Chapter 5

Quantitative approximation
of cosine functions

In the preceding chapters we have studied the possibility of approximating
the solutions of a suitable parabolic problems using semigroup’s theory. A
similar approach can be used for the representation of the solutions of suit-
able hyperbolic problems using the generation of a cosine function (see [50]
and [68] for more details on this approach).

Here we are interested to a cosine version of Trotter’s theorem on the ap-
proximation of Cy-semigroups and we give a general quantitative estimate of
the convergence of the iterates of a sequence of trigonometric polynomials.
Moreover we introduce some suitable sequences of linear operators approx-
imating the resolvent operators associated with the generator of the cosine
functions. Some applications to particular sequences of classical trigonomet-
ric polynomials are also furnished.

The results in this chapter are collected in [43].

5.1 Approximation processes for cosine functions

First, we establish a cosine version of Trotter’s approximation theorem [70,
Theorem 5.3] and provide a quantitative estimate of the convergence. A
partial result on the generation of cosine functions is also stated in [35,
Theorem 1.2] without quantitative estimates.

Theorem 5.1.1 Let E be a Banach space, let (Ly)nen and (My)nen be two
sequences of linear operators from E in itself and assume that there exists
M >1 and w > 0 such that

|LE| < Mekm | MF|| < MR nk>1. (5.1.1)

Moreover, assume that D is a dense subspace of E such that, for every
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u €D andn > 1, we have
[n(Lnu —u)l| < en(u),  In(Mpu —u)|| < @n(u), (5.1.2)
and the following estimates of the Voronovskaja-type formula hold
[n(Lnu —u) = Aul| < Yp(u),  [[n(Myu —u) + Aul| < ¢p(u), (5.1.3)

where A : D — E is a linear operator on E and @y, ¥, : D — [0,400[ are
seminorms on the subspace D such that limy, o 1, (u) = 0 for every u € D.

If (\ — A)(D) is dense in E for some \ > w, then the square A% of the
closure of (A, D) generates a cosine function (C(t))icr in E and, for every

t>0,
Clt) = % tim (L§<”>+Mj§<”>) , (5.1.4)

n—odo
where (k(n)p)nen is a sequence of positive integers such that lim, ., k(n)/n =
t (in particular, we can take k(n) = [nt]). Consequently, for everyt € R,
we have ||C(t)]| < M e,
Moreover, for everyt > 0 and for every increasing sequence (k(n))n>1 of
positive integers and u € D, we have

_ L km k(n)
HC(t)u Q(Ln u+ M u)

‘ < M?t exp(we®/™ t) by (u) (5.1.5)

+M (exp(u} /" t,) ‘@ _t‘ n %ewk(n)/n /:l(n)
- k(:> exp <°" s @)) on (1)

where t,, := sup{t, k(n)/n}.

PrOOF. From the classical Trotter’s Theorem II.1.1 it follows that the clo-
sure of the operators A and —A generate a Cp-semigroup (T4 (t))s>0 and
respectively (T_(t)):>0 in E. Consequently, the closure of A generates a
Co-group (G(t))er in E and, for every t > 0,

Gt =To(t), G(—t)=T_(t).

Moreover, again from Trotter’s Theorem, we obtain the representation of the
group (G(t))ter in terms of iterates of the operators L,, and M,; indeed, for
every t > 0 and for every sequence (k(n),)nen of positive integers such that
lim,,, 1 k(n)/n = t, we have
G(t)= lim LF™W — @(—t)= lim M} .
n—-—+0o n—-+00

Consequently, it follows that the square of the closure of (A, D) generates
a cosine function (C(t))ier in E (see [17, Example 3.14.15, p. 217]) and,
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for every t € R, C(t) = (G(t) + G(—t))/2. Hence the representation of the
cosine function is a consequence of the representation of (G(t))icr and the
estimate ||C(|t|)||] < M e“? follows from (5.1.1) and (5.1.4).

Finally, we show the validity of (5.1.5).

Let t > 0, (k(n)),>1 an increasing sequence of positive integers and
u € D. From Theorem 1.1.2 we get

HTJr(t)u - Lﬁ(”)uH < M2t exp(w /™ t) by (u)

k
+M <exp(w ™ 1) ‘M — t‘ + \/gew wny/m VK1)
7r

™) oxp (w e/n @)) on(u)

n

_l’_

31&
>

and

HT—(t)U - MS(H)UH < M?*t exp(w ew/n ) (u)
o (exp<w et [H) o] ¢ Z st VED
n s

+%km)%prWn%?>>¢dw.

n

Taking into account that

Lk k(n)
HC(t)u 2<Ln u+ M, u)

- om0 9wz
< (frtou- s -z

from the preceding inequalities the proof is completed. ]

Remark 5.1.2 In many applications it is natural to consider the sequence
k(n) = [nt] for which ¢, =t and |[nt]/n — t| = nt/n — [nt]/n < 1/n. Hence
estimate (5.1.5) yields

1
——(r [nt]
HC(t)u 5 (Ln u+ My u)

M [ exp(we/™t) 2t ,, wt w/n

0

‘ < M?t exp(we/™ t) P (u) (5.1.6)
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From the classical theory of the cosine functions (see [68] and [50, Chapter
I1] for more details) we have that the unique solution of the following second-
order Cauchy problem

2
%U(t,w) = A’u(t,z), teR;
u(0,z) = ug(z) , rER; (5.1.7)
57Ut @)li=0 = wi(@) zeR,

with ug, w1 € D, is given by
t

u(t,z) = C(tu(z)+ / C(0)ur (x) dv (5.1.8)
0

t
= ! lim (L,[f‘t]uo—l-Mr[L"t]uo—l—/ (L,[fbw]ul—i-M?[l”v]ul) dv> ,
0

for every t € R and x € R (observe that the sequences (LgZ U}ul)nzl and

(MT[LH U}ul)nzl are equibounded for v € [0, t] and this makes possible to apply
the Lebesgue dominated convergence theorem).

Remark 5.1.3 Observe that if (5.1.2) and (5.1.3) hold in a dense subspaces
of D, we obtain the validity of (5.1.5) in the same subspace, provided that

a quantitative Voronovskaja’s formula is satisfied on the larger subspace D.
O
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5.2 Quantitative estimate of the resolvent

The next result is concerned with the approximation of the resolvent opera-
tor of the generator A%, which will be denoted by R()\2?, A?) for every A € C
such that Re A > w.

For the sake of simplicity we shall assume that E is a complex Banach
space, otherwise we can replace it with its complexification.

We recall that (see [50, p. 30])

1 [ree
R\, A%)u := X/ e MC(tudt ue k. (5.2.1)
0

Hence, for every n > 1 we can define the linear operator Ry,, : £ — E
as follows
1
22 Jo

We have the following quantitative estimate on the approximation of the

o
Ry qu = e M (LZ”’]U + Mé”ﬂu) dt , u€e k.

resolvent operator.

Theorem 5.2.1 Consider the same assumptions of Theorem 5.1.1. Then
for everyn > 1, A € C such that ReA > we*/™ and u € D, we have
M2
] < Re A(Re X — wew/™)
M 1
+ Re\y/n (ﬁ(Re)\ — wew/n)
1 w

VAReA - W \/ﬁ(ReA—wew/n)2> (1)

In particular, the sequence (R n)n>1 strongly converges to R(A\?, A?).

IR(N?, A%)u — Ry, > Un(u) (5.2.2)

PRrROOF. As in the proof of Theorem 5.1.1, consider the Cy-semigroup

(T (t))e>0 generated by the closure of A and the Cyp-semigroup (T-(t)):>0
generated by he closure of —A and denote by R(X\, A) and R(\, —A) their
resolvent operators which satisfy, for every w € E and A € C such that
Re )\ > w,

400 400
R\, A)u = / e MT (tudt R\, —A)u = / e MT_(t)udt
0 0

moreover
1 [ 1 1
RO A%) = £ [ (L) 4 T-(0) = 5 (ROVA) + RO -4)
0

(5.2.3)
Then, we can apply Theorem 1.2.1 to the resolvent operators R(\, A)
and R(A,—A) and taking into account the definition of the operators R) ,
we obtain completely the proof. O
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5.3 Approximation processes for resolvent opera-
tors

In this section we introduce some sequences of linear operators which ap-
proximate the resolvent operators associated with the generator of a cosine
function. The main aim is the possibility of describing the resolvent opera-
tors in terms of classical convolution approximation processes.

Let (an)n>1 be a sequence of positive integers tending to +oo and for
every n > 1 consider the linear operator Py ,, n : &/ — E defined by

1

P U= —
Asan,n 2\n

Qan
Z e MM (LR + MFu) ue E. (5.3.1)
k=0

Theorem 5.3.1 If the sequence (a,)n>1 satisfies

lim 2 = foo, (5.3.2)
then limy,— oo Px g, ntt = R(A\%, A?)u for every u € E.

PROOF. First, we observe that the closure of (A, D) generates a Cy-semigroup
(T (£))i=0 in E satisfying T4 (8)] < M et and limy_ 4o LI = T (t)
strongly on E for every ¢ > 0; analogously the closure of (—A, D) gen-
erates a Cp-semigroup (T-(t));>0 in E satisfying | T_(t)]] < Me** and
limy, 400 M =T (t) strongly on E (see Theorem II.1.1).

Since Re A > w we have He_’\/”LnH < Me~ReA-w)/n 4nq He_’\/”MnH <
Me~BeA=)/m and consequently || Py 4, »|| < M/ (ReA(1 — e~ (Re )‘*“’))).
This shows that (P g, n)n>1 is equibounded and we can establish the con-
vergence property on the dense subspace D. Let u € D; we have

1Py s = ROZ, A% < [Py gt = Ry gul] + || Ry — RO, A%)ul|

(5.3.3)

The second term converges to zero from Theorem 5.2.1. As regards to the
first term we preliminary observe that

o0

Reow— 1 3 kL= (Lk + Mk)
At = 2\n € A/n " n)
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since LF and MP are constant on each interval [k/n, (k + 1)/n[. Hence

HP)\,an,nu - R)\,nuH (5.3.4)
1
“l2an
an oo 1 B 67)‘/”
X Z e_)‘k/”(Lf’lu + M,]fu) — Z e Ak/n 7)\/n (Lf"zu + Mffu)
k=0 k=0
M NS (ReA-w)k/
—(ReA—w)k/n
Roan Ul 2 e
k=an+1
M 1—e M|
1— —(Re A—w)k/n
Rean An D¢
k=0
< A Jul
= ReAn (1 — e (Rer—w)/n)

1— efA/n

1
A/n

~ (e—(Re A—w)(an+1)/n +

)

since limy—4oon (1 — e~ (Re )‘_“’)/”) = Re A — w, the assumption (5.3.2) en-
sures that the first term in (5.3.3) tends to 0. O

Our next aim is to provide a quantitative estimate of the convergence in
Theorem 5.3.1.

Theorem 5.3.2 Assume that (5.1.2) and (5.1.3) hold.
Then, for every n > w/log(ReA\/w) (taken > 1 ifw =0) andu € D, we
have
M2
ul <
ReA(Re X — wew/n)
n M 1
ReAvn \/n (Re X — we/™)
1 w
+ +
V2 (ReA—w)3/2  /n(ReX —wew/n)?

—(ReA—w)an/n IAI3/2 )
M (6 t RV

ReA(Re A —w) (1 — W)

PROOF. We estimate the two terms at the righthand side of (5.3.3). The
estimate of the second term is provided by Theorem 5.2.1 and we have only

to estimate the first term.
To this end, we use (1.2.11) and (1.2.12)

| Px.a, ntt — R(N2, A?)

2'¢n(u)

) ali)

]| - (5.3.5)

1—e M
A/n

|)\|3/2

1—- < ;
n ‘Re\/X‘
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1 1
n (1= e R w/m) = [Reh—w) (1— (ReA—w)/n) |

and from (5.3.4) we get the following estimate of the first term in (5.3.3)

—(Re A—w)an /n [A13/2 )
M (6 o + n|Re V|

P, an,nY R n S 5 5.3.6
1Pranntt = Bt < @R = T = men — )y 10> (5:3:6)
which completes the proof of (5.3.5). O
Taking a,, > [nlogn/Re A], estimate (5.3.5) becomes
Ca (A Cs(A
[Pyt = ROV AYull < O ) + 2 ) + S, 537

for every w > 0, w € D and n > w/log(Re A/w), where C;(\), i = 1,2,3, are
suitable constants depending only on A.
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5.4 Applications to Rogosinski operators

Denote by Cor the space of all 2m-periodic continuous real functions on R
and put I := {7 + 2k7 | k € Z}. Moreover, let a € Cor N CY(R \ ) be
such that a # 0 in | — 7, 7[ and consider the first-order differential operator
(A, D(A)) defined by

Au = au/, u€ D(A) := {uECgﬁﬂCl(R\H) | Au € Cor} .

In order to consider the generation of cosine functions, we also consider
the operator A? on the following domain

D(A?%) = {ue oy C*(| —m, 7)) | alan') € Car} .

It is well-known (see e.g. [35, Theorem 1.1]) that (A%, D(A?)) generates
a cosine functions (C(t))¢>0 in Oy, if and only if

1 1
- € LY(—m,0), — e LY 0,n) (5.4.1)
a a

or alternatively
1 1
5¢ﬂ@wﬁ% E¢L%Qﬂ. (5.4.2)

Now, we consider the Rogosinski kernel defined by setting, for every n € N
and = € R,

- k
ra(x) =1+ 2ZCOS <2n _7; 1) cos(kzx) ,
k=1

and the corresponding n-th Rogosinski operator R, : Cor — Con given by

1 ™
Rof@)= o [ fle=ora)ds,  feCu, zeR.
The n-th generalized Rogosinski operator R, , : Cor — Coar introduced
in [35] is defined by putting

2
m+1

Ra,nf(a:):Rnf<:1:+ (:1:)) , fely, zeR.

From [35, Theorem 2.1] the sequence (||Rqn||)nen is equibounded and

moreover ||R];n\| < 27 for every n,k > 1. Further, there exists a positive
constant C' > 0 such that

Ranf - Sl <Cw(Fi2) . FeCar. (5.43)

Our next aim is to establish a quantitative estimate in order to apply
Theorems 5.1.1 and 5.3.2.
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Lemma 5.4.1 Let 0 < a < 1. Then, for every f € 0217,:1,

2 @
<24 (|||l + 1) <2n n 1) .

2n+1
2

(Ra,nf - f) - Af

PRrROOF. For every f € 0217}0‘ we have

‘ 2n2+ ! (Ra,nf - f) - Af = 2n2+ ! (Ra,nf - Rnf) - AfH +
T T
2n+1
# P s - 1) (5.4.4

As regards to the first term at the righthand side of (5.4.4), from Lagrange’s
theorem we can write

fly+t) = fly)=FWt+ (- fy)t, yteR
where € €]y, y + t[. For every x € R and n € N we have

%QI (Rago () = R (@) = o(a)]'(0)
— 2n27—|r- 1 % _7; (f (:L‘ —v+ 2731 - a(m)) — f(z— ’U)) (V) dv
—a(x)f'(z)
2n+1 1 (7 , 27 /
= o on / e vz g a@) ra@)dy — a(@)f ()
2n+1 1 T / 2
2 ) (O = F@-v) gga@ra)dv

= @) (o f ()~ @) + (o) [ (F1€) = 1'a =) ralo)do

where § €]z —v,x — v+ 2ma(x)/(2n + 1)].
We recall that (see e.g. [21, Theorem 2.4.8, pag 106 ])

1
[Rng — gl < (27 +1)Ey(9) +4w (g; 5) , g€ Cor ,

where FE,(g) is the best approximation of the function g by trigonometric
polynomials of degree n and hence, from the classical Jackson Theorem,

1 1 1
g = gl < 62+ 1) (5 1)+ (957 ) < (1274 100 (g2 )
Applying the above inequality to f’ and f we get

2L R () ~ Baf () — alo) )

<ol (02m 21000 (1) w0 (11 52))

sua||<12w+11>w<fe 2 )

<

2n+1
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and consequently

2 1 2
2 s = )= 1] < Hal2m + 1000 (15522
2L or 100w <f; l) .
s n

Since f € Cy;* we have w(f,d) < 607 and w(f’,d) < §*/2 so we conclude

P (Rund = )= A1
T

27 @ 2n+1 1
<al| <(67T+5) <2n+1> >+ o (67T+5)n—a

< (67 +5) (||a]l + 1) (231 1> '

O

In [35, Theorem 2.7] we have established that besides the generation of

the cosine function (C(t))¢>0, condition (5.4.1) or (5.4.2) also ensures that
C3 N D(A?) is a core for (A%, D(A?)) and further, for every t > 0,

n—~o0

) :% tim (REGu+ R | (5.4.5)

2mk(n
where (k(n)),>1 is a sequence of positive integers such that lim mh( )
; n—too 2n4+1

From Lemma 5.4.1, we can take M = 27, w = 0, ¢¥,(u) = 24 (|ja]| +
(63
1) (23L> and ¢, (u) = Y, (u) + ||Au|| in Theorem 5.1.1 and we directly

obtain the following quantitative version of (5.4.5).

Theorem 5.4.2 Let a € Co, NCY(R\II). If (5.4.1) or alternatively (5.4.2)
holds, then for everyt >0 and u € C1* N Do, (A?)

<(27r)2t(||a\|+1)< - )a

HC(t)u— - (Rk< ) )

—an® 2+ 1
m( |20 )
(24(Ha||+1) <2n11> +||Au\|) (5.4.6)

21k
where (k(n))n,>1 is a sequence of positive integers such that lim mh(n )
; n—too 2n4+1
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Now, let (an)n>1 be a sequence of positive integers tending to +oco. For
every n > 1, we consider the linear operator Py ,, » : Cor — Con defined by

an

_ L1 “Xk/ny pk(n) k(n)
Py ap 't = o z_: e (REWu+ R ) uweE, (5.4.7)

If the sequence (ap)n>1 satisfies 1/a, = o(1/n) as n — oo then from
Theorem 5.3.1 we obtain limy,— 40 Py 4, ntt = R(A?, A?)u for every u € Coy
and we have the following estimate of the convergence.

Theorem 5.4.3 Let a € Co, NCHR\II). If (5.4.1) or alternatively (5.4.2)
holds, then for everyt > 0 and u € CH* N Doy (A2) and for everyn > 1 and
u € D, we have

(2m)* e (|lall + 1)
(2n + 1) (Re \)3
N 2 < 1
ReAy/n \ v/n (Re )
1

| Pyt — R(A2, A?)ul| < 24

1
bR TR (el + ul)

—(ReX)an/n [3/2 )
2m (6 T n|Re V|

(ReX)? (1 — Bed)

+ | (5.4.8)

Exactly the same procedure can be also applied to other sequences of
trigonometric polynomials such as Fejér operators and more general aver-
ages of trigonometric interpolating operator considered in [35, 28]. Since in
these cases the cosine function is the same, we limit ourselves to observe
that (5.4.6) remains still valid when considering these other sequences of
trigonometric interpolating operators too.



