
Sketch of the proof. Cornputing thc criticaI point condition for 1(9) 011 A1 iu g(mcral
wc fìnd tliat it is

m k 1 14 3
-2Rim R ,R j + 2R,,) + 2(31rQ - R)gij = cg'j.

Now since Q2 is para.1lel and q3 = tQ on the Abuena-Thurston manifolù wc scc tlmt tliis
Hlctric Oil the undcr1ying manj[oid AI = Gjr is a critical point of [(9).

:Frorn thc exprcssion far Q it. is c1ear that (AI, g) j.~ !lot Einstein noI' is QJ = J q.
Thu;, this lllctric is not a critical point for A(g) = J~1 RdVg considcrcd as a functiolwl OH
/t--f or on A or for [(g) = f~J fl- R- dVg on A. In pa.rticuiar it docs Bot givc a nega.tive:
iwswcr t.o thc qncstion of wll(~thcr 01' not an aimost I\.i:ì.hlcr manifold f:~tisfyii.1g qJ = .lO
is I(ahlcrian. On thc other hand (A1,9) is a criticaI point far I( in a dift'erent context; C.
1'",L \\faacI [25J showcd tllat tbc Abbena-Tllluston manifold is a criticlll point of I\T <idinc'<1
with rcspcet lo variations thwugh almost complex structures .l whiclt preservc g. F'vr this
problcJn thc critica.l point cOlldition is

[J, V'VJI = O,

wÌlel'e \,7*\7J is lhe rongh Lapladan of the metl'ic in questiono

6. ProLlclllS involving other iHtegrands

Finally wc lurn to a Ll'ief ùiscussion of some reIatcd problclllS. 111 t.he Ricrm~nnian

g:coll1clry of contact metl'ic munifolds tIte tcnsor fic1ds l and 5 dcfincJ by IX = R(X10~

and S(X, Y) = R(X, y)~ pIay important 1"Oles. For cxample on a K-cont.a.et rnanifold l is
Ll!c idellt-ity anù on a. Susakian manifold S(X, Y) = 1](Y)X - 1]( ..\ )1". l\/lorc genernlly wc
have nc)teo (cquation (2.3) tlmt

Thus il seelllS reasonablc to considcl' funetiona.ls cicfined by integrals suclI as JI\1 111 2 d\-'~

alIcI fAf 1512 d\/~. In tbe ca.c;e of t11e first of t11ese t-.1r. S. n.. Dcng computed the criticaI
point conùiiion or J~l 111 2 dv~ as a funclional on A and notcd the following.

Proposition 6.1 (Deng). Ld Al be a compact cOIltaet mnllifold E:nd A f.lle set ofme/l'ics
flssocintcc! to thc contaet lol'm. Thcn a. J(-eont<lct l1lefj'ic is a crit.ienl noint af f.1JC [Ullct.iOl1éli
ffl,.f 111 2 dVg 011 A. lvIorc generali)' if for a metrie 9, Veh = O, thcl, !i is il. nif.ical poiJJt j{

and oniy if lt 3 - h = O.

Thc original functionals .4(9), B(g), C(g), D(g) OH A1 have bceu sludy fnrthl'I' in tlte
cOlltext of conlact geomctry by Muto [17J a.nd Yalllagl.lclli and ChD.man 12fJ: thc generaI
thrust. of their -"vol"k is lo snppose lliat a criticl11 poiilt is a Sastlkinn mdl'ic. For cXl\.mplc
wc hayc the follO\vìng n~sults.
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Theorem 6.2 (Muto). If a critica! point 9 oE A(g), B(g), C(g) or D(g) is a S"-,,,h,,,
metric, tl1en its scalar curvature is consta-l1t.

v'le remarked a.t the outset that Einstein rnetrics were criticaI poids of E(g). FrOln
Thcorcm 6.2 and the criticai point condition for ECg) "'ve ha.ve an immediate converse in
thc case of a Sasakian metrico

TheorelTl 6.3 (Yalnaguchi and Chulllan). Ili order far a Sas,1kian mef.lic to he a
criUcaI point of B(g) it is necessary and sufficiellt Uw.t it be aD Einstein metrico

Thc t\\iO papers [17] tuld [26} give many results and focus in particular on S:lsa.kìan
submcrsions, discussing relations bctween BCg), C(g) and DCg) c1cfincd relative to thc
bundlc space and thc base spacr': of tlle subrnersion. There are othcr contexts wherc some
of these funetionals have becn discussed l but further disçussion wouIci take us bcyond thc
scope of these Iectures.
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