Chapter 2

Applications to classical
sequences of operators

2.1 Infinite-dimensional setting

2.1.1 Application to Schnabl-type operators

In the preceding chapter we have stated a general result concerning with the
approximation of a Cp-semigroup in an abstract setting (Theorem 1.1.2).
The general setting is motivated by some recent applications in population
genetics involving Bernstein-Schnabl operators in an infinite-dimensional
setting (see, e.g., [2]). Moreover starting with this sequence of operators,
other sequences such as Stancu and Lototsky operators were considered in
the same setting.

In this section, we consider all these operators and in each case we study
the consequences of the quantitative estimates in the preceding chapter.

We start with the Bernstein-Schnabl operators and we state the quanti-
tative estimates of the convergence of their iterates to the associated semi-
group. These operators have been introduced and studied in [2, 24] and a
unified treatment of these operators can be found in [9, Chapter 6] together
with supplementary references.

The result in this section are collected in [37].

Consider a metrizable convex compact subset K of some locally convex
space and let T': C(K) — C(K) be a positive projection on C(K) such that
its range H := T(C(K)) contains the subspace A(K) of C(K) consisting
of all affine continuous real functions on K and is invariant under convex
translation, in the sense that the function z — h(tx + (1 — t)z) belongs to
H whenever h € H,t € [0,1] and z € K.

Now, for every # € K consider the probability Radon measure ul €
M (K) defined by ul(f) = Tf(z) for every f € C(K).

For every n > 1, the n-th Bernstein-Schnabl operator B,, : C(K) —
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C(K) associated with the projection T' is defined by setting, for every f €
C(K)and z € K,

/ / <x1+ ) dpg (1) ... dp () . (2.1.1)

Lototsky-Schnabl operators are defined by considering a strictly positive
function v € C(K) with values in the interval ]0,1] and by substituting the
measures u.. with the probability Radon measures vl := ~(z)ul + (1 —
v(z)) e, € MT(K), where ¢, denotes the Dirac measure at z € K. Hence,
for every n > 1, the n-th Lototsky-Schnabl operator L, , : C(K) — C(K)
is defined by

Lo f(z / / <$1+ )du( D d (@) (2.1.2)

for every f € C(K) and z € K.
Finally, in order to introduce the Stancu-Schnabl operators, we first de-
fine the polynomial

n—1
pa(@):=[[(1+ja), aeR;
j=0
moreover, we use the convention to write |v|; = n for v = (v1,...,v;) € NF
satisfying v1,...,vp > 1 and Ele v; = n.

Now, we fix a sequence (a,)n>1 of positive functions in C'(K') such that
(nay)n>1 uniformly converges to b € C(K); as observed in [24] the result
concerning a sequence (a,)nen of real numbers in [22] and [9] remain un-
changed in the case where (a,,)nen is a sequence of real continuous functions.

The n-th Stancu-Schnabl operator S, 4, : C(K) — C(K) is defined by
setting, for every f € C(K) and z € K,

n

Spanf(z) = ¥ZZ—:aZ*k(x) PP (2.1.3)

pn(an($)) olp=n U1 Vg

/ / <v1 T+ - +’Uk1'k> dul(zy) ... dul(zy) .

Observe that the Bernstein-Schnabl operators can be obtained as a par-
ticular case of both Lototsky-Schnabl operators taking v = 1 and of Stancu-
Schnabl operators taking a, = 0 for every n > 1.

Now, denote by A (K) the subalgebra of C'(K) consisting of all func-
tions in C'(K') which are finite products of elements of A(K') and define the
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operator Ly : As(K) — C(K) by setting, for every f = hy - hy, € Aso(K),

0, m=1,
T(hy hg) — h1 hy, m=2,
Lo(hy - hy) = m
o ) > (T(hihj) = hihj) ] ber m=3.
1§i<j§m 7;1_
r#1,j
(2.1.4)

Observe that Ay (K) is dense in C(K) by the Stone-Weierstrass theorem.
Moreover, if K is a compact convex subset of R? then A, (K) C C%(K)
and for every f € Ay (K) we have (see [9, Theorem 6.2.5, p. 433])

d

1 o0 f
L — )
T(f) 2 Z a” 63:Z 63:j ’
1,7=1
where a;;(z) := T((pr; — x;)(pr; — 2;))(z) = T(pr; pr;)(z) — x; x; and pr;
denotes the canonical i-th projection.
In order to apply the results in Chapter 1, we recall that

[Lnyll <15 [Snall <1, n>1;

moreover, for every f € Ax(K), from [9, Section 6.2, pp. 427-429] we easily
obtain

In(Ensd = 1) =720 < 3 S 1L (2.15)
In(Enf = OIS I (Dl + - SN (2.1.6)
and further .
(S = 1) = W40 Lr(0)] < |52 Lo (Hl + ;uL Nl
(2.1.7)
In(Snand = DI < | T2 NErhl+ 5 Sl @219

el

where [ is a set of indices and, for every ¢ € I, L; : Axx(K) — C(K) is
a linear map such that, for every f = hy---hy, € Axo(K), Lij(hi--hpy)
belongs to the linear subspace generated by

{h1 -+ b, T(hiha)hs - b, ., T(hihohs)ha -+ By .., T(hy -+ h) }

and is different from 0 only for a finite set of indices.
We have the following result.

Theorem 2.1.1 Assume that T'(h1he) € A(K) for every hi,hy € A(K).
Then
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1) Lototsky operators
The closure of the operator (7 L1, Ao (K)) generates a Cy-semigroup
(Ty(t))e>0 of positive contractions on C(K) and, for every t > 0,
(k(n))n>1 sequence of positive integers and f € Ax(K), we have

1Ty () f = LY fIl < = Z I1Li(f (2.1.9)
1€l
V )( )
+ v Le(Hl + = D IL(H
(52 3452) (e 5
and in particular, taking k(n) = [nt]
ITy0)f — 2B < = STIE) (21.10)
iel
1 1 2t
T <ﬁ+\/;> (H’YLT )+~ ;HL ) :

Moreover, for every A € C such that Re A > 0 and n > 1, consider the
operator Ly, : C(K) — C(K) defined by

+oo
Lyn~f = /O eMLrar,  feC(K)

and let R(\,~v L) be the resolvent operator of the closure of (v L1, Ao (K)).
Then, for everyn > 1 and f € AOO(K) we have

IROALn)f = Lo fl < S ZHL (2.1.11)

1 1
+TRGA(E+—TRM) <||~y DI+ - S I )

el

2) Stancu operators
The closure of the operator ((14b) L1, Ax (K)) generates a Cy-semigroup
(Th44(t))e>0 of positive contractions on C(K) and, for every t > 0,
(k(n))n>1 sequence of positive integers and f € Ax(K), we have

L (NI +— ZIIL >

el

na, —b
1+ay,

(g

1+ na,
x(“ 11% ILr(f)| + = ZHL ) (2.1.12)

el

1T146(t) f — Sfiéi?f\l_ (
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and in particular, taking k(n) = [nt],

na, —b
1+ap,

1Lz (Il + ~ ZHL >

el

| Tyo(t)f — SE fl <t (
(0, [E
v \vn ™
1+ nay
X(Hl—I—an (Il + ZHL > (2.1.13)

i€l
Moreover, for every A € C such that Re A > 0 and n > 1, consider the
operator Sy n.q4, : C(K) — C(K) defined by

“+o0
Sxmanf = / e St fat feC(K).
0

If we denote by R(X, (1 + b) L) the resolvent operator of the closure
of (L+b) Ly, Ax(K)), for everyn > 1 and f € Ax(K) we have

1RO ) L)~ Sy 2114
1 na, — b
< (Re \)2 < 1+a, Lo ()l +— ;HL )
T <L ! > (2.1.15)
varex v * VImes &
1+ nay,
(HH IO+ ks )

3) Bernstein operators
In the particular case of Bernstein-Schnabl operators the preceding es-
timates become

|T(t)f — BE™ f| < = ZHL (2.1.16)
el
+ ILo () + = > ILa(f)]
(FRRES DIk
and, taking k(n) = [nt],
IT@)f = Bl < = 3L (2.1.17)
el

%(%ﬂ/f) <|LT M+ L S )

el
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and further

1
IR\, L7)f — Banf| < SISVE ; I|Z:(f)] (2.1.18)

1 1 1
T /iRex <ﬁ+\/2ReA> (” ol ZHL )

el

where (T'(t))e>0 is the Co-semigroup generated by the closure of
(L1, Ax(K)), By : C(K) — C(K) is defined by

+00
Banf = / eMBPUfdt,  feC(K),
0
and R(\, Lt) is the resolvent operator of the closure of (Lp, Aso(K)).

PRrROOF. The existence of the Cy-semigroups generated by the closures of
the operators (v L7, Ax(K)) and ((1 4 b) L7, Ax(K)) is a consequence of
[9, Theorem 6.2.6, p. 436]. Moreover, from (2.1.6)—(2.1.5) we can apply
Theorem 1.1.2 and Theorem 1.2.1 considering the seminorms ¢, : Ax(K) —
R and ¢, : Ao (K) — R defined by

enld) = I Lr(Dl+ SSILI, en7) o=~ SILDI . f € As(E)

el i€l

and we get (2.1.9) and (2.1.11). The particular case k(n) = [nt] follows from
(1.1.11).

Analogously, if we define

1 n
onlf) = H 0 () + 2 ST s
el
na, —
Un(f) = 1+an Lz (Ol + ;HL

from (2.1.8)-(2.1.7), Theorem 1.1.2, Theorem 1.2.1 and (1.1.11) we get
(2.1.12), (2.1.13) and (2.1.14).

Finally, the case of Bernstein-Schnabl operators is obtained taking v =1
n (2.1.9)—(2.1.11) (or a,, = 0 in (2.1.12)—(2.1.14)). O
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2.2 Finite dimensional setting

2.2.1 Best order of convergence in C%%(K)

In this section we consider a domain K of R? and apply Theorem 1.1.2
and 1.2.1 to some classical sequences of linear operators connected with
some second-order differential operators. In order to describe the rate of
convergence in the Voronovskaja-type formula we restrict our attention to
the class C**(K) of twice differentiable functions with a-Holder continuous
second-order derivative, and give a general quantitative estimate in terms
of the a-Holder constant defined by

Lyn:= sup (@) = 1) - (2.2.1)

syek |T — y|a
z#y
This result can be easily applied to a wide range of linear operators, by
simply evaluating them at the functions (pr; — z;), (pr; — z;)(pr; — ;), this
will determinate the coefficient of the differential operator associated with
the Voronovskaja formula, and at the function (pr; — 2;)?(pr; — x;)? which
affects the rate of convergence.
In the next theorem we consider a linear operator L on C(K), and its
associated differential operator

2
O axj L ((pr; — i) (pr; — ;) (@) (2.2.2)

1
ALf = 5

d
d
Z L(pr; — ;) (x)
defined for every f € C?(K) and x € K. This operator is strictly related

to the differential operator associated with the Voronovskaja-type formula
when we shall consider a sequence of linear operators.

Theorem 2.2.1 Let K C R, and L : C(K) — C(K) a linear positive
operator. For every x € K denote by v,: K — R the real function defined
by . (y) == |y — x| for every y € K. Then for every f € C*>*(K) we have

IL(f)(x) = f(x) = AL(z)] < [f(@)[|L1(z) — 1] (2.2.3)

L 2 1/2

+ 2 (LD @)™ (LW @) L)) + L) .
PRrROOF. Let f € C**K) and = = (z1,...,24) € K. For every y =
(y1,-..,9y4) € K, there exists £(y) in the segment joining x and y such
that
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£) - 1@
d 8f 1 d 82f
= ; al‘z (1') (yz xz) + 5 = 8%1 81‘] ( )) (yz xz)(yj — gjj)
d 8f 1 d an
— Z} D, (=) (yi — xi) + 2 By, () (yi — 24) (y; — ;)
1 d an an
+ 9 ”Z <8xi oz (€()) Dx; 0x; )) (yi — i) (yj — ;)
Hence
f=f)-1
d 8f 1 d 82]('
= ; o (.’E) (pl"i - l‘z) + 5 ”Z oz, Eh:j (l‘) (pri — in)(prj — «Tj)
1 d 82f an
" 2 i <8ZC2 I T Ox; Ox; (m)) (pr; — @) (pr; — ;) ,

and evaluating L of both sides at the point x we get

d
L)) = 1)+ 5) = F@) - L)) = Y 5L () Lpr, — )
1 . i=1
D @)L (G~ 2oty — 27) 2)
1 d 0 f 0 f
PN (((% Tt ot @) ons - )on; ) 0).

Taking into account that L is positive we can write

\L(f)(x)—f(x)— @) < |f(@)||L1(z) — 1| (2.2.4)
2
"3 Z <<8$Z ox; 08— 352 éij ($)> (pr; — ;) (pr; — x])> (z) .

Since f € C*%(K4) we can estimate the last term as follows

d 82f

=1 Eh‘l 83:j

0% f
813 al‘j

() - ()

S Lf”|y _m|a )
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where Ly is the Lipschitz constant of f given by (2.2.1). Moreover, using
the inequalities |(y; — z;)(y; — z;)| < |y — z|? from (2.2.4) we get

IL(f)(@) = f(2) = Af (@) < |f(@)[[L1(z) = 1] + ==

At this point using the Cauchy-Schwartz inequality (see, e.g., [9, Section
1.2, p. 21]) we obtain

[L(f) ()= f(z)=Af (@) < [f(2)][L1(x 1\+Lf\/ L (42) (x)/ L ($272) (

Observe that for every § > 0, we have

salo < (3 2 ) g

indeed if |y — x| < § we obviously have |y — :L‘|2+2°‘ < 6222 and otherwise if
ly=a] ) > 242 9420 (=2 \* 72 _
ly—x| > 6 then 1 < ( ) and |y —xz[“T°Y < |y —x[7TH (B =

‘y(s—f‘ §2%. Therefore

LU(&) — (@) — Af@)] < |F@)][L1a) - 1
N <x>\/ #o (L@ + L)

@0 -1+ 25y L@ L e + LD L)

and choosing 62 = L(?2)(z) we obtain
IL(f)(@) = f(2) — Af(@)] < |f(@)]|L1(z) — 1]
Lf” (L(2) (@) (LW2)(@)*L(1)(x) + L) (@)

1/2

0

In concrete applications we have a sequence of linear operators (Ly,)nen,
and a sequence of positive real numbers (h,)nen converging to zero, such

that the operator

K o An

converges to a second-order differential operator
d
z) =) aij(@)Di;f( +Zb
2

[}
where a; j, b; are bounded, positive, continuous functions on K. The link
between the linear operators L, and A is given by a Voronovskaja-type
formula:
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Theorem 2.2.2 Let K be a set of R, let (hy)nen be a sequence of positive
real number converging to 0 such that for every x € K and f € C*(K), with
uniformly continuous and bounded second-order partial derivatives,

1. nlLIEOAnf(x) = Af(x)

2. lim M =0
n—oo hn
4
9. tim W)@
n—oo hn
Then

L Lnf (@) — 1)
h

n—oo n

= Af(z), foreveryz € K and f € C*(K) .
(2.2.5)

PROOF. Let f € C?(K) with uniformly continuous and bounded second-

order partial derivatives. We can still apply (2.2.4) to the operator L,, and
dividing by h,, we get, for every x € K,

Lnf(z) — f(z) —Af(x)‘ < %u’,nf(x) — flx) — Af(x)| + |Anf(z) — Af(2)]

I,
<l =1
1 ¢ 02 02
nogi=1 ¢ !

+ [Anf(z) — Af(2)] -

Since f” is uniformly continuous for every € > 0 there exists § > 0 such that
|t — 2| < & implies that |24 (¢) — 2L (x)( < . Then

ox; 8:17j ~ Bz 8$].
an an
ox; 8xj ( )) o z; 8.’Ej (13)' ‘(tz - l‘i)(tj - x])‘
O*f || (t —x)*
< e VNt — s .
=ittt =)t 2‘ Ox; Ox; 52
indeed if |t — x| < 6 we have [{(t) — x| < |t — x|, and
an 82f
- S €5 2.2.
O 833]'( ) Ox; Ox; (m)‘ =c (2:2.6)
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conversely if [t — x| > ¢ we have that 1 < @ and using the inequality

|(t; — x3)(t; — )| < |t — 2> we have again the validity of (2.2.6). Finally

hy,
Lol(z) — 1] 1 & La((pr; — ) (pr; — 7)) (2)
<l ey 3 -
4 xr
02 2 ) - s )]

which converges to & Zf =1 a; j(x) as n — oo. Since ¢ is arbitrary the proof

is complete. ]

Remark 2.2.3 If the hypotheses 1., 2. and 3. in Theorem 2.2.2 hold with
respect a uniform norm (or with respect a weighted uniform norm) then
(2.2.5) holds uniformly (or with respect to the weighted uniform norm ) as
well. O

2.2.2 Application to Bernstein operators

In this section we consider the particular case of the standard simplex of R?

d
Ky := {x:(xl,...,l’d)ERd|l‘1,...,xd20, Zl‘kﬁl} ,
k=1

and the classical sequences of multi-dimensional Bernstein, Lototsky and
Stancu operator on K. These operators coincide with the Bernstein-Schnabl,
Lototsky-Schnabl and Stancu-Schnabl investigated in the preceding section
considering the particular projection Ty : C(Ky) — C(Ky) defined by

d
Tuf(2) ::Z$if((5i17...75id)7 feCKy), v=(x1,...,2q) € Kq,
=0

which maps any continuous function f into the affine functions which inter-
polates f at the vertices of Ky (see [9, Section 6.3.3, p. 450]).

Observe that the projection Ty satisfies all our general assumptions and
also those in Theorem 2.1.1, and therefore we already have an estimate of the
convergence of the iterates of our operators to the associated semigroup on
the subspace Ay (K,4). However, here, we want to point out some additional
information on a larger subspace.

The results in this section have been published in [36] in a preliminary
version and are stated in [37] in the definitive version.
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We consider the case of Bernstein operators, which are explicitly given
by

L n' ho _hi hy hl hd
an(l’l,...,ﬂ?d) = Z mxo Ty ...xd f ;7...,;
h1+---+hd§n
for every f € C(Ky) and (x1,...,24) € K4, where g :=1—21 — -+ — x4
and hg:=n—hy — -+ — hy.

In our situation, the operator Ly, defined by (2.1.4), coincides on Ao (Ky)
with the differential operator A : C?(K,) — C(K,) defined by

d

i (0 — ;) 0
Af(e) = Y St (o 1)

ij=1

whenever f € C?(Ky) and = = (21,...,14) € Ky.

It is well-known that the closure of (A4, C%(K )) generates a Co-semigroup
of positive contractions on C'(K,) and that C?(Kjy) is a core for this closure
(see e.g. [9, Theorem 6.2.6, p. 436] or also [49]).

From Theorem 2.1.1 the estimates required in Theorems 1.1.2 and 1.2.1
are already available in A, (Kjy). However our aim is to investigate the
validity of similar estimates in the space C%%(Ky).

Taking L = B,, in (2.2.2) we get the differential operator

d

2
Ap (@) = 5 3 5o (@) B ((ors = 2o = ) ()
ij=1 """
d
0
+3° 2L (@) Butor, — w2)
i=1 ¢

and in order to apply Theorem 2.2.1 we need to evaluate the operator B,
at the function (id — x)*, where id denote the identity function defined by
id(z) := «x for every = € R.

Proposition 2.2.4 For every x € Ky, we have

d
. 1
Ba((id —2)")(z) = n? Y(@)? +2 ) @i (b — ;) (2.2.8)
ij—=1
1 [ d
2
+ E 'Zl l‘zxj(l‘z +x; — 3%‘2'.1‘]') + z;l‘z(l — 2.15)
i,j= i

d
—(@)? =2 @6y —5)? |

1,j=1

where () = Z?Zl i (1 — ;).
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Proor. We have

d
Bu((id = 2)") () = ) Bal(pr; — zi)(pr; — z5))() ;

,j=1

in order to compute By, ((pr; —;)(pr; —;))(z) we use the fact that B,, coin-
cides with the n-th Bernstein-Schnabl operator associated to the projection
Ty, that is

B, f(x) :/Kd.../de <w> Al (@) - dpli () . (2.2.9)

We fix x € K, and consider two affine function hj, he such that hj(z) =
ha(z) = 0. Consider the function f := h?h3; then we have

h2h2 (M) — i4 Z hi (i) hy (x)ha(xk)ha(zy) |

n n=
i,5,k,l=1
and consequently
By (hih3)(x)
1 n
EEERS / / () (23 s (e Yoo () AT ) -« A ()
n= K K
1,5,k 1=1 d d
R 1 -
=Y @+ Y T Tu))
i,k l=1 i, k,l=1
im=j=k=l i=j,k=1,i#l
1 - 1 -
+= Y (Tu(mho)@)*+ = Y. (Tu(hahs)(2))?
n i,5,k,0=1 n i,j,k,1=1
i=k,j=l,i#j i=l,j=k,i#j
1 n(n—1 n(n—1
= Lrmnd) ) + "D g ) @) T3 @) + 2" (@) )

= 5 [Tal) @) Talh3) &) + 2 (Tuhaa) ()]

b [TuRI)(w) — Tl @)TB)(w) — 2Talha ) ))?]
Now let 1 <4,j < d and take h; = pr; — z; and hy = pr; — 2;; we obtain
Ta((pr; — i) (pr; — z))(z) = 2i(6ij — x;)
and

Ta(pr; — 23)* (pr; — 2)°)(2) = wiwj (i + x5 — Bwgwy) + 6 jas (1 — 22;)% .
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Hence
Bn((pr; — i) (pr; — ;))(x)
= %(%(1 —a)x(1 = xj) + 227 (85 — x;)°)
+ 13 (a:lx] (i +xj — 3zi25) + 05 j24(1 — 21)?
—ai(1 = zi)a; (1 —a;) — 207 (85 — 25)%)
and this completes the proof. O

Remark 2.2.5 We have

d
|Ba((id - ) (@)| < — [ 0(@)? +2 Y 22, - 25)? | + % (2.2.10)

n2 ~
2,7=1

Indeed since z € K4, we have 0 < Z?:1 7?2 < 1 and (1 —27;)% <1 and
therefore

d d d
Z zizj(x; + x5 — 3z5) + Zacz(l —22;:)% — Y(x)* -2 Z x
ij=1 i=1 ij=1
d d d
<2Za:a: —1—2:;1311—2:1:Z Z Za:?—l—szgiS
t,j=1 i=1 j=1 i=1
Using the above inequalities, (2.2.10) directly follows from (2.2.8). O

Now we can establish a quantitative version of the Voronovskaja-type
formula for the Bernstein operators in the space C%%([0, 1]).

Theorem 2.2.6 (Quantitative Voronovskaja’s formula for Bernstein

operators) Consider the Bernstein operators on C(Kg) and the differential
operator (2.2.7). For every f € C*%(Ky) and v € K4 we have

1/2 z a/2
n(Ba()(@) = (@) = Af ()] < Ly» (% — Ly %) (@)

ifd>1 and

[n(Bu(f)() = f(2)) = Af ()] < Ly (L N %> 12 (M >a/z

if d =1, where (x) = Zle i (1 — ;).
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PRrOOF. Recalling that, for every i,7 =1,...,d,

1
Bp,1=1, Bypr; = pr; , B.(pr; Pl"j) = pr;pr; + n pr; (5ij - Pl"j) )

we have

Bulpr, ~a)(0) =0, Bu (b~ 2)pr; — 7)) () = 205 =2,

and therefore

TL.Aan = Af
and By, (Y2)(z) = 23" 2;(1 — 2;) = 2¢(z). From Theorem 2.2.1 and

—n

(2.2.10) we have

Lev 1 1/2
< W) (Y B - ) )
1/2
L L) [ Zeer + B Y -
= 2 na/2 n2 n2 ZJZI 7 (2% J ,n3

) 1/2
- L2f// ni/2 (eh(x))2 [2 (¢<x)2 + Z x3 (i — l‘j)2> + 2] )

The function g(z) = ¥ (z)? + Z?,j:l 27(6;; — x7)? attains its maximum in
K, at the point 7 = (1/d,...,1/d) if d > 1 and at T = 1/2 if d = 1; then

o= (S50-D) 56 00 s ()

i#]

if d > 1 and g(x) = 1/8 if d = 1. Therefore

" 1/2
n(Bal)(@) — @) = Af(@)] < 221 ((a))es? (2 (1 - %) + é)

2 na/2

ifd>1and
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Remark 2.2.7 Taking into account that ¢(z) < 1—1ifd > 1 and ¢(z) < ;
if d =1, we have, for n > 1

(2.2.11)

ne/2

0

The following last result is a consequence of Theorem 1.1.2, 1.2.1 and (1.1.11)
by means of (2.2.11)

Theorem 2.2.8 Consider the Bernstein operators on C(Kg) and the dif-
ferential operator (2.2.7). Then, the closure of (A,C?*(Ky)) generates a
Co-semigroup (T'(t))i>0 on C(Kg) such that, for every t > 0, (k(n))n>1
sequence of positive integers and f € C*>*(Ky), we have

IT(t)f - BE™ £ (2.2.12)
na/2 n T n ne/2

and in particular, taking k(n) = [nt],

g < Bt L (L \/E < L_f)
IT@t)f =B fl < ez Vo (\/EJF — | (lAfl+ =75 ) - (2213)

Moreover, for every A € C such that ReA > 0 and n > 1, consider the
operator By : C(Kg) — C(Ky) defined by

+oo
Bmf::/ eMBIrar . feC(K).
0

If R(\, A) denotes the resolvent operator of the closure of (A,C?*(Ky)),
for every n > 1 and f € C%*(K4) we have

1 Lf//

HR()\,A)f - B)\,an < (Re )\)2 na/2

(2.2.14)

1 1 1 A L
T /iRex <ﬁ - \/2Re>\> (H fi+ n“/2> '
In the one dimensional case we have a partial converse result.
First we recall some needed notions related to the smoothness of a func-
tion f.
The divided difference operator Ap(f,z) is defined by

Ap(fix) = fle+h) = f(z), h=0.
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If r > 2, the r-th order divided difference A} is defined as the r-fold com-
position of Ay with itself.

If f € C([a,b]), then the modulus of continuity of f is defined by

w(f,6) == S IALf, Map-r), 0<d<b—a.

Accordingly, if » > 2 the r-th order modulus of smoothness is given by

wr(f, 5) ‘= Ssup HA};(fv ')H[a,bfrh] ) 0<0<
0<h<$ r

If 0 < a <1, we e denote by Lip a the set of all functions f € C([a,b])
for which there exists M > 0 such that w(f,d) < Md%, ie. Lipa is the
Lipschitz a-class. If 0 < o < 2 we denote by Lip* « the set of all functions
f € C([a,b]) for which there exists M > 0 such that wa(f,d) < Md*. It is
noteworthy that if 0 < a < 1 the class Lip* a and Lip @ coincide (see [45, p.
6 (1.3.5)]).

Proposition 2.2.9 Consider the Bernstein operators on C([0,1]) and the
differential operator (2.2.7). Let f € C?([0,1]) and assume that there exist
a constant C > 0 and a €]0, 1] such that

C
In(Baf = ) = Afll < —75 - (2.2.15)

then f € C2%(0,1).

loc

PROOF. First we explicitly evaluate the differential operator (2.2.7) which,
in our situation, becomes

z(1—x)

Af) =T @)

Now let f € 0120’3([0, 1]); since f € C?([0,1]), for every x € [0,1] and y €
[0, 1], there exists £(y) in the segment joining x and y such that
1
Fy) = f@) = f'2) (y —2) + 5 f(2) (y = ) + 1y, x) (y — x)*, (2.2.16)

where n(t,z) := 3 (f"(£(t)) — f"(z)). Then we can write

Bn(f)(@) — f(z) = Bn(id — z)(x) + %f”(w)Bn(id ~2)*()
+ By ((id — 2)*n(id, ) () .
Taking into account that

z(1—x) 7

Bn(id —z)(x) =0, B,(id —z)*(z) =

n
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we have
Ba(f)(@) ~ f(@) =~ Af(@) + Ba((id — )*n(id, 2)) ()

and from (2.2.15) it follows that

1B, ((id — 2)’n(id, 2)) ()] < & . (2.2.17)

~n na/Q

Now, we consider a linear combination of Bernstein polynomials introduced
by Butzer [20] and recursively defined by

Bn,O = Bn
(2r - 1)Bn,r = QTBQH,rfl - Bn,rfl .

A result of Ditzian [47] states that
1 B A" 8
1Bnr () = Fl =0 55 | = e" AN fllpna—m = O(R7)  (2.2.18)

for 8 < 2r and <p2( ) i=x(1—
If we set g.(y) == (y — x)° n(y,

\_/

and take r = 2 we get

Bn2:

)

Wl oo \_/

1
B4n - QBZn + an

and from (2.2.17) it follows that || By 2(92)| = O( Ha/Q) Therefore we

take (2.2.18) with § = 2 + «, then for every § > 2h exists C = C(§) > 0
such that
|Abg(v)| <CR*Te, yels1-4). (2.2.19)

Now we evaluate A}g,(y) at the point y = x; we have
A} ge(x) = go(x + 4h) — 4gy(x + 3h) + 69 (x + 2h) — 4g.(x + h) + go(z) .

Taking into account that, from (2.2.16), for every s > 0

Gelzts) = fats)— f@) - @ ts—o) - 37" @)w+s -2
= flats)— f@) — @) — 55" (@)s?

we have

Abg.(r) = f(x+4h) —4f(x+3h) +6f(x +2h) —4f(z+ h)
—f(z)(1—4+6-—4)
—f(2)h(4 =12 +12 — 4) — f"(2)h?(16 — 36 + 24 — 4)
= Apf(z).



2.2 Finite dimensional setting 33

Now we evaluate the 4-th order finite-difference of f in terms of the second-
order derivative of f,

/ A3 f'(x +t)dt = / / AZ f"(x +t + s)dsdt
= h2A3 " (x + £(x) (2.2.20)

where &(x) € [z, + 2h]. Now we consider the function z(z) := z + £(x) for
x € [§,1— 6], we have that 2(J) < §+2h and 1 —6 < 2(1—9), then 2~ 1([§ +
2h,1 —¢]) C [0,1 — ¢]. Consequently, since the function z is continuous, for
every h > 0 and Z € [§ 4+ 2h,1 — 0] we can take x € [§,1 — J] such that
z(x) =z + &(x) =z, and from (2.2.19) and (2.2.20) we can write

|R2AGf(2)| = |ALge(z)| < CR*T z € [6+2h,1 4],
and hence, since § > 2h,

1ARF " f25.1-5) = O(h®) -

The last expression yields wy(f,h) < Ch?, ie. f” € Lip*(«) locally in (0, 1).
Since 0 < a < 1, we have that f is also in Lip(«) . O

For the sake of brevity we do not investigate the analogous results for
Lototsky-Schnabl and Stancu-Schnabl operators in this setting. In the next
section we give some details on a particular class of Stancu operators.
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2.2.3 Application to Stancu operators

In this section we consider some quantitative estimates of the convergence
of suitable combinations of iterates of Stancu operators to the associated
Cy-semigroup and the resolvent operator of its generator in the context of
spaces of continuous functions on the d-dimensional simplex.

Stancu operators were introduced by D. D. Stancu in [66, 67] in the context
of spaces of continuous functions on the interval [0,1]; if a € R, the n-th
Stancu operator @, : C([0,1]) — C([0,1]) is defined by setting

Qnaf Zf( ) qnk(T,a), f€ C([Ov 1])? x € [0> 1]»

where
k—1
qnk(T,a) = (Z) (I)k(aj’a)qir(qfé)l — x,a)y O (z,a) = jl_IO(x + ja).

In this setting these operators have been studied by Miihlbach [60, 61].
Further generalizations were considered by Felbecker [51] and by Campiti
[22, 23]; in these last papers also connections with the representation of a
suitable Cp-semigroups have been considered.

The results in this section have been published in [39].

First, we consider the standard simplex K  of R? and the Stancu op-
erators Sy 4, @ C(Kq) — C(Kg) on Ky, which are associated with a se-
quence (an)n>1 of positive real numbers and are defined by setting, for every
feC(Ky) and x = (x1,...,2q) € Ky,

Span f(@1,. .. 20) == ! oo <% o @> (2.2.21)

Pn(an) hi+- +hd<n "
h(]'hl ' H‘Dh than
for every f € C(Ky) and (z1,...,24) € K4, where as usual g := 1 — 1 —
e — X, h() ::n—hl—---—hd and
n—1
pn(a) = [[(1+ja), aeR
j=0

In the sequel we assume that the sequence (nay),>1 converges to b > 0
and consider the differential operator A : C?(Ky) — C(Ky) defined by

0% f
813 83:j

d
Af(z) = (1+b) Z 2 — ) (z), (2.2.22)
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whenever f € C?(Ky) and = = (21,...,2q9) € Kg.

It is well known that the closure of the operator (A4, C?(K,)) generates a
Co-semigroup of positive contractions on C(Ky), and that C?(Ky) is a core
for this closure (see e.g. [9, Theorem 6.2.6, p. 436]).

Moreover, the operator A is connected with Stancu operators by means
of the following Voronovskaja’s formula established in [51, 23]:

lim 1(Sna,(f) = f) = A(f),  feC*Ka). (2.2.23)

n—-+o0o

Now we establish a quantitative version of (2.2.23)

Proposition 2.2.10 Consider the Stancu operators (2.2.21) on C(Ky) and
the differential operator (2.2.22). There exists a constant C > 0 such that
for every f € C*%(Ky) we have

I(SnanF) = 1) = AN <O (a5 + Inaw =31 ) 21

where My is the seminorm on C**(Ky) defined by
My := Ly + | D*f]| . (2.2.24)
PROOF. Let f € C%%(Ky) we have

(Ka)
[n(Sn.a, (f) = f)(x) = Af(2)] (2.2.25)
< [n(Snanf(2) = f(2) = As, o, [ (@) + [nAs,, ., [(2) = Af(2)]

where Ag, , is the operator (2.2.2) obtained by taking L = Sp,,. In
order to write an explicit expression of Sy, ,,, we recall that, for every i, j =
1,...,d,

Snvan(]') = 17 Snyan(pr’i) = pri7

1+ nay,
Sh,an (PT; Pl"j) = pr; pr; + m pr; (055 — Pl"j) )
and consequently
14+ na
Sn,an ((Pr; — i) (prj — ;) (x) = n(Tan) i (03 — ;) (2.2.26)
n
and
Sn,an (Pr; — i) () = 0.
Hence the operator Ag, , becomes
d

R . 2
A&Mf<w—1+”% zi (0 —z;) _O°f

(1+ap) 2 O0x;0x;

2¥)
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In regard to the first term in (2.2.25), we apply Theorem 2.2.1 with L =
Sn.an, and we get

(n(Sn.anf(2) = f(z) = As,, ., f(2))]
(Snan (W2 (@)™ (S0 (W) @) L(A)() + L2 (1))

1/2

From (2.2.26) we have

d
SMA%MM=%%%%MM<ka—m0
" i=1

and therefore

|Sn,an (1/1920)(1‘” <

1+ nay, < 1>< 1+ nay,
~n(l+ap)

d) T n(l+an)

Moreover from [9, Lemma 6.2.2, p. 429], we obtain the existence of a con-
stant C > 0 such that

|Sn.an ((pr; — 2:)*(pr; — 7;)%) (2)| < =

and hence

Snan (W) (x) <

The first term in (2.2.25) can be estimated as follows

n(Sn,a, f(2) — f(2) — As, ., f(2))]
Ly ( 1+ nay, /2 1+na, dJVOi
= 2 <n(1+an)> n(n(l—i—an) + n > '

In regard to the second term in (2.2.25) we have

d
B 1+ na, _ i (05 — xj) >*f
nAs, 0,/ (2) Afcwls‘ 1D e T

< na, —b—a,(1+0b
- 1+ay,

1
< (e — b1+ Snan(0+ 1)) 1%

C
< (Inan =1+ ) 1211

N2
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Finally from the above inequalities it follows

10(Sa (f) — F)(@) — Af(2)
Ly (1 +nay /2 14+ nay, dv/C1
=7 <n<1+an>> ”( Atan)  n )
(\nan—b|+ >||D2f||
1
SC a/QLfN <\nan—b|—|— )HDQfH

1
<C< /Q—Hnan b|) My,

where My is the seminorm defined by (2.2.24). O

The preceding result allows us to get the quantitative estimate obtained
in Theorem 1.1.2 in the particular case where the growth bound of the
semigroup is equal to 0.

Theorem 2.2.11 Let (an)nen be a sequence of positive real numbers such
that (nap)nen converges to b € R and consider the Stancu operators on
C(Kg4) and the differential operator (2.2.22). Then, the closure of (A, C?*(Ky))
generates a Co-semigroup (T'(t))i>0 on C(K4) such that, for every t > 0,
(k(n))nen sequence of positive integers and f € C**(Ky), we have

IT()f - nanf||<CMft< 1/ + |na, — b|) (2.2.27)

(B 2T (s ot (b + -1

and taking k(n) = [nt],

1
707 = {8, 71 < Oty (i + o — ) (2.2.98)

+%<%+\/27> (1400+ €0y (a5 + Ina =31 ) ).

In the particular case where ay, := b/n, estimate (2.2.27) becomes

I7(0) 555,11 < CM”+("“§:” ~o|+ @@) (1 +537)

and if k(n) := [nt], from (2.2.28) we get

[nt] CMyt 1 (1 \/E CMf)
IT@)f - Sk, 1l < =4 +\/ﬁ<\/ﬁ+ W> (”A<f>”+ 2 )
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In order to approximate the resolvent operator of the closure of (A4, C%(Ky)),
Let (sp)n>1 be a sequence of positive integers tending to +oo and for every
n > 1, consider the linear operator Py s, nq, : C(Kq) — C(Kg) defined by

Sn

1
Prspman () == > e MSE (u),  ue C(Ky).

n
k=0

We are now in a position to state the following result.
Theorem 2.2.12 For everyn > 1 and f € C**(Ky), we have

HP)\,sn,n,an (f) - R()\, A)f”
1

< ®ex (HA(f)H + O M; (,%/ + nan — b‘))

7 <¢ﬁ;ex " \/§(R1e A)3/2> <0Mf (ﬁ e b‘>>

—(ReN)sn/n |A[3/2
- TR AL

(1= B3] Re

+

Hence, if we assume that

then the sequence (P s, na,)n>1 strongly converges to R(\, A) on C(Kg).

If we take in particular a, := b/n, then

oM,
no/2

IPrsnmaral) = BV < by (1A +

+L 1 N 1 CM;
Vv \yvnReX = /2(ReX)3/2) no/?

—(ReA)sn/n |A[3/2
- AR VAL

(1 —BeA)Re A

n

_l’_

For the sake of simplicity, we have associated Stancu operators with a
sequence (ap)n>1 of real numbers; as observed in [24], all estimates concern-
ing Stancu operators remain valid if we take a sequence (a,)nen of contin-
uous functions on Ky such that (nay),en uniformly converges to a function
b € C(K ) and consequently also the results in this section are true in this
more general context. We explicitly observe that in this case the differential
operator A is more general, as well as the estimates on the semigroup and
the resolvent operators.



