The COVARIANT DERIVATIVE of v with respect to u 1s

(1dg,DU(V)): E > TE .
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3 - ASSOLUTE KINEMATICS.

Here we introduce the basic elements of one-body kinematics independent

of any frame of reference.

Absolute world-1ine and motion.

] The basic definition of kinematics is the following. Here we consider
a C  world-line extending along the whole T. We leave to the reader
the easy generalization to the case when it 1is Cza]most every where, or

when 1t extends along an interval of T.
DEFINITION,

A WORLD-LINE is a connected C  submanifold
M« [
such that $ ~M is a singleton, ¥ el .

The MOTION, RELATIVE TO THE WORLD LINE M, 1s the map

M: T - [

given by r  the unique element e $TnMI

——

Henceforth in this section we suppose a world-line M, 6 or 1ts motion

M to be given.
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2 PROPOSITION.

M is an ambedded 1-dimensional submanifold of &, diffeomorphic

to R.

M is a section of (E,t,T), namely it 1is a c embending, such

that

i.e. such that

Hence the map

M: T - M is a C diffeomorphism .

The world line M 1is characterized by 1its motion M .

3 The affine structures of T and E admit a Kind of privileged

world-Tlines.

DEFINITION.

M is INERTIAL if it is an affine subspace of &
4  PROPOSITION.

M 1is inertial if and only if M 1is an affine map, i.e.

M(t') = M(t) + DM(t'-7), with DM e U

Absolute velocity and acceleration.

5 Previously we introduce useful notations .
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a) Let ¥ be an affine space and let

» + T - F
be a C map.
Then we nut d¢ = (¢,D¢) : T > TF
In particular, 1f 2f o T > &,
we get df = (f,Df) : T > TL
and dzf = (f,Df,Df,DZf) : T - T2E .
b) We put vdf = || o T o dzf - (f,DZF) T - TH .

The coordinate expressions are

1
(-
—-

Q
+
o
—_

vdf

6 We can view the absolute velocity in terms of free or of applied

vectors, equivalently.

DEFINITION.
The FREE VELOCITY of M 1is the map

DM : T - &

The VELOCITY of M 1is the map



dM=(M,DM) : T>-TE .
7 PROPOSITION.
We have <t ,DM> =1 (%)
Hence, we can write
DM : T->U
and dM: T->V=TEH
and we get D M° = ]
DM=46x M+ D Mk(ﬁx o M)
7o k
K
d M = BKO > M+ DM (Bxk M)

PROOF. (%) follows from t o M = idT B

8 We can view the absolute acceleration in terms of free or of applied
vectors, equivaler+1y and second order tangent space may intervene espli-

citly or not .
DEFINITION.
The FREE ACCELERATION of M 1s the map

0°M - T E .

The LIFTED ACCELERATION of M 1s the map

o dM = (MJDM 3 0, DM) : T - v TOF .

The ACCELERATION of M 1is the map

vVdM= ll_a [ o d2M = (M,DZM) T - T1H
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9 PROPOSITION.

2

We have <t, DM > =0 (*)
Hence, we can write
DM : T - §,
I o d2M T +4JT2E
and vdM T ~AN=TE
2110
and we get DM® =0
0M = (DM° +(rX _omyoM oMY+ (T omyDM? + X o M) sx
1J 0J 00 3
T o d2M = (Dsz+(r|f.aM)DM1DM‘]+(Fk.DM)DMJ + Fk oM) 35X
1J 0J 00 K
VdM= (DZMk+(T}f.“M)DMjDMJ+(Fk.oM)DmJ + Fk oM) 5x
1J 0J 00 K

Geometrical analysis.

Here we give some further element of analysis of M, not essential

from a kinematical point of view.

10 M has two structures: the C  structure induced by £ and the

oriented euclidean affine structure induced by T ( but, in general,

M is not an affine subspace of &) .

The embending ™. : TT > TM < Tk
is given by (to2) = (M(t)), ADM(7))
The embending T2M . T2T > T2Mla4-T2E
1S given by (ToAsu,V) = (M(T),ADM(T);uDM(T),VDM(I)+AuDZM(T)}.

Now, let us consider the two fields
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dMaM'] c M o> T M

ddM o M s Mo T E

=1
Hi

4]
"

and M

11 PROPOSITION.

M results into the unitary oriented constant field, with respect

to the oriented euclidean affine structure of M induced by T.
Moreover, each vector field X ¢ M- T M can be written as

X = X° M where X° = <t ,x>.

12  PROPOSITION.

let X :M->TM and v : M>TM be two C fields.

Then the covariant derivative

7Y = [l ereTYoX M -~TE

is given by V.Y p"H 0 ?XY + pﬁ o vXY .

~ where p“ﬁ o E?XY = X°DY M

results into the covariant derivative with respect to the affine structure

of M and

-
—

L,y Y =X YoM
P ° !

shows that the tensor

Metet: Ml-r-T“,'?)E“vll

can be considered as the second fundamental form of M



Physical description.

The world-1ine M of a particle represents the set of all the events
"touched" by the particle and the motion M 1is the map that associates
with each time the relative event. Of course the events being absolute,
1.e. 1ndependent of any frame of reference, the same occurs for the
world 1line and the motion. The affine structure of & allows a privile
ged type of motions, namely the inertial ones.

As we have the absolute motion M, we have the absolute velocity DM

and acceleration DZM. These contain all the information necessary to

derive the velocity and acceleration observed by any frame of reference,
when 1t 1s chosen. The fact that DM is a unitary vector and DZM 1S a
spatial vector will put in evidence how the observed velocity changes
and that the observed acceleration does not change from an inertial fra

me of reference to an other.

We can describe the previous facts by pictures.




