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1. Generalities.
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Let (S,.) be a semigroup; an element a€ S will be called regular if there

H

is some x€ S such that axa = a. S is c¢alled reqular if each element of S

is regular. Notice that if a = axa, then for y = xax we have that

aya and y = yay.

d

“or every s €S, denote V(a) ={ x€ S| a = axa, x = xax|; hence S is regular
iff V(a) @ for all a€ S. Furthermore, if a = axa, then clearly ax and
xa are idempotents; denote by E>< the set of all idempotents in X for

any subset X of S.

Examples for reqular semigroups are:

Idempoctent semigroups (bands); groups; unions of groups (completely
reqular semigroups); 1nverse semigroups {i.e.lv(a)\: 1 for all a€ S); (T
the semigroup of all mappings of the set X into itself with 7respect to
composition of functions; ( Px,n) the semigroup of all partial mappings

of X into itself; (LU’G) the semigroup of all linear mappings of the
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vector space V into itself; (M,(F),:) the semigroup of all (nxn)-matrices
over the field F; direct products and homomorphic images of regular semi-
groups, but not subsemigroups (the subsemigroup of all natural numbers of
the additive group of all integers is not regular) ,hence the class of

all regular semigroups does not form a variety.

| S

Not only since appearance of the book of M.Petrich [22 on "Inverse
Semigroups", the theory of regular semigroups has attracted wide attention.
This is particularly true for the study of congruences. They play a central
role in many of the structure theorems and vérious considerations of
semigroups in general. The efficient handling of the congruences 1s a

basic prerequisite for their useful application. For this reason, the

most important facts concerning congruences on regular semigroups are
collected here, with particular emphasilis on

- the construction of general congruences, and

- the explicite form of special types of congruences.

An equivalence relationpon a semigroup (S,.) 1s called a congruence if

apb(a,b€S) implies that acebc and capcb for all c& S.
The set S5/p of all congruence classes ap (a€ S) ofpforms a semigroup

with respect to the multiplication

(a p) ¥(bp) = (ab)p

and 1s a homomorphic image of (S,.). Conversely, every homomorphic image

of (S5,.) 1s obtained by a congruence on (S,.).
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With respect to the partiasl ordering

o < 1 i1ff ao b implies that at b (a,b& 5),
the set C(S) of all congruences on (S,.) forms a complete lattice with
least element £, the identity relaticon, and greatest element .  the

universal relation. It is easily seen that if 5,7 €£(S) such that p £ 1

then(S/ 7, *¥) 1s a homomorphic image of {SIQ,%r)i

In general, particular homomorphic images of & given semigroup S
are of special interest; thus particular congruences on S have to be
found. If ¥ degnotes any class of semigroups, then a congruence pis called

a‘f—-congruence 1f the semigroup {SJD %) belongs to the class &i For

example, let ¥ the class of all groups, semilattices, bands,resp.; then a
€ - congruence is called a group congruence, semilattice congruence, band
congruence, respectively. In particular,we will be interested in the
least or the greatest congruence for some given class C (with respect to

the partial order £ above):

B .. ..., the least band congruence

o [ the least group congruence

Y o the least right-group congruence

4 TP the least semilattice congruence

Y oo . the least 1inverse cmngrueﬁ:e

SEPEREEE the least semilattice of groups congruence

1 . the greatest idempotent-pure congruence (i.e. ay e, &S, EEES-+&£ES)
V. . the greatest idempotent separating congruence (1i.e. euf,e,fEES+ e=f)
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For details see section 3. below. Note that for general semigroups
not all of these congruences exist; but they oo exist for any reqgulear
semigroup (see Howle-Lallement [8 ]}*
I1f, for example, we consider the least group congruence on a8 Semigroup
(S,.) - if exists, then we have for every v £(S) satisfying t>+5 that
(S/¢,*) 1s agaein a group, a homomorphic image of the group (Sﬁj, x). Thus,

one can say that the least group congruence on S gilves the greatest group

homomorphic image of S.

A very useful result on congruences on reguiar semigroups 1s the

following

Lemma 1.1. (Lallement {9}) Let (S,.) be & regular semigroup andp any

I —

congruence on S. If a{EES/D is idempotent then there is some E'EES such

that ao = ep.

2. General congruences.
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Qur first aim will be the description of an arbitrary congruence on a
regular semigroup. For this, let us consider first the special case of
a group.

If G 1s a group then 1t 1s known that for every normal subgroup N of G,

the relation By on G defined by

JeN b<>ab * €N

1s a congruence on G, and conversely that for a ccngruence p on G the
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s-Class contalning the icentity e of G 1s & normal subgroup N of G such

thatgw =p . Furthermore, all of 0 can be reconstructed from any cone of 1ts
classes, in particular the class ep = N. For semigroups, such a reconstruction
of 8 congruence ¢ from a single p-class 1is not possible, in general. If

S is regular, we have at least the following result:
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congruence p on S 1s uniquely determined by the p-classes containing

1dempotents.

Note that this result dces not tell us how to reconstruct all of the
congruence p from the set of all idempotent g-classes. Various attempts
have been made to find an anslog of the connection between congruences on groups

and normal subgroups. For inverse semigroups, G.B.Preston asbstractly

characterised the set of all idempotent classes of a congruence on S
end gave a construction of the congruence associated with such a

kernel normal system (see Cliffmrd*PrestDn{'l})l Meakin ;14}generalized

this result to regular semigroups:

S e R S S SRR e R s SR
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1s called a kernel system on S if

(1) Ajn A, = # for all i= j in I
(2) each Ai contains an idempotent of S and each idempotent of S belongs
to some Aj(jEI) |

(3) x ﬂi yrwﬂj + @ implies that xﬁiyiéﬂj for x,yESl,i,jEI.

The construction of the unique congruencep having every AiE A as

idempotent p-class, 1s now the following:
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Theorem 2.2.(Meakinf_1dj) Let (S,.) be a reqular semigroup and A =1Ai§;51}
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a kernel system on S. Then the unique congruence on S with all Ai (1€ 1)

as ldempotent classes 1s given Dy
] _ J - L
a0, b a'cV(a), beEV(b): ael,ba'{—,ﬁai, ba, bbEA, for some i,j€I.
o
This result suffers - as in the inverse case - from the disadvantage

that the conditions imposed on a kernel system are very difficult to

vtilize. For inverse semigroupsanother approach proved very useful: it 1s

possible to reconstruct any congruence p from the set-theoretical union

of all the idempotent g-classes (the kernel of p) taking into account

the partition on the set of all idempotents induced by p (the trace of p);
see M.Petrich [ 23] . Following this idea, Pastijn-Petrich [ 18] introduced

the concept of congruence pair for a regular semigroup generalizing the

corresponding notion for inverse semigroups. The exact definitions are

the following:

R B EEE S R S AR
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consider the following two characteristic concepts:

1) t rp=pEs 1s called the trace of o,

S
2) kerp = {aES] ape for some e EES]iE called the kernel of p .

Note that tro is the restriction ofp to the subset ES of S and thus

yields a certain partition of E Furthermore, kerp is the set-theoretical

g

union of all idempotent p-classes.

It was shown by R.Reigenbaum | 4|that every congréencep can be re-
constructed from its trace and kernel. We give this result in the formulation

of Pastijn-Petrich [18] which uses Green s relation & and &.}recall that
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with ker p= K and tr g= tcan be described in the following way:

a0 b« a(LTLiL N ﬁtﬁtﬂ)b, ab' € K for some (all)b'€¢ V(b).

.Note. It was proved by G. Gomes [5} that © can be obtained also 1n the

following way:

apbe¢»aa'p bb'aa', b'bpb'ba'a, ab'€ K for some (all) a'€ V(a), b'e V(b),

As 1t was observed above, to every congruencep on S there can be
associsted the pair (kerp ,trp ). But the problem 1s to find conversely
all congruences on S. In general, for a pair (K, 7 ) with K€S and T
an equivalence on E51 there 1s not always a congruence p on S such that
K=kerp and 1= trp. Thus, the pairs (kerp ,trp ), o€ C(S), have to be
characterized abstractly in order to give all pairs (K, 1) by means of

which a congruence on S can be defined.

For inverse semigroups S this attempt was successful in the followlng way

(Petrich 23] ): if KS S, T € C(Eg), then the pair (K,7) is called a

congruence-palr 1f

1) K satisfies: (i) EcSK; (ii) a€ K- a le K. (iii) a Keek Ya€s

(where a_i denotes the unigque element a'eV(a))

2) Tsatisfies: e Tf, a€ S imply that adl e a T aﬂl f a

3) ae€ K, a "ate (a€ s, EQES}+aEK

4) aa Tt a ta for all agcs.



Then for sny inverse semigroup S and every congruence p on S the pair

(ker p,tro ) is a congruence pair, and conversely, for every congruence
pair (K,t ) the relation

R e S T
a %K )tj¢+a a Tb b, ab - K

T
k

1s a congruence on S such that ker C(K -y T K, trD(K )"
r T :

For regular semigroups S5, Pastijn-Petrich 19] found an abstract

characterization of those pairs (K, T) for which & congruence 0 on S can
be defined in an analogous way. The first trivial observation 1s that K
has to be the kernel of some congruence, which is equivalent to say that

K = ker T wherevK 1s defined on S by

a HK b «» xay €K 1is equivalent xby& K{x,y¢ Si).

Also, T has to be the trace of some congruence, which 1s equivalent to
the requirement that T = tr ™ (where T * denotes the congruence on S

generated by the equivalenceT on E.): see Pastijn-Petrich[ 19] .

The key to the theory-similar to the inverse case-is the following concept.

< S,

Definition. (Pastijn-Petrich | 19]). Let S be a regulear semigroup, K

— e e e o T mmww Tem T

T an equivalence on ES; then a pair (K, 1) 1s called a congruence-pair if

(1) K is a normal subset of S(i.e. K is the kernel of some congruence on S)
(11) T 1is a normal equivalence on ES-(i.e.'ris the trace of some congruence on S5)
(iii) K € ker (FTZT A RTR TR )° (where for any equivalence & on S,

£ ° denotes the greatest congruence on S contained in§ )

(1) 1T < trﬂK.



Note theat in case thac S 1s an i1inverse semigroup, this definition of

congruence-pair reduces to that given above.

With this concept we are ready for the construction of all congruences
on & regular semigroup, which 1s completely analogue to the situation in

the 1nverse case.

e p— — e — —— —— — — —
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reqular semigroup S5, then the relation FRK . defined as in Theorem 2.3

)

1s the unique congruence p on S for which kerp= K, trp=-1.
Conversely, if pis a congruence on S then (ker p,tr p) 1s a congruence pair
of S and

Pker p ,tr g~ P

An obvious, but very useful consequence is the following

Corollary 2.5. (Pastijn-Petrich [19 ]}. Let (C(S),< ) be the lattice

i I e
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of all congruences and Cp(S) the set of all congruence-pairs of a regular
semigroup S, partially ordered by: (K, 1)< (K| 7 ) 1ff K&« XK', 7 £ 1°

Then the mappings p=*(ker p, tr o), (K,T ) are mutually 1nverse

TPt
isomorphisms of the lattices C(S) and Cp(S).

The special case of orthodox semigroups 1s worthy of note. A regular

semigroup (S,.) 1is celled orthodox if ES forms a subsemigroup of S.

Note that an i1nverse semigroup S can be characterized as a regular semigroup,
in which all idempotents commute; thus every inverse semigroup 1s orthodox.

The concept of congruence-pair reduces in this case to a set of axioms

which is strongly reminiscent to the inverse case.
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Gomes [5]Dalled a pair (K,t ) a congruence-palr of the orthodox

semigroup (S,.) 1if

1) K satisfies: (1) ES C K: (11) ac K= a'e K for some [allj a'€ V(a);
(1i11) a'Ka&K for a8ll 5 €5, a' €V(a)
2) T satisfies: e Tf, a €5 imply that a'eata'f a (note that a'es EES

for all a€5S, a' € V(3a), EEES}

3) se € K, a'ate (a€ S, ec€ ES)—)- a€ K

4) a''e a3 T a'a'eaa for all a €95, e EES.

Then Games[ 5:] showed that for any orthodox semigroup S, 1f (K,T ) 1s

a congruence-pair of S then ©(K,t ) defined by :

& Q(K . ]bé—}a*ﬂ'f—.'\!(a}, b'¢ V(b): aa't bb" aa',b'btb'b a'a , ab'e K
s a congruence on S with kernel K and trace T . Conversely, i1fp 1is a
congruence on S then (kerp, trp) is a congruence-palr of S and

0 = p(kerp ,trp ). Also, the mappingsp—>(ker p,trp), (K,T ) are

(K, T )

mutually inverse lattice isomorphisms between (C(S), <) and (Cp(S),=<).

In order to 1llustrate the construction of all congruences on a

regular semigroup S, some special cases will be considered. Compare also

with the explicite form of certain congruences given in section 3. below.

a) K = ES’ T = €

It 1s easily seen that (E.,e ) is a congruence-pair of S defining the

E
S!I'

1dentity relation on S: p =€
(Eg,€ )
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b) K=5,1=w

It is immediate that (S, w) is a congruence-pair of S defining the universal

relation on S:ip (S ) = @

c) K = ES’ T =1

(Esﬂu ) is a congruence-pair of S iff tr Te = w, i.e. iff for all e,f ¢ ES
S .

Xey €E. 1s equivalent to xf y € ES (x,Yyé€ ‘31)-

S

In this case, S is orthodox (put x =€, y = 1). Note that conversely, if 5

is orthodox then (ES* w) 1s not necessarily a congruence-pair. In fact,

consider S=T,, the semigroup of all transformations on the set X ={1,2}.

Then S 1s orthodox, but for x = a. e =0l f =y = 1id (where ¢(1) =2, a(2) = 1;
_— . — O ] - —_ O . o . —

a,(x) = 1;0,(x) =2 for all x€ X), a®a, ® id = €E, anda® id ° id =of E..

Furthermore, if (Es,m ) 1s a congruence-pair then by 2.5.

0 (Eg,p )~ 0 - the least group congruence on S (since for every group
1 W

congruencep on 5, tre=w ); 1t 1s given explicitely by

aob<ab'c E5 for some (all) b'e V(b).

Also, 1n this case P(ES,LHJ =1, the greatest i1dempotent-pure congruence

on S (since for every such congruence p, ker p= ES)'

d) K nurmal,-{ztu

(K, w) is a congruence pair of S iff tr mn, = w, 1i.e. iff for all e,f€ E

xey €K 1s equivalent to xfy €K(x,y 651).



In this case, p(K w ) 1S 8 group congruence given by

a b<»ab'€¢ K for some (all) b'e V(b).

" (Kw )
Thus, by 2.5, the least group congruence gon S is defined by the least
normal subset K of S satisfying the condition at the beginning of this

paragraph.

e) K = ES,T normal

(Eq, T) is a congruence-pair of S ifngétr“ES . i.e. iff for all e,fE& B

e 1f = xey €E. is equivalent to xfy EES (x,y€ 51).

S

In this case, p(ESiT} 1s an idempotent-pure congruence on S (since for

every such congruence pon S, ker p = E Thus by 2.5, the greatest

5)
idempotent-pure congruence ton S is defined by the greatest normal
equivalence Ton ES satisfying the condition st the beginning of this

paragraph.

f) K =85, 1= €

(S,€ ) 1s congruence-pair of S iff ker £° = S (where X;Iﬁ&).
We shall see that this is the case iff S is a band of groups (i.e. S is

a union of groups and ®is a congruence on S: see Petrich[_Zl} , IV.1.7).

In fact, if S is a band of groups, then ¥° =d( and for every a €85,

3 €HE for some e EES; thus a €ker = kerd°, i.e. kerd(® = S. Conversely,

suppose that ker X° = S. Then for euefy a €S there is some e €E. such that

S
a % e, hence a¥e and S is the union of the groups H, (see Clifford-Preston
(1], 2.16). Let a¥b (a,b €S); by Lallement [9], X° = p hence ker p = S

(p the greatest idempnténtuseparating congruence on S). Thus, a y e for



some e ¢ E and b p £ for some f€E

g g Consequently, adl e and bxf, thus

ed f and by Clifford-Preston| 1, 2.16, e

f. Hence, 3aype and bpe, thus aub.

Since pis a congruence, it follows that ac py bc, ca gch for all c€ S.
Now by Lallement (9] p <= & | hence acf.bc and cak cb for all c€ S.

Consequently,® is a congruence and S is a band of groups.

In this case, =8 = g =_¢k’., where Bdenotes the least band

"(s, € )

congruence cn S. In fact,p =B since kér J° = S implies that for

(S, €)

every a€ S there is e€ ES such that ap (S, € ) )

is a band congruence. It is the

e, thus each D{S, oy T class
is i1dempotent. This means, that B{S,E ) -
least such (by 2.5), since for every band congruence o, kerp= S (by 1.1.).
Furthermore, by Lallement[ 9], Xe = 1. Hence by hypothesis, ker p = S and
U= Bby 2.5 (since ker 8= 8 = ker p and trg = trg (Se) = ¢= tr p). But
by Howie-Lallement [ 8 ], 1.3, p =2£°£3(,5,3 , so that X =8 = p (which again

implies that ¥ is a congruence).

g) K normal, r =¢

(K, ¢) is a congruence-pair of S iff K&ker X°

|

ker p. Recall (Latorre| 10 ],12)

that for every regular semigroup S,
ker p ={a€S|3a'eV(a): a' ea = e for each idempotent eéaa’} :

Hence, (K,e ) is a congruence-pair iff for every a€ K there is some a'€ V(a)
such that a'ea = e for each idempotent e £aa'. In this case,p (K e ) 1s an

idempotent ‘separating congruence on S (since for every such congruence pon S,

tr p= €), explicitely given by

3 be> akb and ab'é K for some (all) b'€V(b).

P(K, e )



Thus by 2.5, the greatest idempotent separating congruence p on S 1s

defined by the greatest normal subset K of S satisfying the above condition.

3. Particular congruences
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The knowledge of a simple, explicite form of a particular congruence on

a semigroup is of special importance when applying it in certain considerations.
For regular semigroups, useful descriptions of some important congruences

are known. A survey of these will be given including several different

methods of characterization, which have been found up to now. Note that

in section 2.some particular congruences have appeared already, given

explicitely by their kernel and their trace .

a) Group congruences

Cruisntm[ z}fnund a description of all group congruences on an arbitrary

semigroup S by means of particular subsemigroups of S. For every subset

H of S and any a €S denote

a:H ={ (x,y) €SxS| xay€H} .

Theorem 3.1. (Crmisut[ 2]). Let S be a semigroup and H be a subsemigroup

— e e e e LN SN S
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of S such that (1) a:H J-..ﬁ for all a€ S, and (i1) a:H~ADb:H 4: B (a,b€eS)—>
= a:H = b:H. Then the relation a Py b <> a:H = b:H 1s a dgroup
congruence an S. Conversely, if p1s any group congruence on 5 then the

identity class E of S/p is a subsemigroup of S satisfying (i1),(i1) and g =0 -



For reqular semigroups, numerous other characterizations of group

congruences are known. Note first that every cancellative congruencepon 3
regular semigroup S is a group congruence, and conversely (since S/p 1is a
regular, cancellative semigroup, thus a group). Since the universal

congruence on $ is cancellative and since the intersection of all cancellative
congruences on S is agaln a cancellative congruence on S5, the least group-

congruence can be described 1n the following way.

Theorem 3.2. (Masat[ilE:]). Let S be a regular semigroup; then the least

e — — — - A AN S NN R
[ —————_——— e T T

. . t
group congruence g on S 1s given by g = p where

aF:b <> € a e e b e for some e EES

1

and F} means the transitive closure of p.

Note. If S is a conventional semigroup (i.e. S 1s regular and a ES a'g;ES

for all e €S, a'€ V(a)) then the unpleasant transitive closure of pcan be
omitted and o = p(Masat [12}). In particular, this is true for every

orthodox semigroup which was proved already by Meakin [14].

A more convenient description of don a general regularsemigroup was
given by Masat| 12] by means of the reflexive subsemigroup of S generated

by its idempotents E.. A subset T of S is called reflexive if ab¢ T(a,b€ §)

S
implies ba€ T.

Theorem 3.3. (Masat [ 12]). Let S be a regular semigroup; denote by T the

ETE TR W W W e e k. S e . E—
S ———————— A -

reflexive subsemigroup of S generated by E. and by Tw = {a €5 | ta €7

S

for some t €T | Then the least group congruenceo on S is given by

a ob€>» xa, xb €Tw for some x¢€S.
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Note. If S is conventional, then Tw=1{8€S | ea € B for some eE}ES}

(Masat [12] ). In particular, i1f S 1s E-unitary and regular (1.e. ea,ett

N
- a €Eg) then S is orthodox (see Howie-Lallement { 8 |, 2.1) and Tw = o -

Hence, in this case

a cb «> xa,xb EES for some x €5,

An other approach to the characterization of all group congruences
on a regular semigroup S was found by Feigenbaum [4]using full and self-

conjugate subsemigroups of S:a subset T of S is called full if ESE;T, and

self-conjugate if a'Ta €T for all a €S, a'e V{(a). Let C dencte the set of

all full and self-conjugate subsemigroups of S and let U be the intersection

of all semigroups in C.

Theorem 3.4. (Feigenbaum [ 4)). For each H €C, the relation

e e Ere ST EE W e EeT WS
B T T I e

aDt*tJ++xa = by for some x,y<H

1s a group congruence on the regular semigroup S. The least group congruence

0 on S 1s given by = Py.

Defining the closure of a subset H of a reqular semigroup S as the set

Hw= {a€S| hagH for some heH},
Feigenbaum | 4]showed that also for each HEC

a0y b «» ab'e Hw for some (all) b'€V(b).

Further details for the description of Oy can be found in Latorre [10]



In particular, he showed that

agb <« aub' €U for scme u€lU and some (all) b' < V(b).

Now let C be the set of all closed subsemigroups in C, i.e. consider

those full and self-conjugate subsemigroups Hof S such that Hw= H. Note
that a closed subsemigroup H of a regular semigroup 1s necessarily regular.

Feigenbaum | 4 | proved that the mapping
H-;-;JH, where ap; b¢>ab'€ H for some b'€ V(b),

is g bijektive and inclusion preserving function of C onto the set of all

group congruences on S.(For every group ccngruence O on S, P = Py with

H = kerp ). It 1s easlily seen that the intersection U of all semigroups H

in C is again closed. Consequently, we obtain that 0 =p and

U

aocberab'€ U for some (a8ll) b'€ V(b).

Note. For the much larger class of E-ilnversive semigroups an explicite

description of all group congruences was given by Hitsch[ 1?}; A semigroup

S is called E-inversive if for every a €S there is some x¢€ S such that

w

ax € ES{This 1s equivalent to the condition that I(a) = {x ESlax, xat t(i ! A
for all a€ S. The characterization is strongly reminiscent to that given

by Feigenbaum for the regular case (see Theorem 3.4).

b) Right group congruences

A group is right- and left-simple and also right- and left-cancellative.

Weakening these properties one may ask for those homomorphic images of a
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semigroup S which are right groups, 1.e. which are right-simple and

left-cancellative (for several equivalent definitions see Clifford-

Preston [1]),

A description of all right-group congruences on an arbitrary semigroup S
was given by Massant [ 13 | by means of group-congruences and left-zero
congruences on S.Numerous  characterizations of group congruences were

given in a). Concerning right-zero congruences p(i1.e. such that S/p

is a right-zero semigroup: Xxy = Yy \fx,y ¢S/p ) a description for arbitrary

semigroups S can be found in Petrich[ 22] , III. 1:

Let LS be the set of all left ideals L:% S of S such that ab <L implies

b.ELla,b-ES); denoting by Lx the least left ideal of S in L. containing

S

x € 5,the following characterization of right-zero congruences on S holds:

Let S be a semigroup and ﬁ:ﬁ:ﬂELS; then the relation

a be>for every LEA : either a,b€Ll or a,b ¢L
Pa Y

is a right-zero congruence on S. The least right-zero congruence Eon S
is given by &= PLg » OF equivalently by af b <> La = Lb'

whith 1s not a group- nor a right-zero congruence, is a right-group congruence
1ff 1is the intersection of a non-trivial group congruence on S and a

right-zero congruence on S.

Since on regular semigroup S the least group congruence exists (see

a) above) we obtain the following
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Corollary 3.6. Let S be a regular semigroup; then the least right-group

. N . . S — — e
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congruence on S 1s dgiven by

a W’baE}LE = Lb and xa = by for some x,y¢ U,

where U is the intersection of all full and self-conjugate subsemigroups of S.

For the special case that 5 1s regular with ES a rectangular band (i.e.

e f e=e for all e,f{EES), Massat [12 | gave the following description of

the least right-group congruence on S:

af}ba++ ea = eb for all e EES.

Conversely, he showed that if the congruence p so defined on a regular

semigroup S is a right-group congruence on S then ES is a rectangular band.

c) The least inverse congruence

Reducing the condition that the homomorphic image of S has to be a group

one can ask for those congruences P on S, for which S/p is an inverse
semigroup. In the general case, there 1s no description of such congruences
similar to the group case. Even the characterization of the least inverse
congruence Y is not very satisfactory. It is based on the fact that a regular

semigroup S 1s inverse 1ff the idempotents of S5 commute (see Petrich [22} ) -

Theorem 3.7. (Hall [6 ]). Let S be a regular semigroup; then the least
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inverse congruence Yon S is given by Y = p*, where

apb «—>» a8 =¢ef, b= fe fnre,fEES

and p* denotes the congruence on S generated by p .
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In the particular case that S is orthodox,Hall [ 6 Igave the following

explicite description of Y: ayY b«<V(a)=V(b).
Also, he showed ccnversely that if for a regular semigroup S, Y is an

inverse congruence on S then S is orthodox.

Using the concept of congruence pair G.Gomes (R-unipotent congruences
on regular semigroups, Semigroup Forum 31 (1985), 265-280) found a

description of all inverse congruences on an arbitrary regular

semigroup S. She called a pair (K, Tt ) an inverse congruence pair of § if

a) K satisfies: (1) K 1s a regqular subsemigroup of S; (11) ES*E K
(111) a'Ka & K for sll a €5, a'€ V(a);

S>’ the subsemigroup of S generated LY HH’

such that (1) <ES>J T is 8 semilattice, (ii) X Ty, X,y € <tgo-»

b) T 1s a congruence on <E

—>» &'xa 1 a'ya, whenever a'xa, a'ya E'iES> for a€ S, a'¢ V{(a):
c) (1) ax€ K, a'a 1t x (a €S, a'€ V(a), X E<ES> -» a €K
(i1) abe K(a,b€ S)—> axb€ K for all x € <ES>

(1i1) axa'T aa'x, whenever axa' € <E.> for a€ S, a'€ V(a), x ¢ <Li,.»

S

Given such an 1nverse congruence pair the vunigque inverse congruence on &,

whose kernel 1s K and whose restriction to <ES> is T , 1s given by

2 ok 1P «> Jda'€ V(a), b'€ V(b):aa't bb', a'be K.

Conversely, 1fp 1s an inverse congruence on S then (kerp , T ) withT:oi<ES>

1s an 1nverse congruence pair of S and O (kero =P«

Remark. As a consequence, the particular case of group congruences on a

general regularsemigroup S now can be described in the following way

(G. Gomes, loc.cit.):
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If K« S satisfies (a) above and (d) axt K(a€ S, x E<E8>} —» g €K, then

the relation

a ;}Kb-&*:-_]b' €V(b) such that ab' €K

is a group congruence on S with kernel K. Conversely, if p is a group

congruence on S then ker p satisfies (a) and (d) above and p kerp

d) The least semilattice of groups congruence

A semilattice of groups (or: Clifford semigroup) can be defined as
a regular semigroup with central idempotents (i1.e. ea = ae for every

a € S and every e EES}. Thus, such a semigroup 1s a special inverse

semigroup and also a particular union of groups (see Clifford-Preston |

An explicite form of the least congruence ¢ on a regular semigroup S

such that S/ p 1s a semilattice of groups was found by Latorre[ 11 ] .

It is a characterization by means of the least group congruence g on S

~y

(see Theorem 3.4 sbove) and the least semilattice congruence n on S

(see paragrapn ) below).

Theorem 3.8. (Latorre {11] ). Let S be a regular semigroup; then the
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'~ least semilattice of groups congruence on S 1is given by

a vb »anband xa = by for some x,y€ Un{an ),

where U 1s the intersection of all full and self-conjugate subsemigroups

of S. .

In the particular case that S is orthodox, J. Mills [ 16] showed that

a Vv b«asanb and eae = ebe for some eEESn(an ).

:Q.

.
L

1),



Latorre | 11 |described y on an orthodox semigroup S in a slightly different

way :

avb&anb and ea = bf for some e,f’EESrﬂ[a n).

e) Orthodox congruences

An inverse congruencepon a regular semigroup S yields a (regular) homo-
morphic image S/ p, 1n which the idempotents commute. Generaslizing, one
may ask for those congruencesp on S, for which the idempotents of S/ p

form a subsemigroup, only. Gomes [ 5 ] gave a description of -all these
orthodox congruences by means of so called orthodox congruence-pairs,
speclalizing the general concept of congruence-palr on a regular semigroups

defined by Pastijn-Petrich | 18 | (see section 2, above).
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1) A subset K of S 1s said to be a normal subsemigroup of S if K is a3

regular subsemigroup of S such that ESEEK and aKa'&€ K for every a€ S, a'eV(a).
2) A congruencef on <E.>, the subsemigroup of S generated by EB' 1s called

normal if x £y — a'xa & a'ya for all a€ S, a' €V(a), whenever

a'xa, a'yat <kE.>

S

3) The restrictionof a congruence pon S tD~:ES:=is called the hypertrace

(core) of p , denoted by htrrp.

Those congruence-pairs, which yield all the orthodox congruences on a

regular semigroup, are characterized abstractly in the following
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group of S and £a normal congruence on {Es,psuch that cES}/f; 1s a band.

Then the pair (K, & ) 1s called an orthodox congruence-pair of S if for

all a,b€S, a' € V(a), xEc:ES:: and f¢ ES‘

(1) xa €K, x &aa'-—a €k
(1ii) ab €K, a'a Ebb' a'a —=»axbeK

(i11) a €K, aa' £Ef—=>fxf £ fa'xaf, whenever fa'xaquES;.

Theorem 3.9 (Gmmes[ 5]). Let S be a regular semigroup. If (K, & ) is an
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orthodox congruence-pailr of S then the relation

a FWK,E )b++aa'g bb'sa', b'bf b'ba'a, ab'€ K for some (all)

a'€ V(a), b'e V(b)

1s an orthodox congruence on S such that kergjﬁK £y = K, htr

) (K, E)= 5

Conversely, i1fp is an orthodox congruence on S, then (ker p, htr p)is an

orthodox congruence-pair of S and Q{kerD htT D)=D .

Furthermore, the mappings p~kerp , htro ), (K, &) are mutually

TPUKLE )

inverse order-preserving between the lattice of all orthodox congruences

on S and the set of all orthodox congruence-pairs of S partially ordered oy
(K, &) s (K", &") 1iff K&K', &= £'.

Remark 1. For the special case that S is orthodox itself, this result

ylelds a description of all congruences on S (see section 2. above).

2. The least orthodox congruence N on a regular semigroup S can

: : . al
be descripted also in the following evident way: A =P, where

EPDH azef,bzefeffnre,f{{ES.
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f) Semilattice congruences

A semilattice 1s defined as a commutative and idempotentsemigroup, 1.e.
as a special band. Band congruences on a semigroup S are of particular
interest, because all the congruence classes form subsemigroups of S.

For general semigroups a construction of all band congruences is known, as

are descriptions of all rectangular band congruences and of all (right,left)
normal band congruences (see Petrich[ 22], III, IV). The least band

congruences on a regular semigroup satisfies

* »
Iéﬁféﬂﬁi)
}6,62}21 are Greens's relations (see Howie-Lallement [8.]).

For the important special case of semilattice congruences, the construction

found by Petrich [ 20] for arbitrary semigroups will be given now. Recall

that a filter F of a semigroup S 1s a subsemigroup of S such that ab& F implies
that a,b €F. Note that @ + FES is a filter of S iff T = S\F is empty or

a completely prime ideal of S (i.e. an ideal I of S such that ab €I implies
that a €I or b €I).Denote byﬁfthe set of all filters of S and Fx'the least

filter of S containing x €8S.

e R S S S ke g S—
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filters of S. Then the relation

apy b &> for every FEA either a,b€ F or a,b &F

is a semilattice congruerce on S. Conversely, for every such congruence p



on S there is some A ¢¥ such that p = QH_.The least semilattice congruence n

on S is given by TEQ_, OT equivalently by
3

an DHFE :Fb «for every filter F:acF 1ff beF.

For regular semigroups S, n can be described by means of Green's relation

o?)urg on S (where Gz):inﬂ andgis defined by : 53 b 1ff SaS = 5bS):

Theorem 3.11 (Howie-Lallement| 8] Let S be a regular semigroup. Then the

S ERE G e e — S
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least semilattice congruencer) on S is given by n =_2)* :3* (where  * denotes

the congruence on S generated by 0 ).

g) The greatest idempotent-pure congruence

A congruence P on a semigroup S 1s called idempotent-pure (also: idempotent-

determined) 1if

ape, at€S, e r:ES—:v- a EES,

1.e. each p-class containing an ildempotent consists entirely of idempotents.

Evidently, the identity relation on S is an idempotent-pure congruence. For

general EEmigrDUDS} the greatest such congruence can be described in the

following way.

Theorem 3.12. (Theissier f24 }). If S is a semigroup, then the relation

. SR ek e SN W S NN RN NN S . W
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a mb &> xayc ES if and only if xbye¢ Es(x,yg 81}

is the greatest idempotent-pure congruence on S.

47



h) Idempotent-separating congruences

In a certain sense opposite to the idempotent-pure congruences are those
congruences p for whicn each congruences class contains at most one

idempotent, 1.e.

epf, e, fcE.—>e =f£.
Clearly, the identity relation on S is always idempotent-separating. It
was noted by Lallemenet [8] that for a regular semigroup every such

congruence 1s contained in Green's relation Hﬁ.

Theorem 3.13. (Lallement [9] ) Let 5 be a regular semigroup. Then a

e — — i S T — | —
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congrue'nce p on S 1s idempotent-separating iff 9:536. Thus, the greatest
idempotent-separating congruence on S is given by p =&’ (the greatest

congruence contained in:k,}, i.e.

apb <> xayy«xby Vx,y 581

Note that the hypothesis of the regularity of S cannot be removed:

if S ='{O,a }is the two-element zero semigroup (32 a0,= 0a = 00 = 0) then

'3Q5=8, the identity relation, and H =W, the universal relation, hence

K.

Another characterization of p on a regular semigroup was given by Hall [7]

and Meakin [15} , 1lndependéntly:
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(A

arxnéa-a a' €V(a),b' €V(b):aa'=bb', a'a=b'b, a'ea=b'eb for each idempotent e<aa'.

For the special case that S is orthodox, Meakin EiS] found the following

description of o

apub <> A a'ev(a), b'eV(b): a'ea=b'eb, aea'=beb' for all EEES.

Note. For the much larger class of eventually regular semigroups an

explicite description of pwas found by Edwards |3t . A semigroup S is called
eventually regular if for every a €S there is some positive integer n such
that a" €S is regular. The greatest idempotent-separating congruence on

such a semigroup is given by

a U ber»if x €5 is regular then each of x(ﬂ,xa, x (R xb implis xa_ctxb,

and each of xiax, xI bx 1mplies ax%tbx.

It is noted also, that the hypothesis on S to be eventually regular cannot
be removed. An example of a semigroup 1is given for which the greatest

idempotent-separating congruence is different from p described above (see

Edwards [ 3], Ex. 3).

Remark. There 1s still another approach of characterizing particular

congruences on a regqular semigroup S. Since every congruence on S 1S

uniquely determined by its kernel and trace, one can define the following

equivalence relations on the lattice C(S) of all congruences on S:

o Kt «» kerp = kert ; p IT1 e trp = try
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Then each K-class and each T-class 1s an interval in (C(S),< ). Using
these two relations, P. Alimpic-D.Krgovic(Some congruences on regular
semigroups, Proceedings Oberwolfach 1986, Lect. Notes Math. 1320(1988), 1-10)

gave an alternative description of some special congruences; for example:

(i) the least band of groups congruence on S is the least element of the
T-class containing B;

(ii) the least semilattice of groups congruence on S 1s the least element
of the T-class of n ;

(111) the least E-unitary congruence on S 1s the least element of the

K-class containing o.
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