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P R E F A C E

Proposa l .

This paper is the first of a number devot~d to an axiomatic approach

to classic and relativistic mechanics.

We analyse the foundations of mechanics, trying to reach a new unifying

view and to get a systematic exposition of the matter. In these years it

is actual in the literature a foundational research, even if along a little

different lines.

We study, in a unique context and with a unified language, topics

often treated by different authors with different points of view. We try

to surpass critically the historical stratification of the matter. In

fact, often theories develop under the push of motivations and in a cul

tural context, which after some time change completely. Nevertheless, the

substantial validity of the theories remai ns. So, while it is historically

essential to understand the birth and the development of theories in

their real context, from a technical point of view, such an approach can

be confusing with respect to the essenti al synctactical structure of

the theory. Moreover, a nevI svnthes i s that, even tak i ng i nto account the

historical logic, tries to achieve an independent formulation, can lead

to a new phylosophical view.

In these papers we are explicitly concerned only with a theoretical

axiomatic treatment.

Phylosophical background.

We want to outline the phylosophical background common to the present

and to the subsequent papers, without any claim of rigor and completeness.

We think that a physical theory consists of several mutually connected

languages, with different synctaxes, objects and degrees of forma l rigor.
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There are at least

a) a mathematical synctactical language, which is deductive, sclfcon

sistent, formal,whose object is the theoretical model of the theory;

b) a physical experimental language, which is intuitive, descriptive,

whose object is the description of phenomena;

c) an interpretative semantical language, whose object is the relation

between the previous two languages.

The appropriate order of exposition of the matter can be different

for the mathematical and the physical languages. So the validity of

the theory, namely the agreement between the previous languages, must

be tested globally and it is meaninglpss to verify a single axiom or

theorem out of their context.

Of course this structure of the theory is not more than an outlin~.

We are firmly convinced that an omnicomprehensive supertheory cannot

exist. We must necessarily deal with a lattice of physical theories,with

different physical objects and degrees of validity. The comparison among

them is very important and physically expressive. For example the vali

dity of a physical theory is often tested in the context of a more gen~

ral one.

It is fit to distinguish the languageofatheory (even if branched into

several sublanguages) from metalanguages which have the theory itself

as object.For example, the relativity princi~es are not part of a

phisical theory, as they do not describe physical phenomena, but they are

metalinguistic conditions imposed to the theory.

We keep quite distinct the inductive and the deductive construction of

a physical theory. In fact, the formerhas a value more historical than
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logico whereas the latter is selfcontained and gives a deep physical

insight.

In this way. for each physical question we have to make explicit

the experimental and theoretical context. the required degree of ap

proximation and the background accepted as known. As an esample. let

us consider inertial frames. We can take into account the geometrical

oroperties of space-time observed by them. the comparison between

real and apparent forces observed by them (that involves a theory of

interactions). the classical and relativistic approximation. their

local and global existence. their experimental determination. etc.

The abstract question "what is an inertial frame of reference?" re

gardless of the previous statements is meaningless.

In the present and in the subsequent papers we deal essentially

with the mathematical synctactical language. We follow the actual

structuralistic tendency of modern mathematics. Our physical approach

is based on a deep analysis of the structure of the fundamental spaces

constituting the genera l framework.

If the good fitting between theoryand experiments is not too occasio

nal and limited. but has a deep validity. the choice of basic spaces

of the theory cannot be of little relevance and they must contain

implicitly all the physical development. We believe that in a good

theory all the facts that are mathematically relevant have a great

physical interest and viceversa.

We believe that the soirit of Klein's program. of classification of

geometrical theories based on their invariance properties. can be

surpassed. In fact it was natural in the context of a mathematical lan

guage strictly based on coordinates. The situation is quite different

now. because we have the intrinsical language of algebra. topology •...
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manifolds, fiber bundles, ....

Nevertheless theoretical physics is up to now deeply based on invariance

groups and their representation. We think it is time for a change. This

proposal requires a large inversion in the traditional sequence and de

pendence of topics. In such a way, the deep role of mathematics in phys~

cal theories gets more relevant and it does not reduce to a computational

aspect.

We expect that differential geometry will play a more and more impo~

tant role in physics. This tendency is oresent in literature but it does

not develop its whole euristic power.

People often say that a high formalization of the theory and a large

inversion in its traditional exposition is hard to understand and damages

intuition.Not in the 10nQ rum, it is our opinion .. In fact we believe

that intuition is a process that makes automatic and uncoscious logic

proceedings, so that syntax becomes semantic, by means of a long exerci

se. Then, what to day is abstract to morrow can be intuitive. The mo

re a theory is based on few and well organized axions, the more the in

tuitive process will be fast and complete. This believing is supported

by many historical examples. The most typical regards elementary geome

try. The classic euclidean logic is to day an intuitive description of

geometrical daily and familiar physical phenomena. However we make intui

tive the description ofi~he same phenomena by means of linear algebra.

Specific criteria.

We try to get a unifyingview of classical and special and genera l

relativistic theories. Namely we use the same kind of language and

exposition line. We have very similar genera l frameworks for the three
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theories so that the structural differences appear clear and directly

comparable. In all cases we have four dimensional "absolute" event

spaces, four-dimensional "absolute"motions, velocity and accelerations,

four-dimensional forces and so ono In all cases we consider genera l

frames of references and we define the "observed"phenomena by means of

the splitting i~to SDace and time induced by frames. This point of

view is commonly considered as proper to genera1 relativity.

Then for al1 three theories a general princip1e of relativity

holds! Moreover the constancy of light velocity has not an explicit

role and it is completely replaced by the metrical structure of the

event space. In a11 three theories we have well fitted electro-

magneti c theories, along similar lines.

For classical and special relativistic theories we make a large

use of affine spaces.Thatis justified by the physical properties of

event spaces. The main peculiarity of affine spaces are free vectors,

that is a natural disp1acement of applied vectors. So we could treat

the theory only in terms of free vectors,employng free derivatives

Df and D2f of maps f between affine spaces. But we have also to

consider non affine entities, as submanifolds, general frames and coor

dinates. Then we use a mathematical formalism, which allows a view of

affine spaces in terms of free or applied vectors, introducing tangent

spaces, affine connection, etc .. , hence considering affine spaces as

special manifolds.

Affine spaces are the basic element that determines our intrinsical

language, permitting a clear and deep distinction among absolute phen~

mena, frames of reference and coordinate systems.

Galilei 's and Lorentz's maps turn out to be of little importance.

In fact these are implicit in the genera l framework and do not play any

basic role in the fol1owing exposition. This point of view is upsetting
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of current treatment and can influence physical theories based on

group representation.

We try to unify in a unique context topics generally exposed in

ordinary mechanics, in analytical mechanics, in continuum mechanics,

in foundations, etc. Of course we limit ourselves only to a general

introductive statement.
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I N T R O D U C T I O N

The general framework of classical mechanics is the absolute event

space [. It is an affine four dimensional space, representing the set

of absolute events. A three dimensional subspace $ of its vector sp~

ce [ is fixed to represent the set of couples of symultaneous events.

Then [ results into the disjoint union of parallel three dimensional

affine subspaces $, generated by $, which represent the equivalence
T

classes of symultaneous events. The set T of these equivalence clas-

ses is a one dimensional affine oriented space, which represents

absolute time.

The quotient projection t: [-~ l is the time function. The triple

([,t,T) is an affine trivial bundle (but not canonically a product),

whose fibers are the(not canonicaHy isomorphic among tl1emselves)

equivalence classes $. The map Dt : I ~" associates with each four
T

vector u its absolute time component uo. We have not an absolute

projection [~$, or an absolute inclusion T~ [ . Then we have not

an absolute splittin9 [ = [ ED $ (whereas i t i s induced by a frame of

reference) . The inclusion $'--'- [ admi ts the verti ca1 (along $,i.e. at

a fi xed ti me) derivatives Df of maps defi ned on L On the vector

space $ we have absolute euclidean metric g, defined up to a confor

mal factor, which describes the

we choose a unit of measureon $

The unit of rJeasure on r

classical geometry. For pratical reasons

and on r, selecting the conformal factors.

determines the identification T; R.

Then we get the subspace W'--'- [, constituted by the vectors normalized

by t =Dt, which represents the space of veloci ti es. We define a Poinca

re's map as a map G: [~IE, which preserves the structure of $
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Its derivative DG:(. E is the associated Galilei 's map. At last,

for the coordinate description, we define the special charts. These

are characterized by the first coordinate function which is cartesian

and depends only on time.

The formulation of the theory by means of applied vectors requires

the definition of further spaces, namely the spaces of analytical me-

chanics. To first order, we consider the phase, or vertical, space
"- -
T(:Ex$~ T(:Ex( and the velocity, or unitary, space TE : (xU~~( ,

which are (not canonicallyJisomorphic. To second order, we consider
"2 - - - 2 - - - ,2 - - 2the verti ca l spaces T (:Ex$x$x$ <-+ T E:lExlExlExE and vT (=[x$xOx$ ·'·T ( :

'2 - 2 - '2 -
:ExExO~E and the bivelocity spaces T (:(xUx$ ~ T ( and vT (:(xUXOx$ •

~ ~T2(, which play an important role in the connection properties of

frames of reference, in the calculation of acceleration and in the Corio
222lis theorem. The natural projections r:T ( ~ vT ( and 1L: vT ( • TE

permit the definition of the covarint derivative g v = lLoroTvou, which,after
u

choosing a coordinate system, is expressed by the Christoffel symbols.

The absolute one-body world-line is a (one dimensionaI) submanifold

M<.+IE, which meets each $ exactly at one point M(T). The world-line
T

is characterized by its absolute motion, that is by the associated map

M : T • [ . The absolute free velocity and acceleration are the maps

DM : r • U and D2M: T • $ . If we need to consider them in terrns

of applied vectors, we define the velocity and acceleration

dll:(M,DM) : T • TE and dM:(M,021.1) :LLoroil.1:T ~ H.After choosin9 coordi

nate system, the acceleration is expressed by the Christoffel symbols.

To determine positions, hence to get observed mechanics, we need
~

frames of reference. A frame ~ is a continuum filling, in a C way,

the whole event space.
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First we can study the absolute kinematics of such a continuum.

The continuum ~ is constituted by a set ~ of disjoint world-lines

(rq}qe~ . In this sense ~ can be viewed as the set of the particles

of the continul.'m. For each event e e [, passes a unique particle

p(e) e ~. Then we get a surjecti ve map p [ -+ ~. The set of the

motions of the particles {P r -+ r -+ lE}
qe~

determi nes the motion
q q

of the continuum, namely the map P r x IP -+ [, which associates

with (T,q) the event touched at the time T by the particle q. We
'"can define the motion also by the map P r x [ -+ E, which associates

with (T,e) the event touched at the time T by the particle passing

through e. Then we obtain a number of fields by deriving the motion.

These fields can be expressed in the fundamental form f:Tx[ -+ IF, or

in the eulerian form fa : [-+ F, or in the lagrangian form f aT : $T -+ F,

where f(T,e) is attached to the event P(T ,e), while fate) and fate)

are attached to e. The three formulations are equivalent, for we have
'"fa(e) = f(t(e),e), f aT = f al $ , f(T,e) = fa(P(T,e)) . We can also consider

T

two-points fields, for which fundamental, eulerian and lagrangian form~

tions hold(but the relation among them, with respect to the second

point is more complicated, for it involves the derivative of the motion).

Thus we consider the first and second time derivatives of the motion,

defining the velocity and the acceleration of the frame P [ -+ UI and

P : [ -+ $, where P(e) and P(e) are the velocity and the acceleration,

at the time t( e) , of the particle passing through e. Then we consider

the first and second event derivatives
..

of the motion P:[ -+ [ Ol $
: .. .. -

and P:[ -+ [ i&JE 0$ , which express the projection and the rate of

projection of event intervals into simultaneous event intervals, due

to the motion of the continuum.



- XIII -

and

can be obtained con-

a fi rs t
-Jl< -
$ @ $

$
t

jacobian

and $ " Then, by
t '/

maps p(' ):$ +
l' ,T T

-li' -li' -
$ ~ 5 ~ $ . The mixed derivativep(' ):$ +

T , T T

vatives, we get the

The motion determines also a diffeomorphism between each couple of

and second derisimultaneous spaces

derivative.at a fixed time,of the velocity, namelysidering the
- -*-DP:[ + $ ® $ , or considering the time derivative of p(' ) .t , t

By means of the spatial metric, we can get the symmetrical and the
'/-

antisymmetrical parts of the mixed tensor DP . The symmetrical part
'/-

€~ =SDP gives the rate of change, along the time, of the spatial

metric tensor, induced by the motion. The antisymmetrical part

A"-
w = 2DP' or the associated vector, by means of the Hodge isomorphism

(
v. V) '/
• W = , n ,Q = • w

w

continuum motion.

represents the absolute angular velocity of the

Then we can consider the frame continuum as a frame of reference.

First we define the observed positions. Each position is the set of

all the events that touch a unique particle q, namely it is the set

r . Then we can identify the set of positions with the set of particles
q

f. Then f is a set of equivalence classes. This set f has a eoo

stru

cture. At each time t, f can be represented by the three dimensional

affine space

at the time

$ ,
t

t,by

associating with each position q the event touched
o

the particle q. Also for Tf and T~f we get two

interesting representations. We can represent the tangent space Tf as
v

the quotient space TEfP' namely as the set of strips of spatial vectors

spanned (at the first order) by the motion.

An analogous representation holds for T2f. We can also represent Tf

and T
2
f by T$ and T2$ , taking into account the bijection f + $

t t t
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The latter representations induce a time-depending metric 9p:TxTf ~ ~

and a time-depending connection " 2 2
f~:T x T f ~ vT f. Taking into account

the frame velocity, we can also represent Tf, at each time T, with

$ xW, hence T2f with $ xUxUx$ This representation induces a new map
T T

, 2 0

fp:TxT f ~ vT"f, which is the sum of a map Cp:T x Tf ~ Tf and of a map

D~:r x f ~Tf. The latter maps will be interpreted as the generalized

Coriolis and the dragging accelerations.

Then we represent the absolute event space [ by the frame-deoen

ding splitting into space and time (t,p) : [ ~ r x f, associating with

each event e its absolute time t(e) and its frame position p(e).

We get also the splitting T [ ~ Tx$, which associates with each vectore

u, applied in e, its absolute time component Uo and i ts frame spatial

projection P(e)(u) = u-uoP(e). By means of Tp and T
2
p we can asso-

ciate with each point of n and T
2
[ the relative observed quanti ti es

of n and T2f

Among all frames, some have a special interest for the peculiar prQ

perties of their motion and of the position spaces.
v-

First we consider the affine frames, characterized by the fact that DP

depends only on time. Their motion is determined by the motion of one

"of their particles and by its spatial derivative P , which depends

only on time. The sum of strips representing the vectors of TP results

to be independent on the position.

The~ f results into an affine space, with the quotient induced by the
- -

motion P =(Tx$)(p,<vector space. The affine connection results to be

time independent and we can write
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Then we consider rigid frames, which are affine frames such that ~

is zero. The spatial derivative of their motion is unitary. Their mo

tion is determined by the motion of one of their particles and by its

spatial unitary derivative(by a time derivation we obtain, from this

fact, the classical formula for the velocities of the rigid frame).

As the motion preserves, along the time, the spatial metric, f results

into an affine euclidean space,namely ~ results time independent

Tf ~ R. Then we consider translating frames,and we can write

which are rigid

gp :

frames such that is zero. The spatial derivative

of their motion is zero. Their motion is determined by the motion of

one of their particles. As the motion preserves, along the time, the

spatial vectors, the vector space f results to be equal to $. Finally

we consider inertial frames, which are translating frames such that

p is zero. The total derivative of their motion is zero. Their motion

is determined by the inertial motion of one of their particles. The
v

projection P is constant, hence f p = f p

Now we consider a fixed frame ~ and a fixed motion M, we define

the quantities of M observed by P and we make a comparison between

absolute and observed quantities. The observed motion is the map

~:i ~ f, which associates with each time TeT the position p(M(T))

touched by M at that time. The observed motion ~ characterizes

the absolute motion M, since M(T) = P(T,~,(T)) . Then we get the

velocity of the observed motion dMP: T ~ Tf, which is the derivative

of r~ performed by ~, by means of its differentiable structure. We

get also the acceleration of the observed motion

is the covariant derivative of the velocity of the observed motion, pe~
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•formed by ~, by means of its time depending affine connection r~.

The observed velocity of M is the projection on Tf of the velo

city dM. The observed velocity and the velocity of the observed mo

tion are equal.

The observed acceleration is the proiection of the sum of the acce

leration of the observed motion and of a generalized Coriolis term,
2 2

plus a dragging term. Namely we can write D M; D~~+C?(~~)+~o(~).

Finally we consider two frames ~l

we make a comparison among quantities

and ~2

observed

and a motion M and

by ~l and by ~2

First we consider the quantities of ~l

find the addition velocities theorem and

observed by ~2' Then we

the generalized Coriolis Theo

remo Specializing the kind of frame of references, we get the usual

theorems.

Comparison with special and genera l relativity.

We want to show some surprising and important analogies with the

special and genera l relativity, not involving the light velocity.

In both cases we have a four dimensional event space l, which is

affine in the classical and special relativistic case and which has not

an absolute splitting into space and time. In the classical case we have

a privile~ed three dimensional subspace $~ l, which determines the

absolute simultaneity and the absolute time as the quotient space T=l/$

These facts have not an absolute relativistic counterpart. On the other

hand, in the relativistic case we have a Lorentz metric on the whole

TE (it is constant and fixed in special relativity and it is matter

depending in genera l relativity), while in the classical case we have
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only an euclidean metric on TE. The relativistical Lorentz metric de

termines, by orthogonality, a frame depending and pointwise (local if

the frame is integrable) spatial section which replaces the classical

$. The classical time orientation is given on T, while the relativistic

one is given on the light cone.

In all the three cases we can describe a motion (or its world-line)

by a four dimensional map M: f 4 [ (or by a one dimensional submani

fold MI4 [), which is absolute, i .e. not depending on any frame of r~

ference. In the relativistic case the condition that ~ is time-like

replaces the classical condition t o M= idT' In the relativistic case

l is not the absolute time, but the proper time of the motion, namely

it is M itself endowed with the affine euclidean structure induced by
2

the metric of [. In the classical case we get <!,DM> = 1 and <!,D M>=O.

These conditions are replaced in the relativistic case by DM 2=-1

and DM o D2M= O.

In all three cases we can consider the most general kind of

frame of reference,while people often consider only rigid frames in

classical mechanics and inertial frames in special relativistic. The de

finition of frame is essentially the same in all three cases: the

only differences come from the implicit differences in the definition

of the world lines of the continuum particles. Analogous considerations

hold for the reoresentation of F, TF and T2F, for the time depending

metric and connection, the Coriolis and dragging maps and the classifi

cation of special frames.

5ince we deal with general frames of reference, we get for classical

and special relativistic observed kinenatics criteria currently used in

general relativity. In fact under our statment of the absolute Coriolis

Theorem we can recognize usual genera1 relativistic formulas, commonly

quoted in other formo
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I CHAPTER

ASSOLUTE KINEnATICS

In this paper we study the genera l event framework constituted by

the event space, its partition into the symultaneity spaces, which

generate the time and the spetial metrico

We analyse some remarkable spaces and maps connected with the pr~

vious ones. Finally we study the one-body absolute motion, velocity

and acceleration. All these elements are considered regardless of

any frame of reference.
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1 - THE EVENT SPACE

First we introduce the general framework for classical mechanics.

Event space, simultaneity, spatial metric, future orientation, time.

1 - Basic assumptions on primitive elements of our theory are given by

the following definition, which constitutes the framework of classical

mechanics.

DEFINITION.

The CLASSICAL EVENT FRAMEWORK is a 4-plet

- .
6 " (E,$,a:,O)

where

E - (E, [, o) is an affine space, with dimension 4;

$ ... E i s a subspace of E, with dimension 3;
v

a: is a conformal euclidean metric on $;

O is an orientation on the quotient space E/S.

[ is

S is
•
a: is

O is

-O is

the EVENT SPACE; iE is the EVENT INTERVAL SPACE;

the SIMULTANEOUS INTERVAL SPACE or the SPATIAL INTERVAL SPACE;

the SPATIAL CONFORMAL METRIC;

the FUTURE ORIENTATION,

the PAST ORIENTATION.

fienceforth we assume a classical event framework 6 to be given.

2 - The previous definition contai~s implicitly the notion of absolute

tirne, which we are now oivi"" eyolicitly .

DEFINITION.

The TIME SPACE is the quotient space

T " E / $
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The TIME VECTOR SPACE is the quotient space

The TIME PROJECTION is the quotient map

t:(-+l.

The SPACE AT THE TIME 1 e T is the subspace

-1
$ _ t (1) ..... E-

1

The TIME BUNDLE is the 3-p1et

"" ([,t,l)

Hence, each equiva1ence c1ass is or the type

l ? 1 - CeJ " e + $ - $ --+ [
1

ha vi ng t(e) _ '.

Thus 1 and $ coi nci de, but 1 is viewed as a point of l and $ as
1 1

a subset of L

Moreover we will denote by j the injective map

j - (t, id[) [ -+ l x L

3 - We get immediate properties for the previous spaces.

PROPOSITION.

a) (l,l) results naturally into an affine l-dimensional oriented space.

b) t is an affine surjective map. ~Je gP.t

c) For each 1el , ($ ,$,0) is an affine 3-dimensional subspace of (;
1

hence ($) l is a family of parallel,(not canonica11y) isomorphic
1 1e

affine subspace of [ and we have
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E=LJ$·
TTeT

d) n is an affine, (not canonically) trivial bundle

4 - We have the absolute time component of an event interval.

DEFINITION.

The TIME COMPONENT of the vector ue[ is

UO :: <Dt,u> € T.

u is FUTURE ORIENTED or PAST ORIENTED, according as

or u e 1 -

Moreover u is spatial if and only if UO = O.

5 - Thus, the equence

is exact, but we have not a canonical splitting of E, as we have

not a canonical projection [--. $, or a canonical inclusion 1"-+ L

However, each vector ve[, such that < Dt,v> t O, determines a splitting

of L

Namely we get the inclusion

gi ven by

T --. E,

À
À

~- V,VO

and the projection

E ~ $

given by u ~ u

which determine the decomposition in the direct sum
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[=TEll$

given by u = p" (u)
v

..l.

+ p (u)
v

6 - According to the bundle structure of [on T, we can define the

vertical derivative of maps, i .e. the derivative along the fibers. Ge

nerally we will denote by "v" the quantities connected with n .

DEFINITION.

00

Let r be an affine space and let f: ~ ~ r be a C map.

The VERTICAL DERIVATIVE of f is the map

Poincaré's and G3lilei 's maps .

7 -A Poincaré's map is a map [ ~ [ which preserves the structure of

band the associated Galilei 's map is its derivative.

DEFINITION.

A POINCARE'5 MAP is an affine map

G (~ E,

such that
a) DG
b) DG e

c) if

($) = $
U($) ,

GO : T ~ T is the induced map on the quotient space l = [/$ ,

then

DG : [ ~ [

DG O
= i d'i .

is the GALILEI '5 MAP associated v/itll G.

G ;s 5PECIAL if it preserves the orientations of [ and $ (hence

of T)_
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8 - PROPOS ITlON.

Each Poi ncaré' s map G in bijective

PROOF.

It fo 11 ows from DG e U($) , DG o = id-
I -

Space and ti me measure uni ty.

v
9 - We have assumed a l-parameter family ffi of euclidean metrics on

$. A l-parameter family ffio of euclidean metrics on t is given a priori,

for dim f = l.

An arbitrary choice of one among these makes important simplications

in the following.

DEFINITlON.

v
A SPATIAL MEASURE UNITY is a metric 9 e ffi.

A TIME MEASURE UNITY is a metric gO e ffio _

The choice of a spatial measure unity

the sphere (in the family determined
v

sured by g

The choice of a time measure unity

of the vector

such that

v
9 is equivalent to the choice of

v _

by ffi) of $, wi th radi us l as mea-

gO is equivalent to the choice

Then ÀO determines the isomorphism

gi ven by

Henceforth we assume a spatial and a time measure unity to be given.

Hence we get the identification
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and the consequent identifications

- - - - -t •
L(V, E) " E , L(T, $) - $ , L(E,T) - E , L($,T) - $ ,

In this way, the map Dt e L(E,T) is identified with the form

-.
t " Dt e [

10 - Besides the subspace $ ..... E, which results into $ = t-l(O),an

interesting will be played by the subspace of normalized v;ctors !-l(l).

DEFINITION.

The FREE VELOCITY SPACE is

U" fl(l) '-' L

11 - PROPOSITION.

(U , $) results naturally into an affine (not vector) 3-dimensional

subspace of [

Of course ~ and $ are isomorphic as affine spaces, but we have

not a canonical affine isomorphism between ~ and $ .

Speci al charts.

12 - In calculations can be usefull a numerical representation of E,

which takes into account its time structure. For simplicity of notations,
4we consider only diffeomorphisms [~R, 1eaving to the reader the

obvious generalization to loca1 charts,our cor.siderations being essentially

loca l .

DEFINITION.

ASPEC tAL CHART i s a
~

C chart

such that XO factorizes as follows
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);l0
lì -_.:!'-_-, R

~~o
[

where xO:T ~ R is a normal oriented cartesian map ~

Naturally ~O(hence XC) is determined up an initial time.

We make the usual convention

o.,S,À,~, ... = 0,1,2,3 and i,j,h,k, ... = 1,2,3.

We assume in the fo110wing a specia1 chart x to be given.

13 - Let us give the coordinate expression of some important quantities.

PROPOSITION.

if

We have

u e [, then

DxO = t

eX. [ ~ $
l

UO iu = eX + u eX. ,
o l

where UO _ cl,u>;

v y i v .

9 = gij Dx ~ DxJ

rO Dexo.(6xs,DxO)
2

O,- = D xO(ex ,ex) =o.S o. S

k k 2 kr .. - Dex.(ex.,Dx) = D X (eX.,eX.) =
lJ l J l J

l kh
"hg· .),= 9 (" .gh . + " ·gh· -

2 l J J l lJ

i
r i 'oj + r ., . = "ogij , where rh ,ciS - ghir o.S

J 01 -

Moreover

and

k k 2 kr - De X (e X. ,Dx ) = D X (ox ,ex.)oj o J o J

k k 2 kr - Dex (eX ,Dx ) = Dx(ex,ex)
00 o o o o

can be different from zero, if eX is not constant.
o
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Notice that Dx o = t is fixed a priori and that the unique conditions

imposed a priori on

Prys i ca1 descri pti on.

6x are
Cl

<t,6x> =
- o

<t,Sx.> = O .
- l

The event space [ represents the set of a11 the possib1e events

considered from the point of view of their mutuJl space-time co11ocation

and without reference to any particu1ar frameof reference. This space lE

must be viewed exaetlln the same sence as the event soaee cf Soccial and

GeneralTheory of Relativity.

The event space [ is the disjoint union of a fami1y {$} l of three
T Te

dimensiona1 affine euc1idean, mutual1y diffeomorphic, spaces. This parti

tion represents the equiva1ence re1ation of absolute simu1taneity among

events. The structure of each space

considered in the classica1

$ permits a11 the physica1 operations
T

time-independent Euc1idean Geometry, as

stright 1ines, para11elism, intervals,sum of intervals, by the para11e1ogram

ru1e, circ1es, etc. We have not se1ected a priory a spatia1 measure unity,

for it is not physica11y significant: by means of rigid rods we can on1y

find ratios between 1enghts is a11 directions and the choice of a parti-

cu1ar interva1 of a rigid rod is a usefu1 but not necessary t'convcnc, l on

The symultaneity spaces $
T

are mutual1y .hlJt n0~ ';anonic211y,isom~rphic.

for a particu1ar fami1y of bijections among these 1eads to a determination

of positions, Le. to a frame of reference, which we ha ve ex c;ludcdin the

genera1 context. Notice that in

axes.

$ we have not privi1eged
T

poi nts or

The requi red four dimensional affine structure of [ 1c·"ds to the

affine structures of the subspaces $
T

and to the one dimensiona1 affine

structure of the set T, whose points are the equivalence c1asses $.
T
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This space represents the classical absolute time. Its affine structure

ad~its the time intervals, independent of an initial time, and their sum.

The one dimensional affine structure of l leads also to the measure of

time intervals w~th resrect to an arbitrary chosen unity. Hence the affine

structure of lE contains implicitly the idea of "goodclocks".

The dimension one describes also the total ordinability of times and the

assumed orientation o describes the future orientation.

Notice that in T we have not a privileged i~itial time.

To make more evident the described properties of event framework, we can

make some pictures using the affine euclidean structureof thepaperWe must

take care essentially in two things: wel~st neglect two (or one) dimen

sion of ( and we must partially neglect the euclidean structure of the

paper, for we have not a measure of angles between spatial and time vectors.

So a time vector orthogonal to a spatial vector is nonsence.

0"- lE T
l;

)

j;'t'"/ 7:"'
Se-- Sl:" t""

SI:" S~/ ~.

St"' ill' 1:

STt

o

1

o
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2 - FURTHER SPACES ANO MAPS.

Now we i ntroduce some further noti ons concerni n9 app l i ed vec tor spaces

and maps.

Vertical and unitary spaces.

l \-le introjuce the snaccs ofapplied vectors relative to $, and UI.

OEFINITION.

The VERTICAL SPACE WITH RESPECT TO ([,t,T). or the PHASE SPACE, Dr

the ACCELERATION SPACE, is

A " t [ "Ker T t = [ x $ '-+ T [ .

The HORIZONTAL SPACE WITH, RESPECT TO ([,t,T) is

The UNITARY SPACE, or the VELOCITY SPACE, is

, - l
VI " n " (Tt) (Tx l) = [ x UI <--> [

2 Let us remember that T[ has two bundle structures, namely

PROPOS IT ION.

(H,Tt,T T) and

,
a) n is the submanifo l d of n characteri zed by )(0 = o,

H is the submanifold of n characterized by )(0 =
•

b) n and H have two na tura l ~undle structures, namely
. ,

(H,t,T) and
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and

c) The sequence
,

O .0 l[ T[ ~H·oO is exact -

We have not a cano~ica1 splitting of T[, as we have not a canonical

projection T[ ... T[, or a canonica1 inclusion H o_o H .

.'
In the same way we have not a canonica1 isomorphism T[ - T[

3 We can extend the vertical derivative in terms of app1ied vectorso

uEFINITION.

Let F be a
oc

C manifo1d and a C~ map.

The VERTICAL TANGENT MAP of f, WITH RESPECT TO ([,t,I), is the map

.
H _ HT[ T[

-

4 We can view the metric as a function on h, which will becc:rn( the

kinetic energy in dynamics.

DEFINITION.

The METRIC FUNCTION is the funtion

given by

5 PROPOSITION.

v ,

9 H - R,

l 2
(e,uì - -2- u

We have
v

9 =
l
2

v . i.J
9 o o X X

l J

Second order spaces, affine connection and canonica] projection.

6 We consider now the second order tangent spaceso
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DEFINITION.
, ,

The VERTICAL SPACE, WITH RESPECT TO (T[ , t, T) , i s

f2[ "
• T2[Ker Tt = [ x $ x $ x $ ~

(Ì"[,t,li)
\

The VERTICAL SPACE, WITH RESPECT TO and (T[,I'[,[) , is

'2
vT [ "Ker Tt Ker 2

TI I = [ x $ x O x $ ~ T [.
[

The BIUNITARY SPACE or BIVELOCITY SPACE, is

W 2 " T[ " sTT[ _ [ x ~ x $ (diagonal [x ~ x ~ x $ ~ T2[ .

The VERTICAL BIUNITARY SPACE, WITH RESPECT TO (T[,TI[,[), is

2
\ìVl vTT[

7 PROPOSITION.

t 2[ i s the submanifo1 d of T2[ cha racteri zed by -:0 "'o = XO = Ox =x
'2

" " " " " " " - "Cl x" O,)T [ xO=x = =

T2[ " " " " " " "
--: o .... o l -; i ':i ,XL: O.X =x = ,x =x

'2
" " " " " " " xo= -Cl =O,xo O'JT [ l ,x =

8 Let us consider some important canonical maps, which are used to defi

ne the covari ant deri vati ves.

DEFINITION.

a) The AFFINE CONNECTION MAP

2 2
r : T [ - vT [ ,

given by (e,u,v,w) .... (e,u,o,w),
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induces natura11y the maps

v \/2 "'2r T[ .. vT[

and r

b) The CANONICAL PROJECTION (which is an isomorphism on fibers).

f I 2iL ; vT [ .. T[ ,

given by (e,u,o,w) ~ (e,w),

induces natura11y the maps

and
"

·1 '2
.Ll: vT [

,
- H -

9 PROPOSITION.

We have ( 'o.
"

'o.
X o , = X

I
I :0. :"I x o r = x

1 -o.

I
x o r = O

I XO XO ..k ..k :k :" ;8
\ o r = x o r = x + r x x

0.8

We have
{
"" il ,o.x o = X

.0. IlI ..o.x cl.J..=x
\,

10 Then we can introduce the covariant derivative in a way that, not

making an essenti al use of free vectors, can be extended to manifo1ds.

DEFINITION.

Let u .(id ,ù): [ .. H
[

and be (00 vector fields.
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The COVARIANT DERIVATIVE of v with respect to u is

3 - ASSOLUTE KINEMATICS.

Here we introduce the basic e1ements of one-body kinematics independent

of any frame of reference.

Abso1ute wor1d-1ine and motion.

The basic definition of kinematics is the fo11owing. Here we consider

a C~ wor1d-1ine extending a10ng the whole T. We leave to the reader

the easy generalization to the case when it is C2almost every where, or

when it extends along an interval of T.

DEFINITION.

~

A WORLD-LINE is a connected C submanifold

sud: that $ () t1, is a sing1eton,
T

Il ,eT .

The MOTION, RELATIVE TO THE WORLD LINE ~,is the map

M T ~ I

given by T ~ the unique element e $"M1
T

Henceforth in this section we suppose a wor1d-line M, or its motion

M, to be gi ven.
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2 PROPOS IT ION.

~ is an ambedded 1-dimensiona1 submanifold of [, diffeomorphic

to R.

M is a section of (E,t,T), name1y it is a eoo

embending, such

that

t o M= idll

i .e. such that

Hence the map

M T ~ M
00

is a e diffeomorphism ~

The world 1ine M is characterized by its motion M.

3 The affine structures of II and [ admit a Kind of privi1eged

wor1d-1ines.

DEFINITION.

~ is INERTIAL if it is an affine subspace of [

4 PROPOSITION.

M is inertia1 if and only if ~1 is an affine map, i .e.

M(t') = M(t) + DM(t'-t), with DM e U

Absolute ve10city and acce1eration.

5 Previous1y we introduce usefu1 notations .
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a) Let F be an affine space and 1et

00

be a C map.

Then we lJut

In particu1ar, if

we get

and

b) We put

df 5 (f,Df) : l + T[

2 2 l + T2[ .d f _ (f,Df,Df,D f) :

2 2?df _ li o r o d f = (f,D f) : l + T[

The coordinate expressions are

adf = Df (ax o f)
a

6 We can view the abso1ute ve10city in terms of free or of app1ied

vectors, equivalently.

DEFINITION.

The FREE VELOCITY of M is the map

Dr~ : l + [

The VELOCITY of M is the map
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d M - (M, D M) T .. n -

7 PROPOSITION.

We have < t , D M> = l (.)

Hence, we can write

D M T .. lJ

and d M T-.\I= n
and we get D Ma = l

DM

d M

k
= 6Xoo M+ D M (6xka M)

k
= dX

O
o M + D M (dX

k
a M)

PROOF. (.) follows from t a M = idT _

8 We can view the absolute acceleration in terms of free or of applied

vectors, equi va le. ~ ly and second order tangent space may i ntervene espl i

ci tly or not .

DEFINITION.

The FREE ACCELERATION of M is the map

The LIFTED ACCELERATION of M is the map

2 2 2r c d M= (M,DH ; O, D M) : T .. Y T (

The ACCELERATION of M is the map

2 2v d M= 11 a r a d M= (M,D M) T.. T [
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9 PROPOSITION.

We have

Hence, we can write

2 -O M : T ~ $ ,

2 '2
rod~1:T~vT[

and \7 dM: T

r~o ° M) "\

k
+ r oM) aX k00

and we qet 02W = O

2 2 k k i' k '
O M= (O M +(r. ,oM)OM OMJ+(r ,oM)OMJ +

lJ oJ

r ° d2M= (02Mk+(r~ .oM)OMiOMj+(rk .OM)OMj
lJ OJ

\7 d M
2 k k i' k . k

= (O M+(r, ,ol'l)OM OMJ+(r .oM)OmJ + roM) aXk1J OJ 00

Geometrical analysis.

Here we give some further element of analysis of M, not essenti al

from a ki nemati ca1 poi nt of vi ew.

~

10M. has two s tructures: the C s tructure i nduced by [ and the

oriented euclidean affine structure induced by T (but, in general,

M is not an affine subspace of E) .

The embending

is given by

The embending

is given by

TM : T 11' ~ TMI "-+ TE

(t,\) ,~ (M(t)), \OM(T))

T2M : T2T ~ T2MI~ T2[

Now, let us consider the two fields
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M;; d M o N-l MI ... T MI

M;; -1 •and '7dM o M MI ... T [/MI

11 PROPOSITION.

M resu1ts into the unitary oriented constant fie1d, with respect

to the oriented euc1idean affine structure of MI induced by V.

Moreover, each vector fie1d X: M... T ~ can be written as

12 PROPOSITION.

where XO _ <t,x>.

Let X: M ... T M and y: M ... T MI be two e
oo

fie1ds.

Then the covariant derivative

'V XY - il o 'o T Y o X : M ... T [I MI

is given by

where

'V Y = p"- o 'V Y + pl '7 YX M X Mo X '

p"- o '7 Y = XO D yo M
M X

resu1ts into the covariant derivative with respect to the affine structure

of MI and

pA o 'VxY = XO yo M

shows that the tensor

can be considered as the second fundamenta1 form of M -
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Physical description.

The world-line M of a particle represents the set of all the events

"touched" by the particle and the motion M is the map that associates

with each time the relative evento Of course the events being absolute,

i .e. independent of any frame of reference, the same occurs for the

world line and the motion. The affine structure of [ allows a privil~

ged type of motions, namely the inertial ones.

As we have the absolute motion M, we have the absolute velocity DM

and acceleration 02M. These contain all the information necessary to

derive the velocity and acceleration observed by any frame of reference,

when it i s chosen. The fact that DM i s a uni tary vector and 02 r., i s a

spatial vector will put in evidence how the observed velocity changes

and that the observed acceleration does not change from an inertial fra

me of reference to an other.

We can describe the previous facts by pictures.

l lE

n
~>
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I I CHAPTER

FRAr1ES OF REFERENCE

Here we study the absolute kinematics of a continuum, which, viewed

as a frame of reference, determines positions, the splitting of event

space into space-time and the consequent splitting of velocity space.

We analyse the positions space and its structures as the time-depending

metric, the time-depending affine connection and the Coriolis map.

Finally we make a classification of frames.
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FRAMES AND THE REPRESENTATION OF '[ .

Frames, positions and adapted charts.

The basic elements of observed kinematics are frames, constituted

by a reference continuum~whose particles determine positions on [,

For simplicity of notations, we consider only globa] frames, leaving

to the reader the obvious generalization to 10cal frames.

DEFINITION.

A FRAME (OF REFERENCE) is a couple

where P is a set and,

such that

v q e P, T
q

i s a wo ,-l d ] i ne ,

~

b) V e e [ , there ex i s ts a neighbourhood U of e and a C chart

i 3
x " {XO,x} U ~ R x R

adapted to the fami ly of submanifo l ds {T} pq qe

P is the POSITION SPACE; each qeP is a POSITION; the map

p [~P

given by e ... the unique qeP, such that e e T
q

is the POSITION MAP; if e e [, then p(e) e P is the POSITION of r

(>l') It sufficies to assume

tha t each is open and

T ,... T ,
q q

T
q

= 0 .

E = Up T . In fact,
pe q

connected, we see

taking into account b) and

that,if q f q', then
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Henceforth we assume a frame ~ to be given.

2 Calculations develop in an easier way if performed with respect to a

chart adapted to ~. For simplicity of notations. we considel' only global

charts. leaving to the reader the obvious generalization to local charts,

our considerations being essentially local.

DEFINITIDN.

A CHART ADAPTED TO ~ is a chart

r o i ,
t X ,x J

such that it is special and it factorizes through p. i .e. such that the

following diagram is commutative

where ~o : T + R is a normal oriented cartesian chart

Charts adapted to ~ exist by definition l.

Hencefort we assume a chart x adapted to ~ to be given.

~presentation of the position space P .

3 P results naturally into a C
OO

manifold.

PROPOSITION.

There is a unique C
OO

structure on P. such that the map p [ • p

PROOF.

Namely it is induced by the charts adapted to {T i Pq qe

Unicity. If Y
3VcP+1R is a chart which makes p C

OO
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3 ~

and if x : Uc[+RxR is a C chart adapted to {lq lqe!P o then

the map (defi ned l oca11y)

R
3

<--> X R
3

-l
oiR

3
R x . [

p .p y

~

which is the change from x to y, is C

Existence. The change of charts on P induced by charts adapted to

~

is C -

4 We get a first immediate representation of P.

The frame ~ determines a partition of E into the equiva1ence c1asses

(Tqlqef'

Then we get the natura l identification of Il' with the quotient space [lI'

o-p = EI1',

by writing '" -l
q = p (q) - 1q

and [e] = q = Ce o] <.=> p(e) = q = p( e o)

We wi 11 ofter i dentify P and E/P.

5 Choicing a time 1 e T and taking, for each equivalence class, its

representative, at the time l, we get a second interesting representation

of 'P.

For this purpose, let us introduce three maps related with 'f'.

DEFINITIDN.

Let l, l o e T .

Then we define the three maps
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a) P P -+ $
T T

given by q Ho the unique e e $ " T
1 q

b) P1 - PI$
$ -+P

1
1

'"c) P(,',") - P o P $ -+ $ .
1 1 1 1 ' -

6 Then we see that P is diffeomorphic (not canonically) to a 3-dimen-

sional affine space.

PROPOSITION.

'"The maps P and p
T T

'"P P -+ $
1 1

Moreover we have

are inverse
~

C diffeomorphisms:

$ -+ p .
T

and

hence
PROOF.

'"
1'(_" '), ,1

'"
o P(1' ,1) = P(T" ,T)

~

is a C diffeomorphism

sition $ '-+ [ -+ 11', is
T

is a special chart .

P
T

and PT ave inverse bijections. Moreover, PT ' which is the ,ompo-

C~ and det DP =det(~y." xj
o p )t O, where y

T l'" T

7 The relation among the different representation of IP is shown by the

following commutative diagram
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P;;/' p \PT ----<>~ ;/l'
$ , ...-- $ <.<---- [

T - T

P(':T) .

Frame motion.

8 We need a further map given by the motio~s associated to the world

l i nes of l' .

DEFINITION.

The MOTION of l' is the map

P:lIxP-.[
given by ( T ,q ) .... the uni que e e $ ,,1

T q-

Thus P is the union of the family of maps {P) 1 previously
T Te

introduced; on the other hand, P is the union of the family of maps

(P ) -n ' constituted by the motions associated with the world-lines of 1'.
q qc.-

The motion P characteri zes the frame 1'.

9 For calculations it is more advantageous a further map, substantially

equivalent to P, which relates affine spaces.

DEFINITION.

We define the map

given by

'"P .. P o (i dr x p) : 1 x [ -. [ ,

(T,e) 0-+ P(T,p(e)) _

Thus the following diagram is commutative by definition
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'"p
i x [

. d ':;;-
l l XP~ 1

10 The following immediate formulas will be used in calculationso

PROPOSITION o

"-
i o e o t o P = i dr ;

We have
'"a) t(P(l,e)) = T

'"b) P (t(e) ,e) = e

'"c) P (T,P (a,e))= P(l,e) -

P characteri zes the frame l'o

i .e. p o j = id ;
[

We have i '" ix o P = x

Rappresentation of [ o

11 The frame 'P determines the splitting of the event space in space-timeo

THEOREM.

The maps

(t,p) : [ ~ T x P

are inverse C
OO

diffeomorphismso

and

Namely the following diagrams are commutative

[ (t,p) , 1 x II' T x il
P

[I

~[ /P ~T x p~t,P)

00

Hence ([,p,P) resul ts i nto a C bund le, with fiber T.
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PROOF.

P and (t,p) are inverse bijections. Moreover (t,p) is C
OO

and

det D;( t ,pJ I O _

12 DEFINITION.

The FRAME BUNDLE is

,,([,p,P) -

Thus we have two bundle structures on [, namely

" " ([,t,T), wich has an absolute basis T and a non canonical fiber

diffeomorfic to P or to $ , V TeT,
T

n _ ([,p,P), wich has a frame depending basis P, diffeomorfic to

$ , V TeT, and an absolute fiber T.
T

The frame bundle n characterizes the frame ~.

Physical description.

A frame l' is a set IP ofparticles, never meeting, filling, at each

time TeT, the whole space $ , with a C
OO

flow, hence first a frame is a con
T

tinuum and we study the absolute kinematics of its particles.

Such a continuum can be viewed as a frame of reference. In fact it deter

mines a partition of [ in positions. Each position in the setof all events

touched by the same frame particle. Under this aspect we can identify the

set of positions with the setof particles P.

We can describe the frame, its motion, the positions and the splitting

of [ into the space-time T x P, by a picture. Notice that we can con

sider only the differentiable properties induced by the paper to P, in

the picture : in fact the affine and metrical properties of P are time

depending.
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2 - FRAMES AND THE REPRESENTATIDN DF TE.

In th;s sect;on we are dealing w;th the f;rst order der;vat;ves of the

frame and tangent spaces.

Frame veloc;ty and jacob;ans.

The ve1oc;ty of the frame is the vector field on [constituted by the

veloc;t;es of the world-lines of the frame. Hence ;t ;s the first derivati

ve of the not;on w;th respect to t;me. On the orther hand, the jacob;ans

are the f;rst der;vat;ves w;th respect to evento We cons;der on1y free en

tit;es, for s;mp1;city of not;ons, leav;ng to the reader to write "them" in

the complete formo

DEFINITION.

a) The (FREE) VELOCITY-FUNDAMENTAL FORM - of ~ is the map

'"D
1
P : T x [ 4 [

The (FREE) VELOCITY-EULERIAN FOR~1 of"P ;s the map
0,

p = D1P o j : [ 4 [

b) The (FREE) JACOBIAN-FUNDAt1ENTAL-EULERIAN FORM - of l' ;s the map

~ -*-DzP : ] x [ 4 [ ~ [ •

The (FREE) JACOBIAN-EULERIAN-EULERIAN FORM - of l' ;s the map

The (FREE) SPATIAL JACOBIAN-FUNDAMENTAL- EULERIAN FORM - of P ;s the map

The (FREE) SPATIAL JACOBIAN-LAGRANGIAN-LAGRANGIAN FORM, RELATIVE TO THE

INITAL TIME T e T AND TO THE FINAL TIME T e 1, of P - ;s the map
v '" •

P(T'T) = DP(T'l) $1 $ ~ $ -

We w;ll denote by
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" v ,
P l'xT[ ... T[

,
the maps associated with P, P, P

We wi 11 write

" P(x)x -
"Il

"
.

up - P(e) (u),

VxeT[,

v X e T l:
e

2 We get immediate important properties of these maps

PROPOS ITION.

l'e have

a) t o D
1
P =

b) t o Dl = O

Hence we can write

'" -.. -D1P T x l: ... UI Dl lfx l: ... I: ® $

. -.. - . ..p l: ... LJI P : E ... $ ® $ P: l: ... I: ® $

'" P:t1oreover, a11 the previ ous maps are expressib1e by P , P and

c)

e)

'" - '"D
1

P = P o P

P = idi' - t ® P

hence P is a projection operator l: ... $

D ~ =
,

,,2)d) P o (P o
2

, '" ,
f) Dl T ' 1$ = P

(1',1)
1

We have a1so the group properties

, '. , v
g) (P(T",T')

o
P(T',T)) o p(_, _) = p(" )

, " l' , t



h)

hence

i )

We have
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v
p = i d-

(T,T) $

v
P preserves the orientation of $

(T',T)

v

det P(O ) > O.
T , T

e)

PROOF.

p = ex
o

P= Dx i
(il ox.

l

a) and b) follow from (II, 1,10 a) , by derivation with respect to 1 and e.

c) follows from (11,1,10 c), by deri vati on wi th respect to 1 and taking 0=1,

d) fo11ows from (11,1,10 b), by deri vation with respect to e.

e) fo11 ows from (11,1,10 c), by deri va ti on with respect to e.

f) follows from defi ni ti ons •

g) and h) fo 11 ows from (II, l ,6) .

,
i) p( o )(e) is an isomorphism, hence

T , T

det
,
p( )(e) = l, for (h), andT,T

...
det p( o )(e) t O;

1 , T

v
p( o )(e) is continuous with respect

T ,T

to T
O

, for (f) _

Representation of T P .

3 In order to get the space T P handy, it is useful to regard it as a

quotient. In this way we could view T P as a quotient space
v

reduced representation by means of T[(p is more simple, for

classes have a unique representative for each time T e l.

PROPOS]T ION.

Let veTP. Then

H /T" But a

the equivalence
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is a eoo

submanifold.

v
Then we get a partition of T[, given by

v
H=lJq:: ,

v
veTP

v 00

and the quotient space TEfP' which has a natural e structu~e and

whose equivalence classes are characterized by

[e ,u] =[e',u']
,

p(e) = p(e') , P(t(e'),e)(u) = u l (b)

We get a natura l

unique maps

00e diffeomorphism between w and
v

T['fP gl ven by the

and •H!p+ TP ,

which make commutative the two folloving diagrams, respectively,

T 'P
Tl v

l x T P (..(-----+, T [

1
2+
T p

PRDDF.

(a) foll ows from (11,1,11).

(b) fo 11 ows from

Ce, u1 ,-, ,] (e',u')= Le ,u <. _.>

T
T( ----'p--+

~/
H/p

e (T P) <' , ') - Tp i2 Tp(e,u) =-\e u -, (t(e) ,t(e') e,u,.

The eoo

structure on is induced by the charts adapted to

We will often make the identification

'" vTI' - T EfP
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which is very useful in calculations.

4 Choicing a time TeT and taking, for each equivalence class, its r~

presentati ve at the time T, we get a second interesting representation

of TP .

PROPOS ITION.

The maps '"TP
T

and Tp
T

are inverse C= di ffeomorphi sms

TP : TP + T$ _ T$ _ $ x $ ,
t t t T

-
T $ _ $ x $ + TP

T T

J
T [

5 The relation between the different representations of TP is shewn

by the following commutative diagram

.
T P c -+. T [/?

T pJ ~T
T$,<'-> T$

T - T

TP( , )T,T

expression of Tp

6 Taking into account the identification

and TP.

PROPOSITION.

'"TP = T[j? , we get the following

a) T P (e,u) = [e, p(e)(u)]

b) T P (T,À;[e,ul) = (P(T,e),À P(I'(T,e)

PROOF.

a) The following diagram is commutative

.
+ P(T,e)(u))
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T x T [
j
T [

Tp

T x T IP

!
T IP

T
2

P
-----;

f [
l

/

T [Il'

Hence we get

'C

To(e,u) = (T2P)(t(e);e,u)

b) The following diagram is commutative

y

T l x T [
..

T T x T [/p~

Hence, we get

'C

TPT T x T [ ----,> H

• T(idfP) /
T T x T P TP

TP(T,À; [e,uJ) = TP(T,À; TP(T,t(e))(e,u))_

Frame vertical and horizontal spaces.

8 The bundle TI = ([,p,P) induces two useful spaces.

DEFINITION.

The FRAME VERTICAL TANGENT SPACE is

The FRAME HORIZONTAL TANGENT SPACE, or FRAME PHASE SPACE is

o

9 We have severa l representations of these spaces.
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PROPOSITION.

a) We have I r~

Hence ~i is the subspace of Ti generated by the velocity of ~
v _

Tvi = {(e,u)eTi I u = À P(e)ì

•
T~[ is the C

OO

submanifold of Tl characterized by

. i Ox = •

Moreover, the maps

J

~ P : T T x P ~ T~i and

(T,À;q) ~ (r(T,q),ÀP(P(T,q)))

are inverse C
OO

diffeomorphisms;

the maps

,
(H,p) -\>i -+ T l x l''

(e,ÀP(e)) 0-+ (t(e),À;p(e))

given by (e,ÀP(e)) '~(e,À)

and

and (e,À) .... (e,ÀP(e))

are inverse C
OO

diffeomorphisms;

the following diagram is commutative

T [

, T l x P

~P

b) The charts adapted to {l) Pq qe

o

Hence T~i is the space

00

induce a C atlas

o

T~i = {[e,v]) (e,v)eH =

Moreover, the maps

v

{[e,u]) (e,u)eTi = {(e,u + T7ei)}

and
o
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induced by the diagrams

and given by

and
[ "
~,TP)

T x T ~

(T, [e,u])
'\, v _

... [P(T,e),P(T,e)(u)J and
.

[e,v] ...... (t(e), [e,P(e,(v)])

~

are inverse C diffeomorphisms;

the maps

.
given by [e,v] .... (e,P(e)(v))

~

are inverse C diffeomorphisms;

the maps

o

and

and

and

(e,u) .... [e,u]

o

T [ ... T,,[

given by [e,v] ...(e;P(e)(v)+P(e)) and

are inverse C~ diffeomorphisms;

the following diagram is commutative

We will often make the identifications

(e,w) ..... [e,w]
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J

'" '" oT,,[ = T 1 x P = T [

o

'" J
,

T,,[ = T x T P ~ T [ i! T [

Frame metri c functi on.

10 We get a "ti me dependi ng" Ri emanni an s tructure on P, j nduced by the

family of diffeomorphisms

[JEFINITION.

T P T $
t

The FRAME TIME DEPENDING METRIC FUNCTION is the function

~:l1xTP --R

given by the composition

i .e.
_ l v' 2

9p(t,[e,u]) =' -2-(P(t,e)(u))

Taking into account 1 x T P ; W, we wi11 write a1so

11 PROPOS ITION.

We have
l . i . j

9p = -2- gi j x x

Representation of T[ .

12 Most of the previous resu1ts can be sumarized in the fo11owing

fundamenta1 theorem, which gives the representation of T[ induced by

the frame.
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THEOREM.
o o

The map

given by the natura l projections, is a C
OO

diffeomorphism.

The map

00

given by the natural inclusions, is a C diffeomorphism.

The maps

t(t,p) : TE + T l x TP

are inverse C
OO

diffeomorphisms.

and TI' TTxW-- TE

Moreover we have the C
OO

diffeomorphisms

and
o

Hence, the relation among the previous three representations of TE is

given by the following commutative diagram

1 x TP .
, (t,Tp)~ ~

TE~<-....---- .r (t, TP) ;,. T E

" ./. v t o t" o

TE $[ TpE . • T E ~ ~ Tl' E x[ T E
~ t
t.E' r pT[

p (Tt,p~ /

(Tt,p) 'fT T x F'/
The maps

•TE +H +TxTP

are gi ven by

. .
(e,u) .+ (e,P(e)(u)) o-> (t(e),[e,P(e)(u)j) .+ [e,ul
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The map

are given by

The choice of the most convenient representation depends on circumstances.

Some of these have & theoretical relevance, other a computational advantage.

So, for esplicite calculations, we will generally use the following identi

fications

T P and 1 x T P

Notice that in the decomposition of the vector field x [4 T[

.
the component XO is absolute, but the space T~[ is frame depending,

and the soace TE is absolute, but the component xp is frame depending.

Physical description.

P is the field of velocity the frame continuum. P is the spatial
•projection operator induced by the velocity and P is the infinitesimal

displacement generated by the continuum motion on spatial vectors.

We identify (at the first arder)

having as first side the world-line

ne.

each vector of T P with a strip
q

q and as second side another world-1l

We can describe the situation by a picture.
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3 FRAMES AND THE REPRESENTATION OF T2[

In this section we are dealing with the second order derivatives of

the frame and tangent spaces.

Frame acceleration, second jacobians, strain and spin

The acceleration of the frame is the vector field on [ constituted

by the accelerations of the world-lines of the frame. Hence it is the se

cond derivative of the motion with respect to time. On the other hand,the

second and mixed jacobians are the second derivatives with respect to

event- event and time- evento We consider only free entities.

DEF INITION.

For simplicity of notations, leaving to the reader towrite them in the

complete from .

a) The (FREE) ACCELERATION-FUNDAMENTAL FORM - of ~ is the map

2'1,
D1P : T x [ + [

The (FREE) ACCELERATION-EULERIAN FORM - of :p is the map

p = D~ P o j : [ + [

b) The (FREE) SECOND JACOBIAN-FUNDAMENTAL-EULERIAN FORM - of ~ is the map

D2~ : T x [ + [* ~ [* ~ [
2

The (FREE) SECOND JACOBIAN-EULERIAN-EULERIAN FORM of ~ is the map

The (FREE) SPATIAL SECOND JACOBIAN-FUNDAMENTAL-EULERIAN FORM - of ~ is the map

The (FREE) SPATIAL SECOND JACOBIAN-LAGRANGIAN - LAGRANGIAN FORM WITH RESPECT
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TO THE INITIAL TIME T e T ANO THE FINAL TIME T' e T - of ~ is the map

v
.• 2 -* -* -
p(' )" O p(' ): $ + $ ~ $ ~ $

T,l 'T,T T

c) The (FREE) MIXEO SECONO JACOBIAN-FUNOA~lENTAL-EULERIAN FOR~l of :p

is the map

The (FREE) MIXEO SECONO JACOBIAN-EULERIAN-EULERIAN FORM of :p is the map

'" -*-
p - 0201P o j : [ ~ [ ~ [

The (FREE) MIXEO SPATIAL SECONO JACOBIAN-EULERIAN-EULERIAN FORM - of ~

is the map

d) The (FREE) STRAIN-EULERIAN FORM - of :p is the map

~

6~ " S o P : [ ~ $ ~ $

The (FREE) SPIN - EULERIAN FORM - of ~ is the map

A! -Jt-
~ "2 o p : [ ~ $ ~ $

The (FREE) ANGULAR VELOCITY-EULERIAN FORM - of ~ is the map

v A! -
~ " Jt 2 o p : [ ~ $ _

2 We get immediate important properties of these maps.

PROPOSITION.

We have

a) t o 0
2 ~ = O
l



b)

c)

hence we can wri te

02p T x E -> $l

=
P [ -> $ p
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2 "-
t o O

2
P = O ,

-
P: [ -.. -

-> [ 0 $

I\, _ ~

Moreover all the previous maps are expressible by p,p) OP and P

d)

e)

f)

g)

h)

i )

l )

p = D P (P)

• •
P = D P

2"-
,
~

(Ol)T' 1$ =
P(T',T) o p!$

T T

• " -( 0
1

P) o j = D P

If u _ UO P + up : [ -> [ we can write

m)

n) We have

D P(u)

€ = L- ~
-7 P

o) 6x.
1
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. k i
P = f. Dx llII OX

k10

P fk Dxo llII Dxo k i llII Dxo Dxo i
= - - f. (Dx + llII Dx ) llII oX

k00 10

i +fi oj) Dx
i

D~ Dx
i

Dx
j

E = f. llII = ò
o

g
iJ

llII-y J,O

w = -2
1

(f .. - f. .) Dx
i

llII Dx
j

-, J,Ol l,OJ

kij
e f. . oX

kJ ,01

PROOF.

a),b) and c) follow from (11,1,10 a) by double derivation with respect

to T,T; e.e. and T,e.

d) follows from (11,1,10 c) by double derivation ~/ith respect to T and

taki ng a" T .

e) follows from (11,1,10 b) by deuble derivation with respect to e.

f) follows from (11,1,10 c) by doublederivation with respect to T and

with respect to T and e and taking a" T.

g) foll ows from (II,2,2c) by derivation with respect to e.

h) follows from f).

i ) follows from (II,l,lO c) by douhle derivation with respect to e and

taking T"t(e), a - T.

'" '"l ) foll ows from D
2

D
l P = D1Dl'

m) follows from 9 and f)

n). follows from (Lp g)ij = Òo
gij = f j ,oi + f i ,oj

Representation of T2p and

3 In order to get the space

quotient. In this way we could

2vT P.

i·p handy, i t i s useful to regard it as a

view T2p as a quotient space T
2

[IP But a
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2reduced representation by means of T [/~ is more simpie for the equiv~

lence classes have a unique representative for each time TeT.

PROPOS IT 1ON.

Let v e T~. Then

~v - T
2
p-l(v) = (T~ P)v(l) ~ T

2
[

is a C~ submanifold.

Then we get a partition of T2[, given by

T
2

[ = U Qv
veT2p

and the quotient space T2[~, which has a natura l

whose equivalence classes are characterized by

(a)

~

C structure and

[e,u,v,w] = [e',u',v',w'J_ p(e)=p(e'), P(t(e'),e)(u) = u'

v ~ v

P(t(e'),e)(v) = v', P(t(e'),e)(u,v) + P(t(e'),e)(w) = w' (b)

We get a natural

by the unique maps

C~ diffeomorphism between T~ and given

and

which make commutative the following diagrams, respectively,

T
2

P

PROOF.

Analogous to (11,2,3) _
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4 Choicing a time teT and taking, for each equivalence class, its repr~

sentative at the time t, we get a second interesting representation of

T~P.

The maps

PROPOSITION.

T
2

P
t

and are inverse C
OO

diffeomorphisms

+ T2$ _ $ x $ x $ x $ ,
t t

5 The relation among the different representations of T~ is shown

by the following commutative diagram

t
T [

6 The previous representations of T2~ reduce to analogous represen

tations of v T~.

COROLLARY.

The quotient space 2
(vT [)(p is a C

OO

submanifold

its equivalence classes are characterized by

[e,u,o,w]; [e',u',o,wl< > p(e); p(e'), P(t(e'),e)(u); u',

P(t(e' )e)(w) ; w'.

The diffeomorphism T2P + T2[IP induces a diffeomorphism

vT~P + (VT2
[)(p

and the diffeomorphism T2[IP + T~P induces the inverse diffeomorphism

(vT
2
[) (P + vT~P .
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Moreover, the following diagrams are commutative

2 il
vT2

$
_II

"T [ T [ ----T $
T T

T2
P l I l !1T P l

y

"T~P T IP )T2,P T iP

il.:;:> 111'
-

7 Taking into account the identification

following expression of 2 2
T P and T P.

PROPOSITION.
2a) T p(e,u,v,w) = [e,P(e)(u), P(e)(v), P(e)(u,v) + p(e)(w)]

2
b) T P(T,À,~,V; [e,u,v,w]) =

~ ~ - 2
= (P(T,e), ÀP(P(T,e)) + P(T,e)(u), ~P(P ("e)) + P(T,e)(v) ,

- - ?
À~ P(P(T.e) +\DP(P(T,e))(P(T,e)(v)) + ÀDP(P(T.e)(P(T,e)(u))+vP(e (e ,e) +

+ P(r,e)(u,v) + P(r,e)(w)

PROOF.

Analogous to (11,2,6) _

Frame connection and Cariolis map.

8 For each reT, we can view P as an affine space ,depending on ",

taking into account the isomorphism r x TJP -+ H. Hence we get a "time

deoending" affine connection on P

• .". T2 P vT 2 IP.fp:nXS -.

THEOREM.

There is a unique map
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such that the following diagram is commutative

s T2 [ v T2
[

2 T2p(t,T p) -r •,
r

1fxs T~P
-:p

v T~P

Such a map is given by the following commutative diagram

f2 [
, '2s vT [

+
T2p(T2P) . l0,0,0

-' r

T
2

IP
-:p

2
'r x s vT IP

Namely we get

v '\, ~ ~ "

fp(T, [e,u,u,w]) = [P(e ,e) ,P(T ,e)(u); O,P(T ,e)(u,u)+P(T ,e)(w)],

hence,if t(e) = T

~p(T,[e,u,u"IJ) = [e,u,o,w]

PROOF.

(t,T
2
p) is T2[ 4 'r x s T~P and

are inverse e
oo

diffeomorphisms~

2 ,2r x s T P ~ s T [

9 Then we can introduce the "fo 11 owi ng map", that wi 11 be used (I I I ,1)

to define the covariant derivative of maps l 4nP, hence the accelera

tion of observed motion .

DEFINITION.

The FRAME TIME DEPENDING AFFINE eONNECTION is the map
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2
v T P ,

given by
,

(, , [e ,u , u ,wl) ~ [p(, ,e ) ,p(, ,e ) (u) ;O,P(, ,e ) (u ,u )+P(c ,e ) (l'I ).1

10 The time depending affine connection

Kinematics.Coriolis theorem, (111,1) which

v
f.p does not suffides fur

makes a compariSQn between

the acceleration of an observed

a motion,requires a further map

motion and the observed acceleration of
I 2 2 hO hfp ; 1 x s r p - v T ~,w lç is obtei

ned taking into account the isomorphism 1 x TI' ~ T[
THEOREM.

There is a unique map

r:p : T x s T
2p .. J r2

p

such that the following diagram is commutative

r2[
f

v r2[~

; 2
I iT2

(t,T p) I P• , l

l x s T2p
fl'

'J T2p....

Such a map is given by the following commutative diagram

r2[
r '2

~ 0) T [

2 1 I

h2
p(T;:»(l,l,O) ,

r

2
01'

'J T2plxsT P --
Namely we get

~l'(t, [e,u,u,w]) =

= [p(,.,e),P(, ,e)(u),O, P(r,e)(w) + 2~(t,e)(p(t,e)(u); + p(p("e»]

hence, if t(e) _ t,



- 52 -

, .
fp(T,[e,U,u,w]) = re,u,O,w + 2 P(e)(u) + P(e)]

Thus we have

where

t;,:lxTP~TP and D~: T x P - T P are oiven by

"- . "-
t;,(T,[e,u]) = [P(T,e) ,2P(P(T,e))(u)-j

'\., ;;; '"
D~(T,e) _ [P(T,e) P (P(T,e)))

hence

are given by

2 2
lxsTP~ "TI' and

2 2
lxsTP-"Tp

'V., !'\, ~

C'P (T , [e ,u , u ,wj) =[p (T,e) ,P ( T,e ) ( u) ,O, 2 P( P( T ,e ) ) (p( T ,e ) (u)) J

PROOF.

~ 2 '2 2
(t,T p) : T [ ~ l x sTlP and

are inverse C
W

diffeomorphisms~

11 Then we can give the fo11owing definition

DEFINITION.

The FRAME CORIOLIS MAP is the map

C.p lxTP ~ TP

9i ve n by ( T , le , u] I - [p(T ,e), 2 ~ ( P( T ,e ) ) ( u )]

The FRAME DRAGGING MAP is the map
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D~ : T x P ~ T P

given by '"( T , [e)) ~ [p ( T ,e ) ,~( p ( T ,e ) ) j

Physical description.

P is the field of acceleration of the field continuum. b,p i s the

rate of change, during time, of the spati a l metric; -, describes the
.~

rate of change, during time, of the spatial di recti ons_ This facts are

implicitly proved in the next section.

It is not easy to describe by picture the fundamental ,but not straight

forward,results of this section.
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4 5PECIAL FRAt1E5.

A classification of the most important types of frames can be Derformed

taking into account the vanishing of quantities occurring, in DP

So Vie get a chai n of four types, characteri zed by a more and mOl'e ri ch

structure of the fosition space P.

Affine frames.

DEFINITION

The frame ~ is AFFINE if

'2 -D P = O -

2 We have interesting characterizations of affine frames.

PROP05 IT ION.

The following conditions are equivalent.

a) t' is affine.
t' _ ., _

b) D P depends only on time, i .e. D P is factorizable as follows

v _

[ . D P

l~ -lÒ

~')
$ ili $

T
,
v

c) We have P = O
v ,

d) P depends only on time, i .e. P is factorizable as follow$

,
T x [ p

l -lÒ

idTxt 7$ ili $

T x "1

e) Let o e l; then , Y 1 e T, the map

'.
p( ,

T ,,j )

$ ~ $
o T
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-is affine, i .e.

p ,( T)..
f) V Tel, the map

is affine, i .e.

v •

=P(T)+P
e (1,a)

$ - (JI
T

(e' -e) .

P(e') = P(e) + ~ ep(T)(e'-e) + 0p(T) x (e'-e) _

PROOF.

It sufficies to prove f) ====> e), the other implications being

immediate. f) ====> e).

Let
~ "( ~

= 0lP(T,e) + 0201P(T) (e'-e),

with t(e) = a = t(e')

Then, by integration, we get

"'- "'-
P(T,e') = P(T,e) + A(1)(e'-e)+B(T,e-f")

where

A(T) $-.$

is a linear map.

Moreover, for (II, 1. 10 a) and (I I. 1. 10 b) a150 a i 5 l i nea r with

respect to (e-e').

Then P(T,e')
"'- v '"

= P(T,e) + 02P(T)(e'-e)

Here by abuse of notation we have written

~ - -* - ~ -.D P : 1 ~ $ ~ $ ; P : 1 x T. $ ~ $ , ...
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,

v v
as D P, P, ... depend only on time.

Hence the motion of an affine frame ~ is characterized by the

motion of one of its parti cles

and by l ~ $

v
3 Let P be affine. since P depends only on time, we can get a,
reduction of the representation of T P by T[(-p' writing

- ~ - -
([ x $)/p ; (P x 1 x $)(.p ; P x(l x $) /P .

THEDREM.

a) Let P be the quotient space

given by [T ,u) <=- u'
,

; p(' )(U)
T ,T

Then ~ results into a vector space, putting

À [T ,u] ;; [T,ÀU]

rT, uJ + [T', U,] ;; [T, u + P(T t') (u) ]

For each TeT, the map

IP ----+-

[T' ,u)

is an isomorphism.

b) Let ~ be the map

$
,
p( ,)(u) ,

T, T

a:p:lPxP~ P,
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(q,[T,UJ) ... P(l'(T,q) +u)

Then the triple (P,P,o~) is a three dimensional affine space.

c) Far each T e 1, the maps

p : $ ->- p
7; T

are affine isamarphisms.

and l' P ->- $
T T

J) He get the splittings T r = p x P

writing

and

[e,u] = (p(e),[t(e),u]) and [e,u,v,w] = (p(e),[t(e)u],[t(e),v][t(e)w)JJ

f~ results ta be time independent and it is the affine cannectian af P

, T2 \) T2 II'f:p : s lP ->-

PROOF.

It fallaws fram the fact that, Il T ,T eT, the map

~

l'(, ): $ ->- $ ,
T ,T T T

is affine and fram the properties
_ 'V 'V

l'(T",T') a P(T',T) = P(T",T)

4 We get simplified farmulas far
,

and r:p

COROLLARY.

We have

a) T p(e,u) = (p(e), [t(e), P(e)(u)]).
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T P(T.>.;q.[t',u1 ) = (P(T,q), >'P(P(T,q) + p( ")(U))
T , ,

c) fl'(T;q,[t,U],[t,v].[r,w]) =

(q,[T,U] ,O,[t,W + ep(T) (U) + 2Qp(T) X U + P(P(T,q))]).

Rigid frames.

5 DEFINlTION.

The frame ~ is RIGID if it is affine and

~ = O

6 We have interesting characterizations of rigid frames.

PROPDSlTION.

The following conditions are equivalent.

a) ;p is rigido

b) Let a e T; then, V T e l, the map

'\,

P : $ ~ $
(T.<) t

preserve.sthe distances, i .e.

'\, '\,

i Ip( ) (e) - p ( ) (e ') Il = Il e-e' Ilr,a T,CJ

c) Vael, the map

P'$ $ ~ lJI

I a a

is affine and

P( e' ) = P(e) + Qp(a) X (e'-e)



d) We have
•• v

p = O and P
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T x [ ~ S U($)

PROOF.
a)<=>c) trivial.
a) => b) ~ is the Lie derivative of

derivative with resrect to time of the

Q 'Ii tl1 respect P, i.e. the
, .

deformations tensor ~ o(P,P)_~.

Then e = O, by integration with respect to time, gives the result.
l'

b) ===>d) It is known (the prooo is a purely algebric computation,

making use of an orthogonal basis) that.if A is an affine euclidean

space and f: A ~ A is a map which preserves the norm, then f

is an affine map with uni tary derivative. Then we see that P("a) i s
"-

affine adn DP e U( $)(T,a)
,

d) =>a) P(T',T) e U($) gives

• ·t
P(T,T') = P (T',T)

hence, deriving respect to T

\I '( t
p( , ) o p(' ) = id-

T ,1 T ,1 $ .>

we get

and, for T _ T,

v

e'O(T) = S D
l

p( \
-r T,T,

= D
l

P + D Pt
(T,T) l (T,T)

O

Hence the motion of a rigid frame ~ is characterized by the motion of one

of its parti cles ~
q

7 Let ~ be rigido

THEOREM.

l ~ [ and by ~: T ~ $ .
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P results into an affine euclidean space. In fact ~ results to

be time independent and we can define the map

gp p .. R

which is aiven by [T, u]
l 2.. - u
2

,f

The affine connection f p results into the Riemannian connection of ~ .

Translating frames.

8 DEFINITIDN

A frame ~ is TRANSLATING if it is rigid and

n - OH? -

9 We have interesting characterizations of translating frames .

PROPOSITIDN.

The following conditions are equivalent.

a) :p is translating

b) Let o e 1; then V T e T , the map,

"-
p

( T ,o)

is affine, with derivative

$ .. $
" T

D P
( T ,o) = id$' i.e.

"-
p ,(T)

e

c) V Te T, the map

"-
= P (T) + (e'-e) .

e

$ .. U'
T

is constant, i .e. P(e') = P(e)
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-,. -
T .... [ ~ $ .
further reduction

P : T .... E.
q

-" -1 ....$ p = d[ -! ~ p
p = idi' we can get a
•
T[ (1)' writi ngby

i' :T ....U!, P = Di'
trans1ating.Since

Hence the motion of a translating frame is characterized by the

motion of one of its oartic1es

We wi 11 write
la Let.p be

of the representation of TP

- ~ - -
([ x $) /~ = (P x T x $) /~ = p x $

THEOREM.

Let ~ be trans1ating.

a) The map

given by

f' .... $ ,

,. l
LT,UJ --+ U,

is well defined and it is an isomorfism.

Then the map

"'p : 1P x $ .... P,

given by (q,u) ~p(P(T,q)+U),

does not depend on the choi ce of TeT.

b) The triple (P,$, e~) is an affine euclidean space,

11
22,

We get simplified formulas for T p, T p, T p, T p, f p

PROPOSITION

Let P translating

a) T p(e,u) = (p(e),u-uO P(t(e)))

T2p (e,u,v,w) = (p(e),u-uO P(t(e)) v-va P(t(e)),w-wO P(t(e)) + P(t(e))).
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b) TP(T,À;q,U) = (P(T,q),ÀP(T) + u ,

2 - - = -
T P(T,À,~, \Ì ;q,u,v,w) = (P(T,q) ,AP(T) +IJ,IJ P(T)+V,ÀP(T)+VP(T)+W)

c) r~(T;q,U,U,w) = (q,u,O,w + P(T))

Inertia1 frames.

12 DEFINITION.

A frame P is inertia1 if it is trans1ating and

p = o.

13 PROPOSITION.

The fo11owing conditions are equiva1ent.

a) ~ is inerti al,

b) -P is trans1ating and D P = O.
"-

c) P is are affine map, i .e. (taking into account the properties 01.1.10)

P(T,e) = e + P(T-t(e)),
-

d) P: [ + U is a constant map _

with P e U

Hence an inertia1 frame is characterized by its con,t·-,"t ve1ocity.

14 PROPOSITION.

We have

a) T p(e,u) = (p(e),u-u· .P)
,

2
T p(e,u,v,w) =

- -(p(e) ,u-uoP,v-vop, w-WOP)

b) T P(T ,À;q,u) = (P(T ,q) ,ÀP+u)

2 - - -
T P(T,À,~,V;q,u,v,w) = (P(T,q),ÀP + u,~P+v,\··P+w)

,
c) f p resu1ts time independent and we get

r
p
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Physical description.

A frame ~ is affine if it preserves during the motion the spatial

parallelogram rule; it is rigid if moreover it preserves spatial leghts

(hence also angles); it is translating if moreover it preserves spatial

directions; it is inertial if its world-lines are parallel straight-lines.

We can describe the four cases by a picture .

\

affi ne frame

\./ l ;;;: U '+v I

w = U + V

r- - --_~' •.~'__ - __ o - - -~~~--.
I • '" I

, I ~, .I
'I::

,
----,--

,

riCiid fraMe
'vI = U + V

Ilull=l!u'li,llvll= Ilv'il.llw!l= 1:\;','

,
v

.',- - - 1 - -
I ,, , ,

r: L_...;'~_...J.·~ "":""---:,...-J

L2::l'" er
" '" " l4r

- _,o - - - - - - -, ,

;71 ~ !

u l
= U

Vi = V

u' = u

v' ;;:: v

translatinCi frare

inertial frame
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III CHAPTER

OBSERVEO KINEMATICS

Here we analyse the one- body kinematics in terms of the positions

determined by a frame, introducing the observed motion and its velo

city and acceleration. By comparison between the absolute and the ob

served motion we get the "absolute" velocity addition and Coriolis

theorem. Finally we make the comparison between the observed motions

relative to two frames, getting the velocity addition and Coriolis

theorem.
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DBSERVED KINEMATICS.

Let ~ a fixed frame and let M be a fixed motion. We analyse M

as vi ewed by 1'.

l We first introduce useful notations.

=
Let f : T ... P be a C map .

"a) We put f =:(id
1
,f) lr ... lr x p

df=:(id
1

,df) r ... r x TP,

-2 . 2
T ... T xT1r>d f=:(ldrd f)

2
b) df and d f being functions on r, we can choose a natural r~

presentati ve of the equivalence classes of 1lP and T~P. So we p1lt

df =: [f,D'I'f]

if=: - 2 Jand we get [f ,D-pf ,D:pf ,D-pf

where
D.pf : r ... $ and D

2
f : lr ... $

:p

resemble derivatives of affine spaces, but are note properly such.

,
ilpo v èf2 fc) He put 'lpdf - r p 0. T ... l]P

Vpdf llp0
,

èi2fr o r ... w.- p

Dbserved motion and absolute velocity addition and Coriolis theorem.

2 The basic definition of observed kinematics is the following.

DEFINITION.

a) The MDTIDN DF M DBSERVED BY l' is the map

~ =: p o M : r ... p .

b) The VELDCITY DF M DBSERVED BY -p is the map

(d Ml? _ T P o dM: T ... T f.
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The VELOCITY OF THE OBSERVED MOTION Mp is the map

d Mp ; T - T 'p .

c) The ACCELERATION OF M OBSERVED BY ~ is the map

(v d M)~ ~ T P O v dM: T • T ?

The ACCELERATION OF THE OBSERVED MOTION ~~ is the map

3 We can make the compari san between the observed entities and the

entities of the observed motion.

THEOREM. " ABSOLUTE VELOCITY ADDITION AND CORIOLIS THEORHi"

a)

i.e.,putting

M~ p o M
P

'ò
[~'fxip,

'ò "M ~ M
P

b) CM, Dri- P o MJ ~ d M)~ ~ d r1
P

Le.

(v d M):p
, .

~ V:pd Mp ~

~ [~1,D2.pr1.p+€:pot~(D:pt~) + 2r'p0t\)xD'P~+P o ~)'

i .e.

PROOF.

a) ti ~ P o ( t, p) o ti = P o (i d
T

,~) _ p o Mp
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b) (d M)~ = T P o d M= d(p o M) = d ~

c) (9 d M)~ = T P o li o r o d
2
M=11p o T

2
p o ~ o d

2
M=

, -2
r o d M:p

4 COROLLARY.

We have
k k k

x o M1' = M = x o M

.k k
~ od~=OM

2 k k " i D Mj
= D M +(r .. o M lO M •

l J P

5 COROLLARY.

a) if ..p is affine, we have

b) If :p is rigid, vie have

22=
D ~1 = Dl'M:p + 201' x 01'~ + P o n:p

c) If :p is translating, we have

02M= 021'~ + P

d) If l' is inertial, we have

D2M= D2:p~'P
-
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Physical description.

The observed motion ~ is the ~ap that associates, with eac~ time

tET, the position constituted by the world-line of the frame, passing

throung M(t) .

The observed velocity and acceleration are the ~ùD thùt associate

with each time tET, the strips touched by the absolute velocity and

acceleration.

The difference between the observed acceleration and the acceleration of

the observed motion takes into account the variation, during the time,

of the affine properties of np and of the projection T [ -+ nP .

MI

-:..
.'

.'

t:., .- -- -- - - -> -I---~~",,;!:-'_-------J-

t .. - - - . - - .. ~ +-"-'''-'-~4--~--------,.L.

,
\,

\,
v

f
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2 RELATIVE KINEMATICS.

Let :P, and :»2 be two fixed frames and let the subfixes "l"

an "2" denote quantities relative to :Pl and -P
2

, respectively.

Let M be a fixed motion. We make a comparison between the kinema

tics observed by:Pl and ~2'

Motion of a frame observed by a frame.

If we consider ~l as a set of world-l 'nes and :P2 as observing

:Pl' we are led naturally to the following definition by (III, 1,2).

We consider only free velocity and acceleration for simp1icity of

notations, leaving

Here D,p and
2

to the reader to write them in the complete formo
2

Dl:P are the derivative in the sense of (III.1,1.b)
2

with respect to P2 and the suffix l de note partial derivative with

respect to the first variab1e, i .e. the time.

DEFINITIDN.

a) The MDTIDN DF :»1 DBSERVED BY ~2 is the map

The MUTUAL MDTIDN of (P
l

,P
2

) is the map

'"b) The (FREE) VELDCITY DF THE DBSERVED MDTIDN P12 i s the map

'"P12 - (Oli' P12 )Oj : [ -> $

2

The (FREE) VELDCITY DF :P, DBSERVED BY :P2 i s the map
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~

The (FREE) VELOCITY OF THE MUTUAL MOTION P(l,2) i5 the map

6
, (1,2)

'C

c) The (FREE) ACCELERATION OF THE OBSERVED MOTION P12 ;s the map

= 2 ~. -
P12 " (D 1P P12 )oJ: [ ..,. $

2

The (FREE) ACCELERATION OF:Pl OBSERVED BY -t'2 ;s the map

-
..,. $

~

The (FREE) ACCELERATION OF THE MUTUAL MOTION P(l,2) ;n the map

= 2 ~ . [ -
p( l ,2) = D P oJ: -. $(1,2) .

~

d) The (FREE) STRAIN OF THE OBSERVED MOTION P12 ;5 the map

v _ _*_
E

12
= S D P

12
: [ ..,. $ ~ $

The (FREE) SPIN OF THE OBSERVED MOTION P12 ;5 the map

* [ ..,. $ ili $

-The (FREE) ANGULAR VELOCITY OF THE OBSERVED MOTION P12 ;s the map

2 We can make the compar;son between the observed ent;t;e5 and the

entit;es of the observed mot;on, as shovi.n by (III,l,3).

PROPOSITION.

a)

b)

'C '- 'C

Pl = ("l'P 12 ) ; l x [ -, r x IP 2 = [

- -

P(1,2) = Pl ,2 = P1
- P

2
= P

12

c)
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3 l,le get an immediate comparison between the quantities "12" and "21".

COROLLARY.

"- "-
a) P(1,2) = P(2,1) P(1,2) =

E
12

= E
21

, w
12

= - w
21

b) P
11

= E11
= w

11
=

"11 = O

4 We have time depending diffeomorphism between spaces concerning

1'1 and 1'2'

PROPOSITION.

Let TET.

The maps

P12T P2 o
o : IP l ~ IP- , l 2T

gi ven by
[e~11 ~ LP 1(T,e)] 2'

and T P12T l1P
1

-+ W 2'

given by Ce , uJ l -+ [P1 (, ,e), Pl (T, e ) (u)J 2 ,

are C
OO

diffeomorphisms _
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'lJJocity addition and generalized Coriolis theorems.

5 As conclusion, we get the comparison behleen velocity and 3r:celeration

of the motion M observed by ~l and ~2'

THEOREM. "VELOCITY ADD1TION AND GENERALIZED CORIOLIS THEOREMS".

a)

b)

c)

~ = P2 r~.,

2 l

D1' r.1., = D ~ + P12 ' M .
2 2 l' l l

D
2
~ D

2
~ €12 oM (Dl' M1' )+2~12°MxD1' Mp +P 12

o
ì~ .=

1'1 1+l'2 2 l l l l

PROOF.

1t follows from (11,5,3) and (11,6,2) _

6 COROLLARY.

Let 1'2 be inertial. Then we get

D
2
M = D

2 M., = D
2 ~ + € o M(D1' ~I., )+201' o M x Iì:p M1' + P

l
o r~

1'2 2 1'1 l 11 1 l l l l l

1f -'P l is affine, we have

D
2
M = D

2
~ = D

2
M + ~ (D.. Mp )+ 2 l1p x D1' M1' + D

::p 2 1'1 1l1 l l l l l 2
. l

2

if :Pl is rigid, we have

222
D M = D l' tI., = D l' ~ + 2 ~

2 2 l l l

if :Pl is translating we have
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if :Pl is inerti al, we have

Phys i ca l des cri pti on.

~

The observed moti on Pl2e : "ìf -. P2 gi ves the pos i ti on i n iP2 touched

during time, by the particle of:Pl passing through e. The velocity and
~

the acceleration of P12 are calculed by ~2 by its differential stru-

cture and by its time depending affine structure, in the same way of

any observed motion.

The velocity and acceleration of1'l,P l ,2(e) and P(1,2)(e), are

the spatial projections, performed by 1>2' of the absolute velocity

and acceleration of the particle of ~l' passing through e.

Notice that, in all the previous quantities, :P l is involued only

through the motion of its only particle P
le

, while 1'2 can use also

its spatial derivative, which take into account the mutual motion of

its particles.

The nutual motion, veloci ty and acceleration P(1,2)(e) : T -. $ ,

fi(1,2)(e) € $ ,P(l ,2)(e) € $ are the absolute spatial distance and its

time first and second derivativEs between the two particles, one of 'l'l

and one 1'2' passing through e.

So it is not surprising i f Pl ,2 F - P2, l ' P12 F - P21

The velocity addition theorem, relative to a motion M, gives the

classical result that the velocity of the observed motion by ?2 is

the sum of the velccity of the observed motion by ?l' plus the veloc~

ty of :p l observed by P2 "
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The generalized Coriolis theorem says that the acceleration of

the observed motion by ~2 is the sum of the acceleration of the

observed motion by ~2' plus the acceleration of ~l observed by

~2 plus the classical angular velocity term , plus a strain term.

When we consider rigid frames, we get, as a particular case, the

classical result.

We can describe such results by a picture.

[

p, (t',e)
11

" (lf:p
l

0bserver: b."

M

r

r:lutual motion

velocity addition






