CHAPTER E

Basic Hypergeometric Series

This chapter introduces the basic hypergeometric series. Its convergence
condition will be determined. The fundamental transformations and sum-
mation formulae will be covered briefly.

E1l. Introduction and notation

El.1. Definition. Let {a;},_ and {b; };:1 be complex numbers subject
to the condition that b; # ¢~" with n € Ng for all j =1,2,---,s. Then the
basic hypergeometric series with variable z is defined by

Qo, a1, "+, Qr
s

1+’°¢5[ bi, b

2| = 3 (a0; @)nlar; Qn-(ar; On L1 ($)rs—r
q’] ;(Q;Q)n(bl;q)n..,(bs;q)n {(—1)ngB) )

Remark If there is a numerator parameter a; = ¢~ * with & € Ny, then the
g-hypergeometric series is terminating, which is in fact a polynomial of z.
When the series is nonterminating, we assume that |g| < 1 for convenience.

E1.2. Convergence condition. For the g-hypergeometric series just de-
fined, the convergence conditions are as follows:

(A) If s > r, the series is convergent for all z € C;
(B) If s < r, the series is convergent only when z = 0;
(C) If s = r, the series is convergent for |z| < 1.

PROOF. Denote by T,, the summand of ¢g-hypergeometric series

o n_ (5 S_T(U’O;Q)n(a'l;q)n'"(QT;Q)TL n
L= {1} (@ D61 Dn - (s D)
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To determine the convergence conditions, we consider the term-ratio:

Tn-‘rl =z (1 - qna,o)(l - qna'l) e (1 - qnar) (_qn)s—r
Ty (1=¢"™)(1—q"b1) - (1 - q"as)
On account of |q| < 1, we have |¢"| — 0 as n — +oo. Hence we get the
following limit:

T 0, r<s
. 1
hr_~r_1 ’ ntl = 400, r>sand z#0
n—-+oo
" lz|, r=s.

According to the D’Alembert ratio test, the convergence conditions stated
in the Theorem follow immediately. (|

E1.3. Classification. For the basic hypergeometric series, suppose r = s,
the very important case. If the product of denominator parameters is equal
to the base ¢ times the product of numerator parameters, i.e.,

qaoal...arzble...br

then the 14,¢,-series is called balanced or Saalschitzian.

Instead, if the numerator parameters and the denominator parameters can
be paired up so that each column has the same product:

qag = aflbl == afrbr

then we say that the 14,¢,-series is well-poised. In particular, it is said to
be very-well-poised if we have a; = —as = ¢4/ag in addition. These pairs of
parameters appear in the basic hypergeometric sum as a linear fraction

L—aog® (009 (—9v/@05 )
1—ag (Vao; @)k~ (—vao; ox

E1.4. Examples. In terms of g-series, we can reformulate the Euler and
Gauss summation formulae as follows:

Gam = o |C|ae] = X 0

= (@ O
1 _ 01 . _ - 2k
Gow O [— ’q’ Z} - ;;:) (@ @)

They will be used to demonstrate the g-binomial theorem.
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E1.5. Ordinary hypergeometric series. In comparison with the basic
hypergeometric series, we present here briefly the ordinary hypergeometric
series, its convergence condition and classification. The details can be found
in the book by Bailey (1935).

Let {ai}::o and {bj};zl be complex numbers subject to the condition that
bj # —n with n € Ng for j = 1,2, .-+ ,s. Then the ordinary hypergeometric
series with variable z is defined by

Qo, a1, -+, Qr

1+7’Fs|: bl,"',bs

_  (a0)n (@1)n - - (ar)n on

where the (rising) shifted factorial is defined by
(clo=1 and (c)p=clc+1)---(c+n—1) for n=1,2,---.

n=0

Classification Similar to basic hypergeometric series, we consider the

case r = s for ordinary hypergeometric series. If the sum of denominator

parameters is equal to one plus the sum of numerator parameters, i.e.,
l+ag+ar+---+a=by+bs+---+br

then the 14, F,-series is called balanced or Saalschiitzian.

Instead, if the numerator parameters and the denominator parameters can
be paired up so that each column has the same sum:

l+ay=a1+b1=---=a,+b,

then we say that the 1., F,-series is well-poised. In particular, it is said to
be very-well-poised if we have a1 = 1 4 ag/2 in addition. The last pair of
parameters appear in the (ordinary) hypergeometric sum as a linear fraction

ag + 2k (1+ao/2)k
ao (ao/2)k

Convergence condition for the (ordinary) hypergeometric series is deter-
mined as follows:

e if r < s, the 1, Fs-series converges for all z € C;
e if 7 > s, the 14, F-series diverges for all z € C except for z = 0;
e if r = s, the 14, F,-series converges for |z| < 1, and when
z=+41 if R(B—A)>0
z=-1 if RB-A4)> -1

where A and B are defined respectively by
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T

A=>"a; and B:ibj.
j=1

=0

Remark Noting that the limit relation between ordinary and g¢-shifted
factorials

(g% @

1 e a— =

o1 (1= q)F (©)x
we can consider the (ordinary) hypergeometric series as the limit of the
basic hypergeometric series:

aop, a1, ", Qr

1+rEs |: bl, e bs

a0 gar ... g0r _1)r—s
Z} _ lin}ur(bs[q 2q gt (1) Z}
q—i

qbl’ cee qu q’ (1 _ q)r—s

This explains why there exist generally the g-counterparts for the (ordinary)
hypergeometric series identities.

E2. The ¢g-Gauss summation formula

This section will prove the g-binomial theorem, the ¢-Gauss summation
formula as well as the g-Chu-Vandermonde convolution.

E2.1. The g-binomial theorem. In terms of hypergeometric series, the
classical binomial theorem reads as follows:

\Fy [f H _ i%z" - ﬁ (2] < 1).

n=0

Its g-analog is given by the following g-binomial theorem:

160 [f ’ g; z} _ (2 0 Z z", (2| <1).  (B2.1)

(2 @)oo

For ¢ = 0 this identity reduces to Gauss summation formula. Replacing z
by z/c and then letting ¢ — oo, we recover from it the Euler formula.
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PROOF. In fact, expanding the numerator and the denominator respectively
according to Euler and Gauss summation formulae, we have

(¢z; @)oo S (1) 2 () 2
D I Ut e
(Za Q)oo i=0 (Qa Q)’L =0 (Qa q)]
= —1 1q(2)|:':|(;1: 2"
nZ:O (¢; q) 120( ) i HZ:O (& @)n
where the last line follows from the finite g-differences. U

E2.2. The ¢-Gauss summation formula. The ¢g-binomial theorem can
be generalized to the following theorem.

For three complex numbers a, b and ¢ with |¢/ab| < 1, there holds

b1 [&, g’ v C/ab] _ i (a5 @n (b5 @)n " (o/ab)"” _ (/a5 @)oo(c/b; @)oo

= (@ Dn(c; @)n (6 Dsle/ab; @)oo

PROOF. We can manipulate, by means of the g-binomial theorem (E2.1),
the infinite series as follows:

PO e ) M e W e e e
- Bt Sl ()7 i
= (e Oy e ('
= (b= iy &175;2;;
_ ((C 4> Cff//;bqqoo Z c/ab q

k=0 EE
(¢/a;9)oo(c/b; @)oo
(¢;@)oo(c/ab; @)oo

which establishes the ¢-Gauss summation formula. ([

E2.3. The g-analog of Chu-Vandermonde convolution. The termi-
nating case of the g-Gauss summation formula can be reformulated as the
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g-analogues of the Chu-

Q(Z)l
Q(Z)l

>

k=0 -

Vandermonde convolution:

g™, b (/b @)
_ qu,qc/b}_ @ O
'q—n’ b . _ (C/b? q)n n
I C’q’ q} (¢ @) b

E Y q(r—k)(n—k) — z+y
kl|ln—k n |

(E2.2a)

(E2.2b)

(E2.2¢)

PROOF. The first formula is the case a = ¢~" of the ¢-Gauss theorem,
which can be reformulated to other two identities.

By definition of g-hypergeometric series, rewrite (E2.2a) explictly as

201 [q_n’ ZC) ’ g; q"C/b} EH: )k) (q"c/b)*

Considering that

(%5 Q) n—rk

we can manipulate the

(c/bi @)
(¢ @)n 2

k=0

o 0)a o S (3l
- o /bg o

(" @)n(b;@)n

which is equivalent to
—n
b1 [q :

in view of

(¢ @nlc; On

gt%ﬂ 4 q} = (—1)"q_(;)(g)n7( ’; n"

=0

reversed series as follows:

(q—n; q)n—k(b; q)n—k n n—k
(@5 Dn—1(¢; Q- (q"e/b)

(1) k@

(¢ /x5q)

_ (e/b @)n
(¢ Qn

ek g,

(q"c/b)" 201

Performing the parameter replacements

and then applying the

B — ¢™/c
C — ¢/

relation

(@ "/Csq)n = (1)~ B (Ciq)n

q
ql n/b’ q; 4

|
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we can restate the last formula as:
¢ ", B ’ 2 (C/B;q)n
. — B 1/n
201 [ cl q] (C;q)n
which is the second formula (E2.2b).

Writing the g-binomial coefficients in terms of g-shifted factorials

o (@ " q)n = (~1)F ak—(%) (" 9k

k] - (@ B ! (¢ D)

Voo @ e o (qykgni(3) @™k (@ "0
n—k @ (@ a)n (¢ ")k

we can express the g-binomial sum in terms of g-series:

i m [ y ]q@c—k)(n_k) _ (¢ nqmi Dila "5k
— Lk] [n—k (4 9)n = ( N T SOk
("N Dn e [q‘", q ]
= ———q"" 2¢1 “n ’q;q :
(4 9)n 2 gv—"

Evaluate the last g-series by (E2.2b):

[, —n

A 1 (@t thg),
2¢1 I qy—n+1 ’ q; Q:| =4q (qy_n+1;q)n

we find consequently the following g-binomial identity

i m y ] (k) n—ty _ @) [x+y]
k| |n—&)1 - : -
|n n

= (4 9)n

which is, in fact, the convolution formula (E2.2¢).

E3. Transformations of Heine and Jackson

E3.1. Jackson’s s¢s-series transformation.

a, b | (azq) a, ¢c/b|
2¢1[ c’q’ Z] = 7@;(])00 X 202 [c, az ’q, bz| .

PrOOF. According to the ¢-Chu-Vandermonde formula, we have

—~ q)

63
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Then the g-hypergeometric series in question can be expressed as a double
sum:

n= k=0 (q’ q)k (Ca q)k
N ebe e o (@@a(a 0k e
_g(q,q)(;q)kb xﬂ; (;9) (z2")

For the last sum with respect to n, changing by j := n—k on the summation
index and then applying transformations

(a; Q)j+k = (a'a Q)k(a )
(7 %qr  (=DF q_k(”k”()
(4 9)j+x (¢:9);

we can evaluate it, by means of (E2.1) with ¢ — aq”, as follows:

— (D)@ Dk gy kgl — (aq"; q; ]
2 (¢ @)n ()" = (=2 kx;) g;

B = (2D (a9 x 100 [az ’q; Z}

= (—Z)kq(g)(a; Qi X M

(210
(—2)q() (@ k (a2 Qoo

(az; @)k (25 ¢)0

We have therefore established

q) (az; )r(c; @k

(a2; @)oo a, ¢c/b|
(23 0)0 262 [Ca az ’q’ bz}

o [ Dais] = LD Sy WOy
k=0

which is Jackson’s transformation. O
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E3.2. Heine’s g-Euler transformations.

a, b| |_ [bazd, e, 2| ]

201 [ ¢ ’ q; Z] = Lad. X 2¢1 _ s ’ q; b | (E3.1a)
_ le/b,bzq] labz/e, b | )]

T end. 201 i ba ’q, C/b_ (E3.1b)
_ (abz/c; @)oo efa,c/b| .

B (Za Q)oo % 2¢1 L C ’ 4q; CLbZ/C_ . (EBIC)

PROOF. Substituting the g-factorial fraction

b:)n _ 0@ (0" )
(G@n (@@ ("0;0)

into the g-hypergeometric series

261 [a, qr Z] _ Zg@q;nwzn

and then applying the g-binomial theorem (E2.1):

("G00 _ o [Cib ’q; qnb] _ i (¢/

(4"b; ¢)oc = (a

we can manipulate the g-series as follows:

201 [a’ i’fJ; Z] =

b; Q)k anbk

)k

- i (af On n i (c/b; Q)kanbk

s (@Gn = (G k

Again by means of (E2.1), evaluating the last sum with respect to n as

(¢"az;q) s

(a

and then simplifying the series with

ko  (a239)
(a7 0o = (az; q)k
(qu; Q)oo _ (Z; Q)oo

— (G Dn g (@az¢)e
nzzo(q;q)n(zm T (%)
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we derive the following expression

a, by, 1 (B9)x(020)0 5~ (/002 Ok
Q(bl[ C’q’ } (€ @)oo(21 @)oo £ TR

_ w029 o [C/b, : ’q; b}

=0

2
(€3 @)oo (21 @)oo
which is the first transformation (E3.1a).

Applying the transformation just established to the series on the right hand
side, we have

z, c/b| o] (/b q)eo(b25q)so abzfe, b |
201 [ 0z ’(L b} = )b D 201 be ’q, c/b
whose combination with the first one result in
a, b| | _ (59)(azq)s /b, z |
21 [ ¢ ’ ¢ Z} (6 0)x(210) 261 az ’ ¢ b
_ (e/bq)o (b2 @) abz/e, b |
T (6 0)x(20)% 21 bz ’q’ c/b| -

This is the second transformation (E3.1b).

Applying again the first transformation, we get
21 [b, abz/c ’ o c/b} _ (abz/cq)s(c1 @) " [C/a, Céb ’ v abz/c} .

bz (b239)oo(c/b; @)
This leads us to the following
a, b (/b @)oo(bz; @)oo abzfe, b |
201 [ ¢ ’ ¢ Z} (6 9)s( @) 261 bz ’q’ c/b

(abz/c; @)oo c/a, c/b ’
9 . b

(%5 @)oo 201 ¢ | @ absle
which is exactly the third transformation (E3.1c).

The last transformation can also be derived by means of the Jackson trans-
formation stated in E3.1. In fact, interchanging a and b in the Jackson
formula, we have
a, bl | (%9 b, c/a|
2¢1 |: ¢ ’ q; Z:| = (Z, q)oo X 2¢2 c ba ’q’ azl| .
While the g-series on the right hand side of (E3.1c) can be transformed, by
means of the Jackson identity, into the following

bz; q) oo
201 [c/a, Céb ’ q; abz/c} = 7(;1);/’2)(1)00 X 202 [cé’a, bbz ’CI; az} .
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Equating both expressions, we have
, b abz/c; @)oo , b
201 [& ’q; z] = (abz/ci @) X 201 [c/a / ’q, abz/ ]
c (210)o0
The proof of (E3.1c) is therefore completed again. O

Remark The Heine’s transformations (E3.1a-E3.1b-E3.1¢) may be consi-
dered as g-analogues of the Pfaff-Euler Transformations for the (ordinary)
hypergeometric series:

c z—1

= (1—2)",F [0_“’ C;b ’ z]

N
=
—
8

f=p

N
[T

Il

(1 2)-a zFl[a’ c—b’ 2 ]

E3.3. The Bailey-Daum summation formula.

a, b | N Y ST
2¢1 |: qa/b ’ q; _Q/b:| - (_Qa Q)oo [qa/b, —q/b, q]oo )

(lg/b] < 1).

PROOF. Applying the Heine transformation (E3.1a)
CL, b . _ [b’ CLZ; q]oo C/ba z .
2¢1[ C’q’ Z] T ezdy X @Z’ 0
we can proceed as follows:
b, a (a5 Qoo (=4 @)oo [q/b —Q/b ]
’ . b = ’ ’ 3
201 [qa/b %4/ ] (ga/b; q) <—q/b- D= 2" &
(a;9) 0 q, - q/b q n( Q/b' Dn 1,
= a”.
 (qa/b; Q) /b ?)oo g Jn (=@ @)n
Simplifying the last sum with relations
(/0% ) = (a/b;Q)n(—q/b; n
(@) = (GDn(—¢D)n
and then evaluating it by means of the ¢-binomial theorem (E2.1), we have

i(Q/b;Q) (/YD _ i 2/62 Jn g _ (@00 ¢%)o
= (GDn(—aDn = (a5 ¢%) oo
which results consequently in the following
a, b (a3 @)oo (—¢; @)oo (¢°a/b%; %) oo
”“[ qa/b | o/ b] T (@b e (@)
(4 Do (045 ¢*) o (6% a/V?; ¢%) o
(qa/b; q)oo(—q/b; @)oo
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thanks to the shifted factorial relation

(a;0)0e = (aq;¢*)oc(a;¢%) oo

This proves the Bailey-Daum summation theorem. O

E3.4. Infinite series transformation. Armed with the g-series transfor-
mation formulae, we apply again inverse series relations (D1.3a-D1.3b) to
establish another infinite series transformation, which will be used in turn
to prove two infinite series identities of Rogers-Ramanujan type.

Recalling the inverse series relations (D1.3a-D1.3b), if we take the g-sequence

NDn ()
n) = 2" () with n=0,1,2, -
9(v) (aA; ¢%)n
then the dual sequence will be determined by
0 n — odd
f(n) = ’ m m<—m
(D)™ [ Xq?] @™, n=2m.
We have accordingly from (D1.4b) the infinite series transformation:
- g = 7 - 1—q4k>\ (A5 @k 5k%—ky2k
A FF RN (E3.2
,;O(q, Dn(aA; ¢%) ;;; (A Dso (65 ¢k (E3.2)

PROOF. Substituting g(k) into (D1.3a) and then rewriting the ¢-Gauss bi-
nomial coefficient, we have

M:

s = S0 @ o
kIO

@k () Qi Do (N5 @tk

> o (@ O (a\ @

e
Il
=]

By means of factorization

(N e = (Vi Ok x (= )

we can express f(n) in terms of a terminating g-hypergeometric series

fn) = E_j[q if”

et Q)n><2¢>2[\/_—n’ \/—’q;—q}
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Rewriting Jackson’s transformation formula stated in E3.1

202 [Z: 2’% %] = % X o¢1 [&’ b/C’iIa d/a]

we can further reformulate f(n) as follows:
n )\’ n -n —n n
f(n) = q(z)& X 361 [q , q \/_\q/g/A ’q; 4 /_q)\] .

Evaluating the last series by means of the Bailey-Daum formula stated in
E3.3:

lqa, ¢*a /% ¢*]
[qa/b,—q/b;q]

A TN (la/bl < 1)

we find that

If n is odd, we have f(n) = 0 for (¢!™"; ¢*)oc = 0. Suppose n = 2m
instead, we have the following reduction

1—-2m 1+2m

— G ¢ TN g

f(n) ¢ dem | T o ’q N

1-2m. 2

GO 4 )m

q\ >/ (A @)am P
= (=1)"¢"™ g, N @7,
Substituting g(n) and f(k) into (D1.4b), we establish (E3.2). O

E3.5. Two further identities of Rogers-Ramanujan type. Speci-
fying with A — 1 and A — ¢? in (E3.2), we derive the following identities of
Rogers-Ramanujan type:

i g _ (4", q* ¢5% q"] _
= (@ Dn (@ ¢@)n (¢ @)oo
i R _ 6% %],

G D@ P (5 @)oo
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PROOF. Putting A — 1 in (E3.2) and then separating the first term from
the right hand side, we derive

I ™~ (S Rrora

1
“ ( (4 Dnla; ¢®)n (45 9)oo

n= k=1
1 oo oo
_ {1+Z( k 5k2—k+z gk +k}
(43 @)oo P P

Performing replacement & — —Fk in the last sum and then applying the
Jacobi triple product identity, we reduce the sum inside {---} as

Z (_l)kq1o(’;)+4k _ [qlo’ ¢, ¢°: qlo]OO

k=—o0
which leads us to the first identity:

3'n. —n

i _ [, ¢*, % ¢*°]

= ( 4*)n (¢ @)oo

When \ — ¢2, we can similarly write (E3.2) as
3 2j:3'n.

oo oo
Z _ Z q4k+2} q5k2+3k

n— 0 n q; )n+1 oo

k=0
o0
{Z k 5k +3k + Z k+1 5k +7k+2}
)oo k=0

Replacing £ by —k — 1 in the second sum and then applying the Jacobi
triple product identity, we find that the sum inside {---} equals

i (~1)F 0GR = 41, 2, % ¢']_

k=—o0
which results in the second identity:
00 @

Z _ [, ¢, &% ¢*°]

— n q; )n+1 (qa q)oo

This completes proofs of two infinite series identities of Rogers-Ramanujan
type. U
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E4. The ¢-Pfaff-Saalschiitz summation theorem

The formula under the title reads as the following

—n

q ) a, b . _ C/CL, C/b .
3¢2[ A-rabje | % q] = [C,C/ab Ga o (ELY

¢,

E4.1. Proof. Recall the ¢-Euler transformation (E3.1c):

which can be reformulated through the q—binomial theorem (E2.1), as a
product of two basic hypergeometric series:

aon |7 L s avape] = 100 [T [ avfe] a0 |0 | o]

Extracting the coefficient of 2™ from both members, we have

(e/a nle/big)n ; Je (c/abiau i
(@ @)nlc; O)n ;; T T e

which can be restated equivalently as

(¢/a;Q)nlc/big)n i(&;q)k(b;q)k (™ &
)

(¢;@)n(c/ab; q)n Or(c a)r (¢ "ab/c; Qx|

", a, b ,
3¢2 |: c, ql_"ab/c ’ q; Q:|
in view of shifted factorial fraction

(c/ab;i@n—k  (c/abj@)n (" "' q)k
(@ Dn—r (¢ @)n (g F*c/ab; @)
(c/ab;q)n (¢ @)k !
P b .
(¢;@)n (¢t~ mab/c; q)k(q& /)

This completes the proof of the ¢-Saalschiitz formula. ([

E4.2. The formula (E4.1) can also be proved by means of series rearrange-
ment.

Recalling the ¢-Chu-Vandermonde formula (E2.2a), we have

k

(@ @k _ v [q"“, c/a ’ v &] Z q)j(c/a; Q)gqm

(¢ Q)n = 7);(c;q);
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Then the ¢-hypergeometric series in (E4.1) can be written as a double sum:

(" k(@ Qr; O 4,

|
NE

LHS(E41) = = (@ 9)k(c; (g mab/c; O’
_ i (q_" qk i q a C/CL Q)] qk] 7
P O "ab/c O = (@49)i(eq);
_ v (e Qi D@05 wis)
N ]go (g:9),(c;q kZ:] k(g ~"ab/c; @) !

where we have changed the summation order.

Denote by Q(j) the last sum with respect to k. Changing the summation
index with ¢ := k — j and then applying relations

Q)i = (@39)i(d'z;9); = (59);(¢ 23 9)s
(¢779q); = (~1Yq D+ E) (gt ),

—~

we can reduce §2(j) as follows:

(a7 Qr(b; O (q_k§Q)qu(j+1)
(¢ ) (g*~mab/c; q)x

M:

Q@) =

S =
o, .

_ (@i Qirila" 75 q); (z+])(]+1)
i—0 (Qa Q) ( 1= "ab/c Q)H-J

_ ey " S "ﬂq )i(@’biq)i
= (-1)iq("%) ; p 1"+Jab/cq)q

(¢'~ "ab/c q
.G+l b n+]’ ]b
= (-1) q( )w 201 [(]ql_"+ja%/c ’ q; q} .

(¢'~mab/e;q

\_/

~—

J

\_/\_/

Applying now the g-Chu-Vandermonde formula (E2.2b), we can evaluate
the g-series on the right hand side as

g ", bg’ Sl (@ T/ @)y \n—i
201 ql_"+jab/c’q’ } = (¢ "iab/c; q)n]_] (bg) J
which results consequently in
L ey @eibia); (@ Te/G Dy jyn—i
W) = Wl )(ql—”ab]/cq); ) (ql—"ﬂab/c;q)n]_j(bq])
- ey (@a)bg); o (@ e/ @n o i
= WS, e e g )
(c/a;@)n (@7 9)i(b;9)

— (c/ab;q)n  (c/a; q); (q"c/ab) .
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Substituting the last expression of () into the 3¢o-series and then applying
the ¢g-Chu-Vandermonde formula (E2.2a), we get the following evaluation

—n

q ) a, b . . J C/CL q .
3¢2 c, ql_"ab/c ’ q; Q:| - Z )J Q(])

(C/ a; Q)n q
(c/ab; q)n2¢1 [
(¢/a; @n_(c/b; @)n
(¢/ab; @)n (¢ q)n

which is equivalent to the ¢g-Pfaff-Saalschiitz formula (E4.1).

i ’q; q"C/b]

E5. The terminating ¢g-Dougall-Dixon formula

It is, in fact, a very-well-poised terminating series identity

o5 a, g\/a, —q\/a, b, c, q" q“‘"a] [qa ,qa/be

4q;

Va, —Va, qa/b, qa/c, ¢ alT be qa/b, qa/C’ ] (E5-1)

PROOF. Based on the Carlitz inversions presented in (D1.1), we can derive
the identity directly as the dual relation of the g-Pfaff-Saalschiitz formula
(E4.1).

Recalling the g-Pfaff-Saalschiitz theorem (E4.1)

q_n7 &7 b . — C/a’ C/b .
3¢2|: c, ql—n&b/C’(Ia Q:| - |:C,C/0,b q; q .

we can restate it under parameter replacements as

sba [q‘", q"a, qaﬂ)C’ ] _ (@b gn(c@n
qa/b, qajc |7 (qa/b; @)nla~"c/a; q)n

0; ;@) (qa\"
(ga/b;q)n(qa/c; q)n <50> '

In order to apply the Carlitz inversions, we reformulate the g-series

n

g™ q"a, qa/be| ] ~= (@ 0r(q"a; Q)r(qa/bc; Qx4
3¢2[ o, aafe | q] - kZ:O (¢ @) (aa/b: @)(ga/ e @)

in terms of the g-binomial sum

n

Z(_l)k |:TL:| q(" k) (q a; Q) (CL; Q)k(qa/bc; Q)k

pars k (qa/b; a)r(qa/c; @)k

_ ) @606 (ga)"
! (qa/b;q)n(qa/c; q)n (bc)
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where we have used the following transformations:

@mae (_Uk[n}qc;k)q—(;)—k

(¢ )k k
(aqe = GOk _ (@ O)(g"a; @)
’ (a;9)n (a;@)n
Specifying the ¢-polynomials with a; = 1 and by = —¢Fa in the Carlitz

inversions (D1.1a-D1.1b), which implies

n—1

b(wn) = (awiqhn = [[(1— azg)

1=0
and then choosing two sequences
(1) (40 (b @)n(c; On (@)"
n =
f) (a/b; Q)ulao/c; @) \ be
(a; 9)k(qa/be; @)k
k) =
98 = o/ elaetc a)e
we write down directly the dual relation
- e[n] _L—a®a_ o (@ Qe(bir(c @k (qa g
(-1) q\2 —
k] (q"a;@)k+1"  (ga/b;q)k(ga/c; @)k \ be
__(a59)n(ga/bc; q)n
(ga/b; q)n(qa/c; @)n
Feeding back the g-binomial coefficient to factorial fraction

k=0

k (¢ @)k 1 (¢ @)k
1-¢"a _ (a3 0)s (~aVa5 )k
l—a  (Vaigk (—Va;q
we reformulate the dual relation in terms of g-series
(ga; On(qa/bc;@)n a,qva,—qgv/a, b, ¢, q" | ¢ a
(qa/b; q)nlqa/ciq)n 6¢5[ Va, —/a, qa/b, qa/c, ¢""a ’ B T}

which is the terminating g-Dixon formula (E5.1). O

m _ @ (—1)kgnk=() (" Ok

E6. The Sears balanced transformations

Replacing the base ¢ with its inverse 1/¢ and then observing that

m = m « q()-()+("2")
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we can restate the Carlitz inversions in an equivalent form

fln) =) (1) m ¢(q~ ;) g(k), n=0,1,2,--- (E6.1a)
k=0
" n| (n-k\ a —k

g(n) => (1" [k]q( 2 )Wm f(k),n=0,1,2,--- (E6.1b)
k=0 ’

which will be used in this section to prove the Sears transformations on
balanced basic hypergeometric series.

E6.1. The Sears balanced transformations.

q ’ a, c, e .
4¢3 I b, d, ql_n@ce/bd ’ q; q_ (E62a)
(™™, a, b/c, b/e | [d/a,bd/ce;q),
= - - -n E6.2
493 I b, bd/ce, ¢-"ajd| T x [d, bd/ace; q),, (E6.2b)
_ [q™™, b/c, dfe, bdjace | | _ le,bd/ac,bd/ce;q],
= a¢s | bd/ac, bd/ce, q¢*~"/c ’ a4~ [b,d, bd/ace; q|, (E6.2)

E6.2. Proof of (E6.2a-E6.2c). The second transformation formula is a
consequence of the first. In fact, applying the symmetric property to (E6.2b)
and then transform it by the first transformation (E6.2a-E6.2b), we have

g " a, ble b/e :

493 I b, bd/ce, ¢ "a/d ’ & q_
'q—n’ b/C, a, b/e . ]

= 4¢3 I bd/C@ b ql_"a/d ’ q; Q_
— 0 [q~™, b/c, bd/ace, djc ’ ol x [c,bd/ac; q],
— 4 I bd/ce, bd/ac, ¢-~"/c | © q_ b,d/a;q,

Substituting this result into (E6.2b), we find the transformation

493 _q ’ Z: 22 gt~ ace/bd ’ ¢ 9
. a, b/e, b/e d/a,bd/ce;q,
= s _q b, bd?ce, ql_/la/d ¢ q_ x [[d/, bd/a/ce; qq]L
(g™, b/c, dJc, bd/ace 1 [d/a,bd/ce;q], [c,bd/ac;q],
= 4 i bd/ac, bd/ce, ¢'~"/c “ q_ % [d,bd/ace;q|, [b,d/a;q],
[q™, b/c, dJc, bd/ace 1 le,bd/ac,bd/ce;q),
= 4% Tbdjac,bdfee, ¢ /e | DY > T d,bajace ],

which is the second formula (E6.2a-E6.2¢).
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E6.3. Proof of (E6.2a-E6.2b). Let the ¢-polynomials be defined by
o(z;n) = (acex/bd;q), = ap=1and by = —¢"ace/bd.

Then the corresponding inversions (E6.1a-E6.1b) become the following:

fn) = Z(—nkm (¢ *ace/bd; q)n (k) (56.3a)
k=0

o = n [ (n;k) 1—ace/bd

g(n) k:o( 1) Mq (race b ) (B63D)

By means of two ¢-shifted factorial relations

(@0 gl (50
(4 O =D Mq
(¢ "ace/bd; @) 11

1-n (Q)k =
(¢ "ace/bd; q)r = 1 — g~"ace/bd

we can rewrite the 4¢s-series displayed in (E6.2a) as a g-binomial sum

—n

", a, c e ) 1 —bd/ace (")
4¢3 |: b, d, ql—nace/bd ’ 4q; q:| 1 — q"bd/aceq

" n—k 1 —ace/bd a, ¢, e
_ 1 k n:| ( 3 ) |: y G :| .
kZ:o( ) [k q (g~"ace/bd; q)r11 | b, d ’q &

Then the first transformation of Sears (E6.2a-E6.2b) can be stated equiva-
lently as

i(—l)k m A7) - 1 —ace/bd [aé)’c,de Mk (F6.4a)

~"ace/bd; q)+1

_ g™, a, b/c, bje ) d/a,bd/ce (1Y)
= 4¢3 |:b, bd/ce’ ql_"a/d a;q d, qbd/ace ’ q nq . (E64b)

This expression matches perfectly with the relation (E6.3b), where two se-
quences have been specified by

=% ] (86.50)

__|d/a,bd/ce q ", a, b/c, b/e ) ("4
9(n) = [d, qbd/ace ’ q}nﬂbg [b, bd/ce, ¢ ""a/d G919 - (E6.5b)

Therefore in order to demonstrate the first transformation (E6.4a-E6.4b) of
Sears, it suffices to prove the following dual relation, which corresponds to
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the relation (E6.3a):
a,c,e _ - VI L ' d/a,bd/ce (551
—k
q y @y b/C, b/€ .
X 4¢3 [ b, bdjce, q'~*a/d ’ q; q| . (E6.6b)

Let = stand for the double sum on the right. We should therefore verify
that = reduces to the factorial fraction on the left.

Recalling the definition of ¢-hypergeometric series
d) q_k7 CL’ b/c7 b/e
473 b, bd/ce, ¢ "a/d » 4
_ i q_ka a, b/C, b/€ T
o —~ | ¢ b, bd/ce, a/d q
and the relation of g-binomial coefficient in terms of factorial fraction
n @Dk k(%)
= —1 LA i q 2
i =

we can rearrange the double sum as follows:

0 3@t /5000 o] o5

—_
— —
—

MM;M:

X q_k7 a’ b/c7 e ’ 1
| ¢ b bd/ce, ¢'Fa/d 91,1
= [a,b/e,b/e in (¢, d/a,bd/ce
o Zo [q,b bd/ce’ ] q ; [ q,d, gbd/ace ’q L

—k (@"9i g
x (¢ "ace/bd;q)pn——r—"——q .
( /bd;9) (¢'~*a/d; q);

For the inner sum, performing the replacement j := k — ¢ on summation
index and then applying relations

@59 (i)i (@9 _ (i)i (¢39)i+; (d/asq);
(¢'~"a/d; q); qa/ (¢/d/a;q); qa/ (d/a;q)i+; (4:9);
(q_i_jace/bd; On = (q_lv_J_CLC(i/bd; Qi+ (ace/bd; q)y,

(q"~"Jace/bd; q)i;
(gbd/ace; q)itj (ace/bd; q)n —n(i+j)
(¢'—"bd]ace; q); (q-"bd/ace; q);
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we can reduce it to the following

E”: ¢, dfa, bdjce ’ (q_kace/bd§Q)n(q_k§Q)iqk(n+1)
¢, d, qbdjace|”]|, (¢'*a/d; q);

q ", dfa, bd/ce ’ (¢ " Face/bd; )n(a" 75 0)i (i) (nt1)
q, d, gqbd/ace N (¢*~*Ja/d;q); 1

_ ) q~", bd/ce ’ (ﬂ)ln_l =", d/a, q'bd/ce ’ j

_(ace/bd, Q)n |:d, ql—nbd/ace q \a ZO q, qid, q1+i—nbd/ace q ; q’.
=

The last sum with respect to j can be evaluated by means of the g-Saalschiitz

formula as follows:

i’ ¢, dfa, q'bd/ce ’ | = q‘a, ce/b
372 q¢id, q¢'*"bd/ace | ¢'d, ace/bd "]

Substituting this result into the double sum expression of = and then ap-
plying transformation

(ce/b; @)n—i (ce/b;q)n (¢~ "bd/ace;q); (a)i

(ace/bd; q)n—i  (ace/bdiq)n (q""b/ce;q); \d

we reduce the double sum to a single g¢po-series:
- i a, b/c, b/e ’ (ﬂ)l q~", bd/ce ’
- —~ |4, b, bd/ce 4 \a d, ¢t ~"bd/ace 4 ;

‘a, ce/b
X (ace/bd; q)r, [gld ace?bd q} ;

= (et LD > d [b/c’ bje. 2"

(di@)n =" a5 b, ¢' "D/ ce

Evaluating the last sum with respect to ¢ through the g-Saalschiitz formula

qg ", blec, be I
3¢2|: b, ql—nb/ce ’qaq - b, C@/b q .

which is equivalent to
= _ |&ce ’
== bd |1
n

This completes the proof of (E6.2a-E6.2b). d

E6.4. The ¢-Kummer-Thomae-Whipple’s formulae. As the limiting
cases n — oo of Sears’ transformations, we have the non-terminating
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g-Kummer-Thomae-Whipple’s formulae:

’ 'ﬁ] iy [a, ble, ble ’ 'g] . 1d/a,bd/ce; gl
Yace| 277 b, bd/ce|™ a [d, bd/ace; q]
b/e, dfc, bd/ace | [c,bd/ac,bd/ce; q],
=302 [ bd/ac, bd/ce ’ ' C] % [b,d,bd/ace; q].,

a, c, e
3¢2|: b. d

3

Other transformations on terminating series derived from Sears’ transfor-
mation may be displayed as follows:

[T ] [ Vbl | ] e sy
302 :q—n, Z:; Q;q: — 32 :q_n’ Z:ql—b’{fb/d E] %a"
362 :q_"’ v q;q: — 6 :q_"él_lz/fjb/;/ac] g] %@
o T e L A P
[ galate] = [ e ] Y
[T o8] e | b,

E7. Watson’s ¢-Whipple transformation

E7.1. The Watson transformation. One of the most important basic
hypergeometric transformations reads as

a, ¢v/a, —=qv/a, b, ¢, d, ¢*tra’
807 [ Va, —a, qa/b, qa/c, qa/d qa/e aq"“ ’q’ bede (ET-1a)

_ | 1a.q0/be ¢ b, ¢ qajde | |
B [qa/b,qa/c’q] 4¢3[ qa/d, qaje, q_"bc/a’q’q . (E7.1b)
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PROOF. In view of the definition of ¢-hypergeometric series, we can write
(E7.1a) explicitly as

n k
a, ¢v/a, —qv/a, b, ¢, g ’ ¢'""a
aETL) = 3, [ f —va, qa/b, qa/c, ag" q} ( be
d, e qa
x [qa/d, qa/e ’ qL (de> '
Recalling the g-Paff-Saalschiitz theorem, we have

k
d, e qa g ", dta, qa/de|
wia, el (&) = o[ i i e

i q_ka qka'a qa’/de ’ 7
¢, qa/d, qaje || T

=0

Therefore substituting this result into Eq(E7.1a) and changing the order of
the double sum, we obtain

o\ qa/de ;

Eq(E7.1a) = 2%[% A qa/e’qu
—~1-¢*a[ b ¢ g™

x ,; l-a [qa/b qa/c, q"“a’qL
a’a q)k+1( 7q) q +na F
» .

(45 q be

.

X

Indicate with €2 the inner sum with respect to k. Putting kK — i = j and
observing that

(¢ iq) _ (=D)ig ()0

(¢ @)itj (4:9);
we have
L i 1 —¢*a b ¢ " ¢t a i
0= (1 () (g L0 [ b e 4
( ) q \ 2 (U:aQ)Q 1—a qa/b, qa/c’ qn+1a q . be

y Z 1 — q21+2ja q2ia’ qib, qu, q—n+z’ ’ q1+n—1a J
= 1-¢%a g, ¢"*a/b, ¢ Faje, ¢Hrtia | S\ be

. — 1+n i
i (Y b, c, q " ’ q a
_( 1) q 2 (qa'aq)Q’L [qa/b, qa/c, qn+1a ql be
¢*la, ¢"V'a, —¢"'a,  q'b,  gle, g ’q ¢"*t"a
Q\/_, _Q\/_ q1+1a/b ql'“a/c q1+n+z ) C

X 605
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Evaluating the last series by the terminating ¢g-Dougall-Dixon formula (E5.1),
we obtain

s ¢*'a, ¢''a, —¢''a, q'b,  g'c, ¢ ’ ¢t
6%¥5 qz\/a’ _ql\/a’ q”‘la/b, q”‘la/c, q1+n+1a q; be
[ ¢"™a, qa/be ’
~ lda/b, ¢'traje ;
which implies the following:
- qa/de ’ ] ; [q“%, qa/be ’ ]
Eq(E7.1a) = X i i
al ) ; [q, qa/d, qafe | 1|1 ¢ *ia/b, ¢ Fafell]
. —-n 14+n %
—1)¢ _(H—l) . ) b, G, q ’ q a
X ( 1) q 2 (qa’aq)Q’L q@/b, qU;/C, qn+1a q ; be .
Noting that for the shifted factorials, there hold relations:
()i (b (ga/be;q)n
ga/bc; @n—i = (—1)'q) ’“(—) P —
(a0/be;0) =) a) (g~"bc/a;q);
(¢""a; @)n—
q9a; @)2i g = (qa; q)n.
(40:9) (¢**"a; q); (
Consequently, we have the following expression
_ qa, qa/bc ’ . q—n’ ba ¢, qa’/de ’ 7
Eq(E7.1a) - = [q&/b,q&/c q]n,zo [ ¢, qa/d, qafe, ¢ "bcfa |9] 1

. qa, qa/bc ’ ¢ q—n’ ba (e qa’/de ’ .
= laasbigase 1) 4% qafd.qaje, g mbefal B
which is exactly (E7.1Db). O

E7.2. Rogers-Ramanujan identities. In view of |¢| < 1 and
oo o= (@)~ (~1)fql)ak

the limiting case b, ¢, d, e, n — oo of the Watson transformation reads as:

e m2 _m e 2k .
q a _ 1 (_1)k 1-— qg-a (aa Q)k 5(§)+2k0,2k. (E?Z)

G Om (905 Qoo (= l—a (g 9k

(=)

m=0

This transformation can provide us an alternative demonstration of the
well-known Rogers-Ramanujan identities (D3.2a) and (D3.2b):

2 (@& Om (@ ) (0% )0

rrL2 +m 1

o q B
2 (& Om (0% oo (65 @)oo
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In fact, observe first that

1-¢*a(a; @r  1—q*a(qa; Qr a1 |1, k=0
l—a (¢ ar  1-d¢"a (¢ 1+4% k>o0.
Then letting a — 1, we can restate the transformation (E7.2) as
o0 m2
- _ <k>+zk}
= 14 1+ ¢
g::o (@ Dm (q, { Z
_ 1 {1+Z( L 7 +2k+z +3k}
(4 @)oo P

TS GOYEIS YR

Applying the Jacobi-triple product identity, we therefore establish the first
Rogers-Ramanujan identity:
o) 2 o) 5 .
A T g Ciet il el
=@ Dm (@ Do I (¢ @)oo

Letting a — ¢ instead, we can write the transformation (E7.2) as

o] qm2+m 1 o] N
—_ (—l)k(l _ q1+2k)q5(2)+4k
=@ D (6 Do 1
_ 1 {f:( kg ( +4k+z 1R g5 ( +6k+1}
(@ ) | =
1 {i k 5 +4k —4k
= = (-1 + Z
(@ 0 | &=

where the last line is justified by k¥ — k& — 1 in the second sum. It leads us
to the second Rogers-Ramanujan identity

o0

2 oo
] e _ [00had’]
) Dl LA
=G Dm (@ Do (¢ @)oo
thanks again to the Jacobi-triple product identity. ([l

E7.3. Jackson’s g-Dougall-Dixon formula.
a, Q\/E —Q\/_ b, c, d, e, ’
8¢7[ Va, —+/a, qa/b, qa/c, qa,/d qa/e Can+1 q;q (E7.3a)

b bd, d "
[qqc?/bq A }  where g"la® = bede. (E7.3b)



Classical Partition Identities and Basic Hypergeometric Series 83

PRrROOF. When ¢'™"a? = bede or equivalently qa/de = ¢~ "bc/a, the 4¢3-
series in the Watson transformation reduces to a balanced 3¢o-series. There-
fore, we have in this case the simplified form:

¢ CL Q\/E _q\/_ ba ¢, d ’

| Va, —va. qa/b, qafe. qa/d, qa/e aq"“ 4

_ [ g, q&ﬂw’ ", b ’
= laa/b, qofe qL | e aage |05
Evaluating the balanced series by the q—Pfaff—Saalschutz theorem, we have

¢ CL Q\/E _q\/_ ba C, da ’

T Va, —Va,qa/b, qa/c, qa/d, qa/e aq"“ ¢

[ qa, qa/bc’ y qa/bd, qa/cd

= laa/b, qa/c aa/d. qa/bed |

which is essentially the same as Jackson’s q—DougaH—Dlxon formula. O

E7.4. The non-terminating s¢s-summation formula.
a, qa, —q/a, b, c, d ’ qa
; — E7.4
6¢5 |: \/— _\/— q&/b qa/c, q&/d q; bed ( a)

_ | qa, qa/be, qa/bd, qa/cd qa
B [qa/b qa/c, qa/d, qa/bed | 1| ’<1- (E7.4b)

PROOF. Substituting e = ¢**"a?/bed in the Jackson’s g-Dougall-Dixon for-
mula explicitly, we have

¢ a, Q\/Ea —Q\/E, ba C, da q1+na’2/b0da q—n ’ q; q
T Va, —va,qa/b, qafe, qa/d, g "bed/a, ¢*a |7

qa, qa/be, qa/bd, qa/cd
qa/b,qa/c, qa/d, qa/bcd

For n — oo, recalling the limit relatlonb

(@ *a?fbeds @ g (@ (i)k

(¢"t"a; q)x (g~"bed/a; gk \bed
and then applying the Tannery limiting theorem, we get the non-terminating
g-Dougall-Dixon formula (E7.4a-E7.4b). O

We remark that when d = ¢7", the formula (E7.4a-E7.4b) reduces to the
terminating ¢-Dougall-Dixon summation identity (E5.1).





