Chapter 11

Preliminary and auxiliary
results

In this chapter we collect some brief recalls on the main topics involved in
this work. These recalls are only intended to fix some notation and references
for the subsequent chapters and not to furnish a complete treatment of the
subject.

II.1 Recalls on semigroup’s theory

For the sake of completeness we collect here some basic definitions and
results on semigroup’s theory which will be frequently used in the sequel.
We refer to the monographs [48] and [64] for a complete introduction to the
subject.

Let E be a Banach space over the field K. We shall denote by £(E) the
space of all bounded linear operators in FE.

A semigroup (or a one-parameter semigroup) of bounded linear operators
on E is a family (T'(t))s>0 of elements of L(E) such that

1. T(0) = I,
2. T(s+1t)=T(s)T(t) for every s,t >0,

where I denotes the identity operator on F.
A semigroup is said to be strongly continuous (or a Cy-semigroup) if for
every to > 0and f e F

lim [ T()f = T(t0)f]| = 0.
The growth bound of the semigroup is defined by

wp := inf { w € R | there exists M > 0 such that ||T'(¢)|| < M exp(wt)
for every t >0} .
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The generator of a Cp-semigroup is a linear operator A : D(A) — E
defined by
T _
Af = lim 7(75)]0 / ,

t—0+ t
on the linear subspace

D(A) := {f € E | there exists lim T0s=1 € E} .

t—0+ t
A semigroup is said to by uniformly continuous if for every tg > 0

lim |7(6) — T(to)| = 0.
t—to

In this case we have D(A) = E and A is bounded; conversely, if A is bounded,

we can set
(o0}

n
T(t) :=exp(tA) := — A" (t=0),
= nl
and we obtain a uniformly continuous semigroup whose generator is A.

A linear operator A : D(A) — FE is said to be closed if D(A) endowed
with the graph norm

[flla = [T+ TANN S f e DAY,

becomes a Banach space. In other words, the graph {(f, Af)|f € D(A)} is
closed in EF x E.

We say that a linear operator B : D(B) — E is an extension of A if
D(A) C D(B) and Af = Bf for every f € D(A).

A linear operator A : D(A) — E is closable if there exists a closed
extension of A. The smallest closed extension A : D(A) — E of A is called
the closure of A.

A core for a linear operator A : D(A) — FE is a linear subspace Dy of
D(A) which is dense in D(A) with respect to the graph norm.

If A: D(A) — Eis a closed operator, we shall denote by p(A) its resolvent
set, i.e.,

p(A) :={XA € K| AI — A is invertible} .
The spectrum o(A) is defined as

o(4) ==K\ p(A)
If A\ € p(A) we shall denote by R(\, A) the inverse of \I — A.
If A is the generator of a Cy-semigroup (7'(t))s>0 then p(A) # @. More-

over, if wy denotes the growth bound of (T'(t));>0 we have, for every A € K
such that Re A > wg and f € F

ROLA)S = /0 " exp(CAOT() f dt

Now we recall a generation and approximation theorem which is very
important for our purposes.
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Theorem I1.1.1 (Trotter’s approximation theorem) Let (L, )nen be a
sequence of bounded linear operators on E and let (pp)nen be a decreasing
sequence of positive real numbers tending to 0. Suppose that there exists
M >0 and w € R such that

|LE| < Me<Prk | for every k, n € N . (I1.1.1)

Moreover, assume that D is a dense subspace of E and for every f € D the
following Voronovskaja-type formula holds

Af == lim L) =1

n—oo Pn

If (A= A)(D) is dense in E for some A > w, then the closure of A generates
a Co-semigroup (T'(t))i>0 and for every f € E and every sequence (k(n))nen
of positive integers satisfying lim, 1o k(n)/pn = t, we have

T@t)f = lim LE™(f) . (I1.1.2)

n—oo
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I1.2 Feller’s classification and generation results

In different applications we need to consider suitable domains where a second-
order differential operator generates a Cp-semigroup. In this context, the
classification of Feller may help us to decide the right choice of the domain
of our operators (see [52, 54, 53]). After the work of Feller, it was also
considered the problem of investigating the generation of a Cpy-semigroup
on an assigned domain. Necessary and sufficient conditions in order for A
to be the generator of a Cp-semigroup in C(I) have been given by Clément
and Timmermans [44] when Ventcel’s boundary conditions are imposed at
the endpoints, and by Timmermans in [69] on the maximal domain. More
recently, the existence of a Cp-semigroup has been characterized in [29] also
in the case of Neumann’s type boundary conditions at the endpoints. In
the space L!(I) the characterization of the generation of a Cp-semigroup
has been completely achieved in [19] on the adjoint maximal domain, on the
adjoint Dirichlet domain and on the adjoint Neumann domain. However, all
the results obtained in [44], [69], [29] and [19] are very closely related to the
pioneer work by Feller [54].

In the sequel we consider an interval I :=|rj,ro[ with —oo <7 < r9 <
400 and two continuous real functions «,3 : I — R with o > 0 in I. We
define the second-order differential operator

Au(z) = a(z) v’ (x) + B(z) ' (x) , uwe CI)NC*I).

In order to state the main characterizations, we fix zo € I and define, for

every x € I,
W(z) = exp <— / ’ % dt) (I1.2.1)

and
1 * * 1
Q) = 7/ W(s)ds. R(x)— W(:v)/ 1 s
a(e)W(x) Ja, zo ()W (s)
(I1.2.2)
It is also useful to set Iy :=|ry,zo] and I := [zg,r2[. The endpoint r;,

1 = 1,2 is said to be

a regular boundary if Qe LYI),ReLYI);
an exit boundary if Q¢LYIL),ReLYL); 193
an entrance boundary if Qe LY (L),R¢LYL); (IT.2.3)
a natural boundary if Q¢ LYIL),R¢LYT;).

The following generation results will be used in the sequel.
First, we consider the maximal domain of A defined as follows

Dy(A)={uecC(I)NC*(I) | Auc C(I)} . (I11.2.4)
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Theorem 11.2.1 (Feller [54], Timmermans [69]) The linear operator (A, Dys(A))
generates a Cy-semigroup in C(I) if and only if 1 ed ro are both entrance

or natural endpoints. The semigroup is of positive contractions whenever it

exists.

If we consider Ventcel’s boundary condition, we get the following domain
of A

Dy(A)={ucC(nNC*I)| lim Au(x) =0} (I1.2.5)

T—T1,T2

and we have the following generation result.

Theorem I1.2.2 (Feller [54], Clément-Timmermans [44]) The linear
operator (A, Dy (A)) generates a Cy-semigroup in C(I) if and only if both
r1 and ro are not entrance boundary points. The semigroup is of positive
contractions whenever it exists.
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I1.3 Cosine functions

In this section we briefly collect some definitions and properties of cosine
functions. We limit ourselves to those notions which are strictly necessary
for the sequel. An organic treatment of the subject can be found in the
monographs [50, 17] and in the paper by Sova [68].

A family (C(t))ter of linear operators on a Banach space E is a cosine
function if the following conditions are satisfied

1. C(0) =1,
2. C(s+t)+C(s—t)=2C(s)C(t) for every s,t > 0.

A cosine function is said to be strongly continuous (or a Cy-cosine func-
tion) if for every tg >0 and f € E

lim [|C(t)f — C(to) f| = 0.

t—to

The infinitesimal generator of a strongly continuous cosine function is the
linear operator A : D(A) — E defined by

C(t)u —2u+ C(—t)u

n C 2u+C
D(A) := {u € B lim (Hu = Z;r (=t E} .

If a linear operator A : D(A) — E generates a strongly continuous cosine
function (C(t))ter, then the solution of the second-order hyperbolic problem

2
@u(t,x) = Au(t,z) , teR;
U(O,JL‘) = UO(x) ) z€eR;
Lut o= wl@), cek
\ 8tu , L) |lt=0 = U1\r) , x .

is given by .
u(t,z) = C(t)up(z) +/O C(s)ui(x)ds .

If (C(t))ter is a cosine function on F, there exist w € R and Cp > 0 such
that
IC@)l < Coelt.

For every Re A > w, we have \? € p(A) and

1 [t
R(/\Z,A)u:X / e M O(tudt ue k.
0



