e) Let o e l; then , Y 1 e T, the map

'.
p( ,: $

T,,j) a
~ $

T
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-is affine, i .e.

-p ,( T )..
f) V Tel, the map

+ P
( T ,a)

(e' -e) .

-
P'$ . $ ~ lJiI T' T

is affine, i .e.

PROOF.

It sufficies to prove f) ===> e), the other implications beino

immedi ate. f)

Let

=> e).

(e'-e),

with tre) = a = tre') .

Then, by integration, we get

"- 'C

P(T,e') = P(T,e) + A(T)(e'-e)+B(T,e-p')

where
- -

A(,) : $ -. $

lS a 1inear map.

Moreover, far (II,1.10 a) and (11.1.10 b) a150 a lS 1inear with

respect to (e-e').

Then
~ ~ v ~

P("e') - P(T,e) + 0l(T)(e'-e) •

Here by abuse of notation we have written

~ - -*-
D P : 1 ~ $ ~ $

,
;P:lIx

-;O
$ I» $ , ...
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y - y

as D P, P, ... depend only on time.

Hence the motion of an affine frame

motion of one of its parti cles

lS characterized by the

P
q

: l ~ [ and by
-

l ~ $

y

3 Let P be affine. since P depends only on time, we can get a
,

reduction of the representation of T P by T[(-p' writing

- ~ - -
([ x $)/p ; (P x 1 x $)fP ; P x(l x $) /P .

THEDREM.

-a) Let P be the quotient space

-p - -
(l x $)/p '

glven by [T ,u]
,

<=, u' - p(' )(u).
T ,T

-Then ~ results into a vector space, putting

>. [T,U] - [T,>.U]

For each TeT, the map

•

-IP--......

[T' ,u]

lS an isomorphism.

-
$,
p( ,)(u) ,

T, T

b) Let ~ be the map

-
a:p:lPxP~ P,



glven by
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(q,[T,UJ) ... P(l'(T,q) +u) •

-
Then the triple (P,P,o~) lS a three dimensional affine space.

c) Far each T e 1, the maps

p : $ ->- p
7; T

are affine isamarphisms.

and l' :P->- $
T T

J) He get the splittings TP=PxP and - - -
xflxPxP,

writing
[e,u] = (p(e),[t(e),u]) and [e,u,v,w] - (p(e),[t(e)u] ,[t(e),v] [t(e)w)] J

f~ results ta be time independent and it is the affine cannectian af P

,
f:p : s

PROOF.

It fallaws fram the fact that, Il T ,T eT, the map

~

l'(, ): $
T , T T

lS affine and fram the properties

->- $
T

-
1'(" ') a p(' )T ,1 T ,T

,

4 We get simplified farmulas far

COROLLARY.

We have

T p,
2T p,

,
and r:p •

•

a) T p(e,u) - (p(e), [t(e), P(e)(u)]).
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-
T P(T,>.;q,[t',u1 ) = (P(T,q), >'P(P(T,q) + p( ")(U))

T , ,

c) fl'(T;q,[t,U],[t,v],[r,w]) =

Rigid frames.

5 DEFINlTION.

The frame ~ lS RIGID if it is affine and

~ = O •

6 We have interesting characterizations of rigid frames.

PROPOSlTION.

The following conditions are equivalent.

a) ;p is rigido

b) Let o e T; then, V r e l, the map

'\,

P : $ ~ $
(t,<) t

preserve.sthe distances, i .e.

'"ilP( )(e)[ ,o

c) V Gel, the map

lS affine and

'\,

- p( )(e')
t ,G

: $ ~ lJI
a

Il = Il e-e' Il

- -
P(e') - P(e) + rlp(o) x (e'-e) .
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•• v

p - O and P: T x [
-

S U($) •

PROOF.
a)< >c) trivial.
a) > b) ~ lS the Lie derivative of

derivative with resrect to time of the

-
Q 'Ii tl1 respect P, i.e. the

, .
deformations tensor ~ o(P,P)_~.

Then € = O, by integration with respect to time, gives the result.
l'

b) =>d) It lS known (the prooo is a purely algebric computation,

making use of an orthogonal basis) that.if A lS an affine euclidean

space and f: A ~ A lS a map which preserves the norm, then f

is an affine map with unitary derivative. Then we see that P(l ,a) lS
'C

d)

affine adn

=>a)

-
DP( ) € U( $) .T,a

•glves

·t
-P(T',T)

hence, deriving respect to T

v

p( , ) O
T , T

we get

id-
$ >

v

+ P(' )T , T

and, for T

= S

T ,

v

DI P( \
T ,1" I

•
- DI P +(T, T)

D pt
l (T,T)

- O •

Hence the motion of a rigid frame ~ lS characterized by the motion of one

of its parti cles ~ : l
q

7 Let ~ be rigido

THEOREM.

-
[ and by ~: T ~ $ .
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P results into an affine euclidean space. In fact

be time independent and we can define the map

-
gp • p .. R•

which
o o by [T, u]

l 2lS alven .. - U •2

res Ults to

The affine connection

Translating frames.

8 DEFINITIDN

results into the Riemannian connection of ~ .

A frame ~ lS TRANSLATING if it is rigid and

n - OH? - •

9 We have interesting characterizations of translating frames .

PROPOSITIDN.

The following conditions are equivalent.

a) :p is translating

b) Let o e 1; then V T e T , the man,
o

"-
p • $ .. $•

( T,o) " T

~

lS affine, with deri vati ve D P - id- , l .e .
( T,o) $

"- "-
p ,(T) - p (T) + (e'-e) •e e

c) V Te T, the map

lS constant, l.e.
- -
P(e') - P(e) •
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-,. -
T -+ [ ~ $ .

further reduction

P : T -+ E.
q

-" -1 -+$ . p = d[ -t ~ P :

p = idi' we can get a
•
T[ (1)' writi ngby

- =-P :T -+U!, P = DP :
trans1ating.Since

Hence the motion of a translating frame is characterized by the

motion of one of its oartic1es

We wi 11 write
la Let.p be

of the representation of TP

- ~ - -
([ x $) /~ = (P x T x $) /~ = p x $ •

THEOREM.

Let ~ be trans1ating.

a) The map

glven by

- -
f' -+ $ ,

,. l
LT,UJ --+ U,

lS well defined and it lS an isomorfism.

Then the map

-
"'p : 1P x $ -+ P,

given by (q,u) ~p(P(T,q)+U),

does not depend on the choi ce of TeT.

b) The triple (P,$, e~) is an affine euclidean space,

11 We get simplified formulas for T p,
2T p,

2 ,
TP,TP,fl'.

PROPOSITION

Let P translating

-
a) T p(e,u) = (p(e),u-uO P(t(e)))

T20 (e,u,v,w) = (p(e),u-uO P(t(e))
- -

v-va P(t(e)),w-wO P(t(e)) + P(t(e))).
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b) TP(T,À;q,U) = (P(T,q),ÀP(T) + u ,

2 - - = -
T P(T,À,~, \Ì ;q,u,v,w) = (P(T,q) ,AP(T) +IJ,IJ P(T)+V,ÀP(T)+VP(T)+W)

,
c) f~(T;q,U,U,w) - (q,u,O,w + P(T)) .

Inertia1 frame5.

12 DEFINITION.

A frame P 15 inertia1 if it i5 tran51ating and

-
p = O.

13 PROPOSITION.

The fo11owing condition5 are equiva1ent.

a ) ~ 15 inerti al,
-

b) -P 15 tran51ating and D P = O.
"-

c) P affine map,
,

(taking into account the propertie5 01.1.10)15 are 1 .e .

" --
P(T,e) = e + P(T-t(e)) , with P e U •

-
d) P • [ -> lJ 15 a con5tant map, •-

Hence an inertia1 frame i5 characterized by it5 con,t","t ve1ocity.

14 PROPOSITION.

We have

a) T p(e,u) = (p(e),u-u· ,P)
,

2
T p(e,u,v,w) -

- - -(p(e) ,u-uoP,v-vop, w-WOP)

-
b) T P(T ,À;q,u) - (P(T ,q) ,ÀP+u)

2 -
T P(T,À,~,V;q,u,v,w) = (P(T,q),ÀP

- -
+ u,~P+v,\,'P+w)

,
c) f p re5u1t5 time independent and we get

r
p " •
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Physical description.

A frame ~ lS affine if it preserves during the motion the spatial

parallelogram rule; it is rigid if moreover it preserves spatial leghts

(hence also angles); it is translating if moreover it preserves spatial

directions; it is inertial if its world-lines are parallel straight-lines.

We can describe the four cases by a picture .

riaid fraMe. .

affi ne frame

\'J - U + V

\-,' - u'+v'

w - U + V

Ilull=l!u'lì,llvll= Ilv'II.!lw!l= 1:\;','

>II'I
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~
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,- - - ~ - - - - - - - -, ,
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translating frare
u l

= U
Vi _ V

,
0/ ,,/ K

,,' /
,. - - - ,,' - - - - - - - / - - -'~-r

, / MI ,

I / I I
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inertial frame
v' ;;;; v

u' - u

•
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