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REMARK. - If G 1s an undirected graph, it is not necessary to con-
PN
struct the extension k of the function F. (See Remark to Theorem 11).

7) Case of n subspaces and n subgraphs.
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The previous results can be easily generalized to the case between

(n+1)—-tuples (see [3:’ §8b and [5_] %ll)
Let S be a compact topological space, G a finite dlrected graph,

SIJ...,SH closed subspaces of ‘S and GI""’Gn subgraphs of G, such
that Sj 1s a subspace of Si and Gj a subgraph of Gi’ V2,0 = 1y¢..,1,
Jj >7. In this case we have to consider functions f: SJSI,...,SH__;

G,G;5...,G  Dbetween (n+1)-tuples and their restrictions fi8 8,6,
. s fn: SﬁAyGn

7a) Given a c.o-regular function f: S,S s S >G5 G

73 I“'"’Gn" where S
1s compact and SIJ...,SH are closed subspaces, by [5] ééll b, we can
construct n closed neighbourhoods Ui of Sz’ 2= 1,...,n and a c.o-reg-
ular extension k: S,UI,...,UH—%G,GI,...,GH such that k: S’Sl""’sn#%'
G,Gz,...,Gn is c.o-homotopic to f. Now, for all the pairs Ui’si’

71 = 1,...,n, we determine a closed neighbourhood Ki of Si’ included
1in gi' Then, if the filter W is the uniformity of S, by following the

proof of Proposition 9, we can obtain:

1) a vicinity Ve W such that V(A?)f?...f]V(Aﬁ) #Zﬁ: Vr—tuple Agseees

a, non-headed of G:

11) ¥i = 1,...,n a vicinity 2z, of the trace“fllter'%ﬂ of W on U.XU.

such that Zi(Azi)fW fWZ (Akl)_ ﬁf Fs—tuple al,...,as non- headed of
Gi’ and, consequently, we obtaln a vicinity VielJ'/ Zi = V£(1(U£><Ui).

At least, we choose a symmetric vicinity W, such that WoWcC VNV, N..
nv, and W(Ki)g;Ui, 1= 1,...,m.
Given, now, a W—-partition? = {X }_, je J, of the space S, we define a

<o

relation g: S,KI,.. K — G, GI""’Gn by putting, VXj, J € J, the

constant wvalue:
(a vertex of H ({f(X )}) if XJf1K = &

a vertex of H ({fI(X )}) if XJﬁK #,@'and X . (‘]Kz :,@’

iba vertex of HGH({fH(Xj)}) 1t XjfﬁKn #Jﬁi
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Similarly to Proposition 9, we verify that g is c¢. quasi-regular and

that every o-pattern % of g is c.o-homotopic to f. Hence we can give:

THEOREM 13. - (The second normalization theorem between mn-tuples).

Let 5,5 2 e85 be a (n+l)-tuple of topological spaces, where S 18

1°°
compact and S}""’Sn are closed subspaces of S, GJGI,...,GH a (n+1)-
tuple of finite directed graphs and f: S,Sl,...,Sn-%rG,Gl,...,Gn a
completely o-regular function. Then, 1f the filter W is the uniformity
of S, we can determine n closed neighbourhoods Ki of Si’ 2=1,...,n and

a vicinity We W such that, for all the W-partiétions P -= {X{L JjEJ,
there exists a function h: S, fz,..., féﬁﬁraﬁbjj"'JGn mhichhis complete

ly o-regular, weakly P-constant and completely o-homotopic to f. 1

REMARK 1. - If S is a compact metric space, we can determine a posi-

tive real number r and consider partitions with mesh < r.

REMARK 2. - If G is an undirected graph, the function g ean be choosen
P-constant. Moreover, since it is not necessary to replace f with an

extension k, we have only to consider a symmetric vicinity W / WeW <
rnrvr.n...NV .
1 n

7b) Now let C,C},.

finite cellular complex ¢ and of n subcomplexes CI""’C . A funetion

..,C be a (n+1)-tuple of spaces which consists of a

"
f: Kﬂ,|01|,...,|0n]ﬁﬁ,G;GI,...,Gn is called pre-cellular w.r.t. C,Cj,...
C-- if: |
n.
) f:lC‘,Ist(CI)[,...,lst(Cn)'—a-G,GI,...,Gn is c.o-regular;

17) f:lCl_§G 1s properly (C-constant;
177) f:ICI—bG 1s properly C-constant in ¢, (in 02""’Cn)‘
Now, if f: S,SIJ...,S —ﬁrG,GI,...,Gn is a c.o-regular function, where

§ 1s a compact triangulable space, S ., 8 closed triangulable sub-

73 y
spaces of S, we can consider c.o-regular extension k: S, UI’ LU -

73020 G and determine the positive real number r = inf(~§ 5

Em K _ -
EH,?I,QEJ...,7HJ where & = znf(enZ(AI, ’Ar))’ ¥r-tuple a,,...,a, non
headed of G, &i = inf(enl(A?i,... zz)) Vv s.-tuple a,,...,a_, TnoN-

7 7

headed of G., and %, are such that Wit (s.) C U., 2=1,...4N.
) 7 7 )

Given then a finite cellular decomposition C,C,,...,C of §,5,,...,5)

with mesh < », we consider the following partition of (& D, = C—st(C ),

DI = st(C ) st(C ) e Dn = st(C ) and we construct the c.quasi- regular

function g¢g: IC] ]st(C )l,...,lst(c ) —=G,G, .»G_, by putting, VD.,

L4
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Ve € D, g(6’) = a vertex of Hg_({kﬂ?)}), where G

the cells of C, besides using the subsets Di’ also 1in the following

= G. We separate

way :

1) cells included 1in c-C, {jl) cells + maximal in C

2) cells & non-maximal in C

-1) cells 2 maximal in C

1i) cells included in 01—03 2) cells %, maximal in CI and non-maximal
in C

3) cells-si non-maximal 1in CI'

------------

1) cells ¥ maximal in ¢
2) cells ?:-i maximal in C'i and non-maximal in

n+l) cells 1ncluded 1in Cn C e e e s e e e

n+l) cells T, maximal in Cn

n+2) cells &, non-maximal 1n Cn'
At least, we can construct, by induction, the o-pattern # 1n n+l steps
by putting:

h(T) = g(?)
in the first atep:{4(§) = a vertex of Hp(g(stmfe’)))

h(?ﬁ) = a vertex of Hr(g(stm(%a)))

_ m
h(6}) = a vertex of Hp(h(stc (Ga)))

in the second step: ml
h(?@) = a vertex of Hr(h(stc (Eé)))
- Y/
oy m
in the third step:|”(Sp/ = & vertex of prh(stczfsé)))
_ m
h(?%) = a vertex of HP(h(stC (T%)))

2

lllllll

in the (n+l) step: h(ﬁ;) = a vertex of Hr(h(stg (6;))),

where, ¥\ e C, we put [ = G?: 1f AéDi' 7t

Hence we obtain:

THEOREM 14. - (The third normalization theorem between (n+l)-tuples).
Let S’Sl""’sn be a (n+l1)-tuple of topological spaces, where S is a

compact triangulable space, SI""‘Sn are closed triangulable subspaces,
G’GI""’GH a (n+l)-tuple of finite directed graphs and f: S’SI""’Sn

—> G,G.5...,G @ completely o-regular function., Then, for every finite

cellular decomposition C,Cl,.-.,fnlof Sq,,S:{_,,....d,,S?’1 with suitable mesh,

there exists a function h: S’SI""’SH”%'G’GI"'"Gn pre-cellular w.r.

t. C,C

1,...,Cn and completely o—-homotopic to f. [l

By a procedure similar to that one used in the proofs of Theorems 8
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and 12, we also obtain:

THEOREM 15. - (The third normalization theorem for homotopies of
functions between (n+l)-tuples). Let S’SI""’SM be a (n+l)-tuple of
topological spaces, where S 18 a compact triangulable space, §seves
;S‘:’/1 are closed triangulable subspaces, G, GI’ "’Gn a (n+l)-tuple of
finite directed graphs, C,CI,...,CH and D’DI""’DH two finite
cellular decompositions of S8 7500055 and e, f: 8,8 ,000,5 GG 5.0,
G, two functions pre-cellular w.r.t. C’CI""’CH and D’DI""’DH
respectively, which are o-homotopic. Then, from any finite cellular

decomposition of the (n+1)-tuple SX{?,g], S.X ié} .« . s S-X[é §J of

suttable mesh, which induces on the bases decomposztzans finer than

"Cn and D,D ..sD , we obtain a finite cellular decomposition

1777 1°° n
r‘,ra,...,rn of the (n+l1)-tuple SxI,SIXI,...,San, and a homotopy
between e and f, which is a pre-cellular function w.r.t. F,[1,...,r;.:]

8) Case of homotopy groups.
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Since the n-cube I" is a triangulable compact manifold, we can apply
the results of the previous paragraﬁﬁ:to the case of absolute and
relative n-dimensional groups of regular homotopy. So we can choose,
as representative of any homotopy class, a loop which 1s pre-cellular
w.r.t. a suitable cellular decomposition of 7. Now, the cellular
decompositions of I which are relevant for applications, are the
triangulations and the subdivisions into cubes (the latter are deter-
minated by a partition into k parts of equal size of every edge of ).
To construct the absolute grouPs Q (G,v) we con51der o—-regular loops
l1.e. o-regular functions f: 7" I' 7G v where I is the boundary of I
and v a vertex of G, whereas, in the case of relative groups QH(G,G',v)

we use the o-regular relative loops, i.e. o-regular functions

f: " fn Vi ! -5 G,G",v where Jn ! is the union of the (n-1)-faces of In,
. . —1
different from the face x, = 0. Since the subspaces In, J" are an

union of faces of In, they are.closed subspaces, which can be triangu-

lated and subdivided into cubes. So, by applying the third normali-

zation theorem (see Theorems 11 and 14), directly we obtailn:

THEOREM 16. - On the previous assumptions, in every o—homotopy class
of the group QH(G,v) (resp. QH(G,G’,U)) there exists a loop which s

pre—cellular w.r.t. a suitable triangulation (subdivision into cubes)

of il



