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Chapter 1

Introduction

The general aim of this work is concerned with quantitative estimates of
the convergence of suitable sequences of linear operators to the solution of
evolution problems of the form

ou
E(w,t) = Au(-, t)u(x) ,

u(z,0) = uo(z) ,

(L1)

where A : D(A) — X is a linear second-order differential operator on
some Banach space X, independent of the time variable. Possible boundary
conditions of problem (I.1) are included in the domain of A. In most cases
we shall have a second-order (possibly degenerate) differential operator

Au(z) = a(z)u” (z) + Blx)u (x) zel, (L.2)

where [ :=|ry, o[ is a real interval and «, 3 : I — R are continuous functions
with a(x) > 0 for every z € I.

It is well-known that the solution of this problem can be represented using
the semigroup theory; namely, if the operator A generates a Cy-semigroup
(T'(t))t>0 on a suitable domain D(A) and uy € D(A) the solution of the
preceding problem is given by

u(t,x) = (T(t)uo)(x) , t>0. (1.3)

This approach motivated Feller to study the general conditions (that are,
the domains) under which the operator A generates a Cy-semigroup and in
1952 he completely characterized this property both on the space of real
continuous functions than of integrable functions on a real interval (see
[52, 54, 53]). After these papers many questions arose concerning with
representation (1.3). In particular, the generation of a Cy-semigroup has
been deeply investigated on an assigned domain. Necessary and sufficient
conditions in order for A to be the generator of a Cp-semigroup in C(1)
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have been given by Clément and Timmermans [44] when Ventcel’s bound-
ary conditions are imposed at the endpoints, and by Timmermans in [69]
on the maximal domain. More recently, the existence of a Cpy-semigroup
has been characterized in [29] also in the case of Neumann’s type boundary
conditions at the endpoints. In the space L!(I) the characterization of the
generation of a Cy-semigroup has been completely achieved in [19] on the
adjoint maximal domain, on the adjoint Dirichlet domain and on the adjoint
Neumann domain. All the results obtained in [44, 69, 29, 19] are very closely
related to the pioneer work by Feller [54]; in the preliminary section we give
a brief exposition of them.

Another field of interest which was immediately developed after the work
of Feller was the possibility of approximating the semigroup (7'(t))¢>0 gener-
ated by (A, D(A)). In this respect, starting from usual numeric methods for
computing the solution of a partial differential equation [57], in 1958 Trotter
[70] provided some important results which have been revealed as the main
tools for the investigation and the approximation of the solution of (I.1) until
today. More precisely, the idea of Trotter was based on the construction of
an implicit Euler scheme for the approximation of the semigroup (7'())¢>o0.
He treated the question of convergence of suitable difference operators in
an operator-theoretic fashion, in which semigroup theory give a fundamen-
tal contribution. The main idea consist in replacing the differential operator
with approximating operators, and taking the solution of the resulting equa-
tion as an approximation to the solution of the original equation. Namely,
the process is made through a discretization in time and space: to be more
precise, for each n € N, let be h,, the time-size, and S,, a spatial grid; the
function w, (khy,,z) defined on S, represents the approximation of the solu-
tion of (I.1) at the time t; = kh,, and can be defined recursively in terms
of a linear operator L,

(zhazme w

note that wuy, (t,z) = L¥ f(x).
In this scheme we approximate the operator A with A, = L"#*“, and
consequently, if we require that A,, converges to A in some suitable sense,
-1
the solution u(t, ) of (I1.1) will be approximated by Ll | f(x).
Thus, under suitable assumptions, Trotter obtained a sequence (L )p>1
of linear operators satisfying
lim LFC) = 1(t)
n—-+00
whenever lim,_, ;o k(n)/n =t (see [70, Theorem 5.1] and Chapter II).
As an immediate consequence of this result we can represent the solution
of problem (I.1) as follows
w(t,z) = lim LFM(uo)(z), t>0.

n—-+o0o
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This last representation opened the possibility of approximating the so-
lution of parabolic problems through positive operators.

Among the main applications, the parabolic problems under considera-
tion were concerned with diffusion models in population genetics and mod-
els in mathematical finance. Diffusion models in population genetics and in
particular Wright-Fisher models were indeed the starting point of the inves-
tigation of Feller. The evolution problem (I.1) corresponding to this model
in absence of selection, mutation and migration becomes

ou (1 —z) 0%u
= (@, 1) = —5— 55(x,1),
ot 2 Ox?
t>0, 0<z<l1, (L.5)
u(z,0) = up(z) , 0<z<1.

Karlin and Ziegler [56] showed that the solution of the preceding problem
can be expressed in terms of iterates of the classical Bernstein operators

an(x):znj<z> o (1= gk <§>  0<a<1,

k=0

evaluated at the initial function ug.
The connection with the evolution problem is provided by the following
Voronovskaja’s formula

lim n(B,f(z) — f(x)) = Mf”(l“) ;

n—-+o00 2

which holds uniformly for every f € C?([0,1]).

Then, applying the Trotter’s theorem on the approximation of semi-
groups, we obtain that the semigroup (7'(t))¢>0 generated by the operator
Au(z) = @ u”(z) on the Ventcel’s domain

D(A) ={u e C[0,1]NC?0,1[ | lim Au(z) =0}

z—0,1
can be represented as

Tt)u(z) = lim BlMu(z)

n—toco "
and hence the solution of (I.5) can be written as

w(z,t) = T(t)ug(z) = lim BlMug(z) .
n— 400
After this example, models with more than two alleles and recently even
with an infinite numbers of alleles have been considered. Different mathe-
maticians from several schools were involved in this project.
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Of particular interest in this context is the generalization introduced of
Altomare [2], concerning with positive operators of Bernstein type, namely
Bernstein-Schnabl operators, in an infinite dimensional setting by associat-
ing them to a positive projection.

This result has motivated many subsequent researches. On one hand
there was the possibility of applying the same method to different sequences
of positive operators (Stancu, Lototsky and so on; see [9, Chapter VI| and
(3,4, 5,16, 12, 22, 23]) obtaining in this way the possibility of approximating
the solutions of an enlarged class of Cauchy problems.

On the other hand, starting with an assigned degenerate parabolic prob-
lem, it has also been considered the inverse problem of approximating its
solution by means of suitable sequences of discrete or integral positive op-
erators (see e.g. [6, 7, 19, 11, 13, 14, 15, 18, 27, 24, 25, 26, 28, 30, 35]).

Further, this approach has also been extended to a direct study of the
diffusion model (see [8]).

However, the lack of a quantitative estimate of the convergence of the
iterates of the positive operators to the limit semigroup has constituted
one of the main problems in the applications of Trotter’s theorem. Some
results in this direction have recently been obtained in [55] and [62]. In these
papers the limit semigroup is assumed to have a growth bound equal to 0
and applications to classical approximation processes require restriction to
the subspaces of C* and C3-functions respectively.

In Chapter 1, we shall be able to state a general result concerning with
the order of convergence to the limit semigroup. Our result holds under the
same general assumptions of Trotter’s theorem. Moreover we don’t make
any assumptions on the growth bound of the semigroup and the general
result yields better estimates even in the case of growth bound equal to 0.

This main result requires only a quantitative estimate in the Voronovskaja-
type formula in terms of suitable seminorms. Then we shall be able to evalu-
ate the norm difference between the k(n)-iterates of the linear operator and
the semigroup. Consequently a suitable choice of the sequence (k(n))pen
will ensure the strong convergence of the iterates to the semigroup.

We also point out that our estimate behaves better even for linear func-
tions and does not require any invariant subspace properties.

A representation by means of iterates of positive operators can be ob-
tained for the resolvent operator of semigroup’s generator. In [1] it was
given a general description of this kind of representation in terms of ap-
proximating processes of the resolvent operator and different formulas of
independent interest were obtained. These formulas turn out to be use-
ful for some qualitative properties of the semigroup in different meaningful
cases.

Along this line, we shall give a quantitative estimate in the approxi-
mation of the resolvent operator starting from a quantitative version of a
Voronovskaja-type formula.
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Moreover, we have studied the possibility of introducing some general se-
quences of linear operators obtained from classical approximation processes
which turn to be useful in the approximation of the resolvent operators.
The aim is the possibility of representing the resolvent operators in terms
of classical approximation operators.

The results in this chapter are collected in [36, 37, 38].

In Chapter 2, we shall provide several applications of the general quanti-
tative estimates, by considering some classes of Schnabl-type operators and
using a quantitative version of the Voronovskaja-type formula obtained in
[9].

As regards the finite dimensional setting we shall provide a general result
concerning with a quantitative Voronovskaja-type formula which holds for
all functions of class C**(K), where K is a compact domain in R%. So we
shall be able to give some estimates of the convergence to the limit semigroup
in this space extending considerably the class of functions for which such an
estimate have been found.

The order of convergence to the second-order differential operator is
strictly related to the convergence of (L, (id — 2)?(x)),en to 0. In particular,
when we describe the solution of the evolution problem associated with a
Fleming-Viot diffusion model in population genetics in terms of Bernstein
operators, we can furnish the order of convergence equal to /2 in the space
C*(K).

We shall show a partial converse result which ensures that this order of
convergence is the best possible for the Bernstein operators.

Finally we conclude Chapter 2 with an application to suitable combina-
tions of iterates of Stancu operators. These results can been found in [37]
and [39].

In Chapter 3 we consider iterates of generalized Steklov operators and
study their convergence to a limit semigroup generated by the second-order
differential operator Af(x) = a(z)f”(x), where the coefficient a has a de-
generation at least of second order at the endpoints. We also give a quanti-
tative version of Voronovskaja’s formula in order to apply the quantitative
estimates in Chapter 1.

The choice of Steklov operators is motivated by the possibility of con-
sidering the same kind of operators in different setting, such as spaces of
continuous functions or weighted spaces of continuous functions both on
bounded and unbounded real intervals; hence we can study the convergence
to the limit semigroups in all these setting.

The results in this chapter have been obtained in collaboration with I.
Rasa (Cluj-Napoca, Romania) and published in [33], [34]. At the end of the
chapter we briefly describe a possibile extension to the multivariate case. In
this setting we have only some partial results which has been published in
[42].

The need of adapting sequences of operators to different settings has
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lead us to study the possibility of considering a combinations of different
sequences of operators in the approximation of the same problem.

In Chapter 4 we introduce a general and simple method which consists in
constructing a new approximation process starting with a decomposition of
an Hilbert space into the direct sum of orthogonal subspaces and associating
to each subspace an assigned approximation process.

In this way are able to obtain new Voronovskaja-type formulas from as-
signed ones, or conversely we can construct particular approximation proces-
ses in order to satisfy a prescribed Voronovskaja-type formula, extending the
class of differential problems under consideration. Some similar questions
have also been considered in [31] and in [32].

Our method can be applied in different settings. We concentrate our
attention on some particular positive approximation processes in spaces
of L?-real functions, namely the Bernstein-Kantorovich and the Bernstein-
Durrmeyer operators.

The choice of these operators resides on the fact that both for Bernstein-
Kantorovich and Bernstein-Durrmeyer operators the Voronovskaja’s formula
is related to the evolution process associated with some diffusion models
in population genetics. Thus, it may happen that different factors, such
as selection, mutation and migration affect only some alleles and therefore
involve only a face of the simplex whose vertices represent the totality of
alleles; in this case the possibility of using different approximation processes
on different orthogonal subspaces allow us to make the appropriate choice
of the approximating operators on every subspace.

In connection with this problem we have also studied perturbations of
operators obtained by modifying some of its components. In concrete ex-
amples, this has been performed for Jackson convolution operators. These
results are published in [40] (a further investigation has been performed in
[41] for Bernstein-Durrmeyer operators and for the sake of brevity is not
included in this work).

Following the same approach of the preceding chapters, in Chapter 5 we
study the possibility of approximating the solution of suitable hyperbolic
problems using the generation of a cosine function (see [68] and [50] for
more details on this approach).

Unlike to the case of semigroup theory there has not been a similar devel-
opment in the approximation of cosine functions and only in [30, 35] we can
find some qualitative results on the convergence of iterates of trigonometric
polynomials to suitable cosine functions in the setting of spaces of continuous
periodic real functions. We provide a general cosine version of the Trotter’s
approximation theorem together with a quantitative estimate of the conver-
gence. We also introduce suitable sequences of operators approximating the
resolvent operators associated with the generator of the cosine function and
also in this case we obtain a quantitative estimate of the convergence. We
apply our results to some generalized Rogosinski trigonometric operators.
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These results are collected in [43].

Acknowledgement. Finally, I would like sincerely to thank my Ph.D.
advisors Prof. Michele Campiti who supported me in my work and from
whom I have learnt a lot.
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Chapter 11

Preliminary and auxiliary
results

In this chapter we collect some brief recalls on the main topics involved in
this work. These recalls are only intended to fix some notation and references
for the subsequent chapters and not to furnish a complete treatment of the
subject.

II.1 Recalls on semigroup’s theory

For the sake of completeness we collect here some basic definitions and
results on semigroup’s theory which will be frequently used in the sequel.
We refer to the monographs [48] and [64] for a complete introduction to the
subject.

Let E be a Banach space over the field K. We shall denote by £(E) the
space of all bounded linear operators in FE.

A semigroup (or a one-parameter semigroup) of bounded linear operators
on E is a family (T'(t))s>0 of elements of L(E) such that

1. T(0) = I,
2. T(s+1t)=T(s)T(t) for every s,t >0,

where I denotes the identity operator on F.
A semigroup is said to be strongly continuous (or a Cy-semigroup) if for
every to > 0and f e F

lim [ T()f = T(t0)f]| = 0.
The growth bound of the semigroup is defined by

wp := inf { w € R | there exists M > 0 such that ||T'(¢)|| < M exp(wt)
for every t >0} .
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The generator of a Cp-semigroup is a linear operator A : D(A) — E
defined by
T _
Af = lim 7(75)]0 / ,

t—0+ t
on the linear subspace

D(A) := {f € E | there exists lim T0s=1 € E} .

t—0+ t
A semigroup is said to by uniformly continuous if for every tg > 0

lim |7(6) — T(to)| = 0.
t—to

In this case we have D(A) = E and A is bounded; conversely, if A is bounded,

we can set
(o0}

n
T(t) :=exp(tA) := — A" (t=0),
= nl
and we obtain a uniformly continuous semigroup whose generator is A.

A linear operator A : D(A) — FE is said to be closed if D(A) endowed
with the graph norm

[flla = [T+ TANN S f e DAY,

becomes a Banach space. In other words, the graph {(f, Af)|f € D(A)} is
closed in EF x E.

We say that a linear operator B : D(B) — E is an extension of A if
D(A) C D(B) and Af = Bf for every f € D(A).

A linear operator A : D(A) — E is closable if there exists a closed
extension of A. The smallest closed extension A : D(A) — E of A is called
the closure of A.

A core for a linear operator A : D(A) — FE is a linear subspace Dy of
D(A) which is dense in D(A) with respect to the graph norm.

If A: D(A) — Eis a closed operator, we shall denote by p(A) its resolvent
set, i.e.,

p(A) :={XA € K| AI — A is invertible} .
The spectrum o(A) is defined as

o(4) ==K\ p(A)
If A\ € p(A) we shall denote by R(\, A) the inverse of \I — A.
If A is the generator of a Cy-semigroup (7'(t))s>0 then p(A) # @. More-

over, if wy denotes the growth bound of (T'(t));>0 we have, for every A € K
such that Re A > wg and f € F

ROLA)S = /0 " exp(CAOT() f dt

Now we recall a generation and approximation theorem which is very
important for our purposes.
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Theorem I1.1.1 (Trotter’s approximation theorem) Let (L, )nen be a
sequence of bounded linear operators on E and let (pp)nen be a decreasing
sequence of positive real numbers tending to 0. Suppose that there exists
M >0 and w € R such that

|LE| < Me<Prk | for every k, n € N . (I1.1.1)

Moreover, assume that D is a dense subspace of E and for every f € D the
following Voronovskaja-type formula holds

Af == lim L) =1

n—oo Pn

If (A= A)(D) is dense in E for some A > w, then the closure of A generates
a Co-semigroup (T'(t))i>0 and for every f € E and every sequence (k(n))nen
of positive integers satisfying lim, 1o k(n)/pn = t, we have

T@t)f = lim LE™(f) . (I1.1.2)

n—oo
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I1.2 Feller’s classification and generation results

In different applications we need to consider suitable domains where a second-
order differential operator generates a Cp-semigroup. In this context, the
classification of Feller may help us to decide the right choice of the domain
of our operators (see [52, 54, 53]). After the work of Feller, it was also
considered the problem of investigating the generation of a Cpy-semigroup
on an assigned domain. Necessary and sufficient conditions in order for A
to be the generator of a Cp-semigroup in C(I) have been given by Clément
and Timmermans [44] when Ventcel’s boundary conditions are imposed at
the endpoints, and by Timmermans in [69] on the maximal domain. More
recently, the existence of a Cp-semigroup has been characterized in [29] also
in the case of Neumann’s type boundary conditions at the endpoints. In
the space L!(I) the characterization of the generation of a Cp-semigroup
has been completely achieved in [19] on the adjoint maximal domain, on the
adjoint Dirichlet domain and on the adjoint Neumann domain. However, all
the results obtained in [44], [69], [29] and [19] are very closely related to the
pioneer work by Feller [54].

In the sequel we consider an interval I :=|rj,ro[ with —oo <7 < r9 <
400 and two continuous real functions «,3 : I — R with o > 0 in I. We
define the second-order differential operator

Au(z) = a(z) v’ (x) + B(z) ' (x) , uwe CI)NC*I).

In order to state the main characterizations, we fix zo € I and define, for

every x € I,
W(z) = exp <— / ’ % dt) (I1.2.1)

and
1 * * 1
Q) = 7/ W(s)ds. R(x)— W(:v)/ 1 s
a(e)W(x) Ja, zo ()W (s)
(I1.2.2)
It is also useful to set Iy :=|ry,zo] and I := [zg,r2[. The endpoint r;,

1 = 1,2 is said to be

a regular boundary if Qe LYI),ReLYI);
an exit boundary if Q¢LYIL),ReLYL); 193
an entrance boundary if Qe LY (L),R¢LYL); (IT.2.3)
a natural boundary if Q¢ LYIL),R¢LYT;).

The following generation results will be used in the sequel.
First, we consider the maximal domain of A defined as follows

Dy(A)={uecC(I)NC*(I) | Auc C(I)} . (I11.2.4)
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Theorem 11.2.1 (Feller [54], Timmermans [69]) The linear operator (A, Dys(A))
generates a Cy-semigroup in C(I) if and only if 1 ed ro are both entrance

or natural endpoints. The semigroup is of positive contractions whenever it

exists.

If we consider Ventcel’s boundary condition, we get the following domain
of A

Dy(A)={ucC(nNC*I)| lim Au(x) =0} (I1.2.5)

T—T1,T2

and we have the following generation result.

Theorem I1.2.2 (Feller [54], Clément-Timmermans [44]) The linear
operator (A, Dy (A)) generates a Cy-semigroup in C(I) if and only if both
r1 and ro are not entrance boundary points. The semigroup is of positive
contractions whenever it exists.
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I1.3 Cosine functions

In this section we briefly collect some definitions and properties of cosine
functions. We limit ourselves to those notions which are strictly necessary
for the sequel. An organic treatment of the subject can be found in the
monographs [50, 17] and in the paper by Sova [68].

A family (C(t))ter of linear operators on a Banach space E is a cosine
function if the following conditions are satisfied

1. C(0) =1,
2. C(s+t)+C(s—t)=2C(s)C(t) for every s,t > 0.

A cosine function is said to be strongly continuous (or a Cy-cosine func-
tion) if for every tg >0 and f € E

lim [|C(t)f — C(to) f| = 0.

t—to

The infinitesimal generator of a strongly continuous cosine function is the
linear operator A : D(A) — E defined by

C(t)u —2u+ C(—t)u

n C 2u+C
D(A) := {u € B lim (Hu = Z;r (=t E} .

If a linear operator A : D(A) — E generates a strongly continuous cosine
function (C(t))ter, then the solution of the second-order hyperbolic problem

2
@u(t,x) = Au(t,z) , teR;
U(O,JL‘) = UO(x) ) z€eR;
Lut o= wl@), cek
\ 8tu , L) |lt=0 = U1\r) , x .

is given by .
u(t,z) = C(t)up(z) +/O C(s)ui(x)ds .

If (C(t))ter is a cosine function on F, there exist w € R and Cp > 0 such
that
IC@)l < Coelt.

For every Re A > w, we have \? € p(A) and

1 [t
R(/\Z,A)u:X / e M O(tudt ue k.
0
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Quantitative estimates

In this chapter we state our main results concerning with quantitative esti-
mates of the convergence in Trotter’s approximation theorem.

These estimates are related to the convergence of sequences of iterates of
linear operators to an assigned semigroup, and to the resolvent operator of
semigroups’s generator.

We make no restriction on the general assumptions in the classical Trot-
ter’s Theorem and we only require a quantitative estimates of the voronovskaja-
type formula in terms of suitable seminorms.

The results in this chapter are collected in [36, 37, 38].

1.1 Quantitative approximation of semigroups

We need a slight improvement of [64, Lemma II1.5.1, p. 89]. On one hand
this will provide us better constants in the subsequent main result and on the
other hand it will be essential in order to avoid restrictions on the domain
of the resolvent operator in the next section.

Lemma 1.1.1 Let L : E — FE be a linear operator on a Banach space E
and assume that there exist M >0 and N > 1 such that, for every k > 1,

|L*| < MN* .
Then for every u € E and k > 1 we have

2% eRN-1) _ Nk
|eFE=Dy — LRyl < M (Nk_l —t eN——l [Lu —ul|  (1.1.1)

if N> 1 and
b =Dy — Lol < M /22 L — (1.1.2)
Vs
N =1.
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PrOOF. Let N > 1;if 0 < i < k, we have

k—1 k—1
IL*u = Liull = > | u— Ll = > |11 (Lu — u)|
j=i j=t
k—1 ‘
< M||Lu—ul| > N
j=t
1-NF 1-N?
= M| Lu— —
R ey
Nk — N?
= Moy Ml
and further i
NE _ N -
— =) N < (k—i)NF L.
N_1 < (k=)

1

<.
Il

Similarly, if 0 < k <,

Ni

) — Nk

Therefore we have

[eF Dy — Lrul| = e (L= LFu)|
i=0

<e Y - Lt
i=0

k—1 kZ ' 00 kZ '
<e® <Z El | Liu — LFu) + Z ] || L' — Lku||)

=0 i1=k+1

ek k-1 Lt ) Ry ]
<M (Z.—<N’€—Nl>+ > 5<N’—Nk>> I~

N -1 7! )
=0 i=k+1
ek k_lk.i X ) oy ) X
=M (2 G N —N)+Z:Z,—!(N—N) | Lu — ul|

k—1 ;

_ k' Nk — N? 1

=Me k(2§ = T —i—N_l(eNk—Nkek)) | L — |
i—0 .

N -1

k=1, -1 -
ki ki 6Nlc _Nkek
_ —k k—1 o
— Me <2N <k ] Z(z’—l)!>+ T

1=
k=1,
ki Nk _Nk k
< Mek (2 Sk - )N S ) L —
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k-1, ; k—1 :
ki kz—l eNk o Nkek
= Me [ 2Nk A
¢ < <k2 ] k,l(z'—1)!>+ N_1

k:k eNk:_Nkek
WTTN T >

Applying Stirling formula k! = v/27k k¥ e =% e%/(12K) (0 < 9, < 1, we obtain

||€k(L_I)u o Lku||

k Nk k Kk
< Me* <2Nk1 i e - NTe )||Lu—u||

k +
Vork kke—F N -1

2k eFN-D _ NE
=M |NF- 2 T V|| Lu—
( | ILu |

and this yields (1.1.1). Finally (1.1.2) can be similarly shown using the
inequality ||L*u — Liu| < M(k — )| Lu — u|| whenever 0 < i < k. O

Observe that (1.1.2) can be obtained from (1.1.1) taking the limit as
N — 1T,

Now we can state one of the main results. Starting with a sequence of lin-
ear operators and the generator of a Cip-semigroup satisfying a quantitative
Voronovskaja-type formula, we can evaluate the norm difference between
the k(n)-iterate of the n-th linear operator and the semigroup. Suitable
choices of the sequence (k(n))nen ensure the convergence of the iterates to
the semigroup.

Namely, let (L,)nen be a sequence of bounded linear operators on a
Banach space E and A : D — FE a linear operator satisfying the hypotheses
of Trotter’s Theorem, i.e. the stability condition

|LE|| < Me* R/ (1.1.3)

and the Voronovskaja-type formula
Af = lim n(L,f — f) .
n—odo

Moreover, assume that D is a dense subspace of F and (A — A)(D) is dense
in E for some A\ > w. Then from the classical Trotter’s theorem (see [70,
Theorem 5.1] or Theorem I1.1.1) the closure of A generates a Cy-semigroup
(T'(t))+>0 which can be represented as limit of iterates of Ly, i.e. T'(t)f =
lim,, o0 Lﬁ(n)( f) for every f € E and every sequence (k(n))nen of positive
integers satisfying lim, o k(n)/n = t. Moreover, we have the following

result.
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Theorem 1.1.2 Under the above assumptions, assume that D is a subspace
of D such that for every u € D and n € N, we have

[n(Lou —u)|| < @n(u), (1.1.4)
and the following estimate of the Voronovskaja-type formula holds
(L — ) — Aul] < () | (1.1.5)

where o,y + D — [0,400[ are seminorms on the subspace D such that
limy, o ¥ (u) = 0 for every u € D.

Then for everyt > 0 and for every sequence (k(n))n>1 of positive integers
and u € D, we have

HT w— LFM H < M2t exp(w /™ t) by (u) (1.1.6)
+M <exp(w e/ t,,) ‘ '—I— 727 )
—i—% kgj;) exp <w ew/m @)) on(u)

where t,, := sup{t, k(n)/n}.

PROOF. Let n > 1 and consider the linear bounded operator A,, := n(L,—1I).
It generates a uniformly continuous Cp-semigroup (S, (t))i>0 on E given by

+o0o
_ tAn _ _—nt ntL, _ _—nt (nt k
Sp(t)y =€ =e"e =e E t>0.

KT

Observe that D is a core for the closure of (A,D) and consequently, from
the first Trotter-Kato approximation theorem (see e.g. [48, Theorem 4.8, p.
209] and [64, Theorem II1.4.4, p. 87]), we have that (S, (t)):>0 converges
strongly to the Cyp-semigroup (7'(t)):>0 -

Consequently

+o0 k +oo k
—n (nt) —n (nt) wk/n
ISaOl < e S0 Ll < M 3D S et
k=0 k=0

= Mexp(nt(e“’/”—l)) , t>0.

Now, let (k(n)),>1 be an increasing sequence of positive integers and let

u € D. We have
W(E)ull + || Sty — S, (@) “H
)

&(ﬂﬁ>u—L%%L, (1.1.7)
n

HTu)U_nguH < ||IT(t)u— t)u\|+'

i
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and therefore we can get (1.1.6) by estimating each term in (1.1.7).
As regards the first term we observe that, for every n,m > 1, we have

1
B _ A nt(Ln—T) (1—s)mt(Lm—1I)
150 (D) Sm(t)u”—H/o < (e e u) ds

1
< / H(nt(Ln —I)—mt(L,, — 1)) esnt(Ln—1) e(l_s)mt(Lm_I)uH ds
0
1
<t |In(Lyp — Du—m(Ly, — Dull /0 [Sn ()| |9m ((1 — s)t)[ ds .

If w > 0 we have

nt(ew/"—l) _ emt(ew/m—l)

1
) st st = sylas < 02 o e

and hence

[Sn(t)u — S (t)u]
ent(e“’/"fl) _ emt(e“’/mfl

< t (Lo — T — (L — T)ul]
- nt (ew/m — 1) — mt (ew/™ — 1) I Ju —m( Jull

Taking the limit as m — +o0 and using the inequality
ef —1<zxe”, x>0, (1.1.8)
we get

€nt(e“’/"—l) _ ewt

B T T LR
nt(e/n-1)
< M Ei‘” - _1)1)_ _e; ¥ ()
< 2“&&11%TQUWW>
< 2 e“tt(n (e/m — 1) — w)ent (/" 71wt o)

n (ew/” — 1) —w
— M2 ent(e/m-1) (1)
< M2 et Un(u) .

Similarly, if w = 0 we obtain ||.S,(t)u — T'(t)u|| < M? t ), (u).
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In regard to the second term in (1.1.7), using [64, Theorem 1.2.4, d), p.
5] and (1.1.8), we have

Sp(t)u — S, (@) u“ - /}: Sp(s) (n(Ln — I))uds

(n)/n

< M exp (ntn (e“’/" - 1)) k() _ t' In(Ly, — I)ull
n
< Mewtne“’/n k(n) —t‘ Son(u) ’
n

where t,, ;== max{t, k(n)/n}.
Finally, from Lemma 1.1.1 with N = ¥/, k = k(n) and L = L,, we
obtain

Sp, (@) u— LFMy

n)(ew/™— n
<M<€w<k<n>n/n 2k(n) | FT) g/ ) In(Lu—w)

_ Hek(nmn—nu _ Lﬁ(n)“H

T ew/n — 1 n

Using (1.1.8), we have

ek(n)(e‘”/"fl) — ewk(n)/n ek(n) (w/n) ew/n ewk(n)/n
<
ew/n — 1 - ew/n — 1
B v k(n)/n(ew (/" 1) k(n)/n _ 1)
N ew/n — 1
wk(n)/n ,w(e/"—1)k(n)/n
< (el - 1) k(n) e e
n ew/n —1
- w k(n) v e?/"k(n)/n

n
and consequently
o (0)e- i

<M <€wk(n)/n \/? V k(n) + w k(n) ewe“’/”k(n)/n) Qon(u) )
m n n n

Ifw = 0, from (1.1.2) we get || Sp(k(n) /n)u—LEu|| < M @ VO o ().
Hence, collecting the above inequalities, from (1.1.7) we get

w/n

HT(t)u - Lﬁ(")uH < M2pewte” Y (u) + M e

M (ewk(n)/n\/g Vk(n) LY k(n) ewew/nk(n)/n> on (1)
T n n n
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if w> 0 and

HT(t)u - Lﬁ(muH < M tapy (w)+M ‘@ — t‘ On(u)+M \/g@ ©n (1)

if w =0, as required. O

Remarks 1.1.3

1.

From the preceding result, the order of convergence of (Lﬁ(n))nzl
to T'(t) on the subspace D depends on the order of convergence of
(¥ )n>1 (and eventually of (¢p,)n>1) to 0, on the order of convergence
of [t — k(n)/n|,~, to 0 (the best choice is k(n) = [nt] which gives an
order of convergence of 1/n) and on /k(n)/n which behaves like \/t/n
as n — 4o00. In most applications, an asymptotic behavior like \/t/—n
as n — 400 can be obtained.

. We can always take ¢, (u) := ||Au|| + ¥ (u) but we have preferred to

introduce an independent estimate of ||n(L,, — I )u|| since some applica-
tions can be more precise, as in the case of Stancu-Schnabl operators
considered in the next section.

If the operators L,, are linear contractions, then the stability condition
(1.1.3) on its iterates is automatically satisfied and from the represen-
tation (II.1.2) we obtain that the semigroup (7°(¢)):>0 is itself of linear
contractions.

If w e D and Lyu = u for every n > 1, the proof of Theorem 1.1.2
also gives T'(t)u = u for every ¢ > 0. Hence, the semigroup preserves
every function which is preserved by all approximating operators.

. Observe that estimate (1.1.6) holds uniformly with respect to ¢ in

compact intervals. O

In concrete applications, we often take k(n) = [nt]. In this case we
obviously have t,, =t and

M—t‘ _ nt — [nt] Sl-
n n n
Hence estimate (1.1.6) yields
HT(t)u — L,[ffﬂuH < M2t exp(w /™ t) by, (u) (1.1.9)

M [ exp(we/™t) 2t wt w/n
+\/ﬁ< NG + —€ —I-\/ﬁexp<we t) on(u) .
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In most applications the growth bound w of the semigroup will be equal
to 0; in this particular case (1.1.6) and (1.1.9) become respectively

HT(t)u — L’,ff"hH < M%tapy(u) + M (‘@ - t‘ + @@) ©n (1)
(

1.1.10)
and

HT(t)u - LWUH < M2ty (u) + % <% + \/g) on(u). (1.111)
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1.2 Estimate of the resolvent operator

1.2.1 Quantitative estimate of the convergence to the resol-
vent operator

The next result is concerned with the approximation of the resolvent oper-
ator of the closure of (A, D).

If £ is a real Banach space we consider the complexification £, ~ E X E
defined as usual by defining (a 4+ i8)u := (au, fu) for every «, 5 € R and
u € E. An operator L : F — FE can be regarded as acting on E. by setting
L(u,v) = (L(u), L(v)) for every u,v € E.

At this point, for every n > 1 we define the linear operator M) ,, : E. —
E. as follows

)

+oo
My ,u ::/ e*)‘th”}udt, u€ k..
0

Theorem 1.2.1 Consider the same assumptions of Theorem 1.1.2. If w >
0, then for everyn > 1, A € C such that Re X > we*“/™ and u € D, we have

M? M 1
RO\, A)u — My pul| < <

(Re A — wew/n)2 Ynlw) + 72 Vi (Re X —wew/n)

Vvn
1 w
+\/§(Re)\ — w)3/2 + Vn (Re — wew/”)2> on(u) . (1.2.1)

In particular, we have that the sequence (M) ,)n>1 strongly converges to
R(\A).

PROOF. Let A € C such that Re A > we*/". Using the integral representa-
tion of the resolvent operator (see, e.g., [48, Theorem I1.1.10, (i), p. 55] and
Chapter IT) and taking into account (1.1.9) and the elementary properties
of the gamma function, for every n > 1 and u € D we have

+o0
IR\, A)u — My pul| < / e RN\ T (4w — LIy dt, (1.2.2)
0
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then

+o00
RO\, A)u — My pul| < M? ¢n(u)/ t exp ((we“’/” —Re ) t) dt
0
M oo
i w/n
+ on(u) / exp ((we Re ) t) dt

0
2 oo
+ M ¢, (u) — /0 V't exp ((w — Re\)t) dt
+oo

+ M ¢, (u) % / t exp ((wew/” —Re ) t) dt
0
M? M
~ (Re X\ —wew/n)2 Ynlu) + n(Re\ — we/n) #nlu)
M Mw

+ \/%(Re)\ o W)3/2 @n(u) + n(Re)\ o wew/n)Q @n(u) .

Finally, the last part is a consequence of the density of D and the fact that
estimate (1.2.2) imply that the sequence (M) ,,u),>1 converges to R(X, A)u
for every u € D. O

Remark 1.2.2 We explicitly point out that estimate (1.2.1) holds whenever
Re A > w if n is large enough (namely n > w/log(Re A/w)), since
limy, 400 ew/n = 1. O

In the particular case w = 0 we get, for every n > 1, A € C such that
ReA >0and u € D,

M? M 1 1
RO A = Myl < o i)+~ (=4 = .

1.2.2 Approximation processes for resolvent operators

In this section we introduce some general sequences of linear operators,
obtained from classical approximation processes, which approximate the re-
solvent operators of the generator of the Cy-semigroups.

The main aim is the possibility of representing the resolvent operators in
terms of classical approximation operators.

First, we consider a sequence of (L, ),>1 of linear operators on a complex
Banach space E (we consider its complexification if E is real) and assume
that the hypotheses of Trotter’s Theorem ore satisfied.

Now, let (a,)n>1 be a sequence of positive integers tending to +o0o. For
every n > 1, we consider the linear operator P, q, n : £ — E defined by

- 1 & —Xk/nT1k
Phaqntt = — kzz;)e LEu, uekE. (1.2.4)
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Theorem 1.2.3 If the sequence (an)n>1 satisfies
lim — =400, (1.2.5)

then limy,— 4o Py g, ntt = R(A\, A)u for every u € E.

ProoF. Since Re A > w we have He_’\/”LnH < Me ReA-w)/n and conse-
quently ||Pyq, ol < M/(1 — e~ (ReA=2)) Hence the sequence (P a, n)n>1
is equibounded and we can show the convergence property on the dense
subspace D. Let u € D; from [1, (1.3)], we have

o0

RO\ A)u = Tim ~ § e L—e My,
(A e ) ‘ A/n nt
k=0
and consequently
1 In ° 1— ef)‘/n
1P e = ROX, AJul| <~ A 2T i LFu
k=0 k=0
+[= Y e Lhu— R(\, A)ul| .
no— A/n

(1.2.6)

The second term in (1.2.6) tends to 0 by [1, (1.3)]. As regards to the first
term, it is majored by

M =2 1 || 1—en
M —(ReA—w)k/n | * “Me/n [ 1 _ k
— lul d o e (ke " D e 1 7 Ly
k=an+1 k=0
< M ]| e~ ®er-e)ensnym |y _ 12 e Mn
~n (1 _ ef(Re)\fw)/n) /\/n ’

(1.2.7)
Since lim,, 1o n (1 — ¢ (Re )‘*“’)/”) = Re A\ — w, the assumption (1.2.5) en-
sures that the first term in (1.2.6) tends to 0 and this completes the proof.
0

Our next aim is to provide a quantitative estimate in the above Theorem
1.2.3. Now we assume that there exist the seminorms ¢y, 1, : D — [0, 400]
on a subspace D of D such that lim,,_,o 1, (u) = 0 for every u € D and

In(Low =) < pulw) , (Lo —u) = Aul| < o). (1.2.8)
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Theorem 1.2.4 Under assumptions (1.2.5) and (1.2.8), for every n >
w/log(ReA/w) (orn>1ifw=0) and u € D, we have

M? M 1
(Re X — wew/n)2 Yn(w) + vn <\/ﬁ(Re)\ — wew/n)

[1Px.an.nt = R(A, Aul| <

1 w
V3 (Rer—w)2 ~ Vn(Reh—w ew/n)2> on(t)

—(ReA—w)an/ A3/ )
M (6 ’ "t RV

(ReA —w) (1— W)

_l’_

[l - (1.2.9)

PROOF. We estimate the two terms at the righthand side of (1.2.6). Set

A = || €?; from the series expansion of e=*" we get
1 — e Mn I (_1)k; k-1 too ‘)\‘keik(ﬁ-i—w)
e T e T X g (210
k=2 k=1

Set for simplicity for every k € N, by, := Z?:o e+ and ¢, == |\|F/(nF
(k+1)!). For every r € N we obtain

T s s T

Z cpe™ 0T = Z cr by — Z Crbr—1 = Z(Ck — k1) bk + crp1 b — c1 by

k=1 k=1 k=1 k=1

and, letting r — +oo, [> 1% ckeik(“”)! < S (ek — er—1) |br| + 1 |bol-
Since

bl 1 — eilk+1)(0+m) 2 2
k 1 _ ez(0+7r) - \/(1 +COSH)2 +Sln29 \/2(1 +COS 9)
B 1
~ Jeos(0/2)]
we conclude
k(6+m)

%(c —ck_1)+c __2a
|cos<e/2>| BT T Jeos(0/2)]

k=1
Hence, from (1.2.10) we obtain

1—e M
A/n

A N N O

nlsin(@+m)/2)] - nleos@/2) oy [Re vA|
(1.2.11)

1—

Since 1 — e* > —x(1 4+ ) whenever x < 0, we have

1 1
n (1 — e~ (ReA-w)/n) = (ReA —w) (1 — (ReX —w)/n)

(1.2.12)
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and consequently, from (1.2.7) we get the following estimate of the first term
in (1.2.6)

an o A/n

1
Z e_)‘k/”Lflu — Z e~ Ak/n 7)\6/ Lflu
n

k=0 k=0
—(ReA—w)an/n A3/ )
M (6 T n|Re V|

(ReA —w) (1 — (ReX —w)/n)

1
n

<

] -

In order to estimate the second term in (1.2.6), we consider the operator
M ,, introduced in the previous section and observe that

400 & 1 — e—)\/n
My pu = / e*)‘tL,[fft]u dt = Z PR AL— P
0

2u uekr
k=0 A

the last equality is valid since LL? 1 s independent of ¢ on each interval
[k/n,(k 4+ 1)/n[. Then we can estimate the second term in (1.2.6) by
Theorem 1.2.1

M? M 1
RO\, A)u — My ul| < <

Rer—werme " T 5\ Ror —weem)

1 w
+\/§(ReA —w)3/2 " Vv (Re A —wew/”)2> Pn(u) -

Using the above inequalities the proof is complete. O

Taking a,, > [nlogn/Re A], estimate (1.2.9) becomes

C2(N) C3(\)
n — , (1.2.13
22 g+ 2 ), 1:213)
for every w > 0, w € D and n > w/log(Re A/w) (or n > 1 if w = 0), where
Ci(N\), i = 1,2,3, are suitable constants depending only on \.

[1Px.annte = R(X, A)ul] < CL(X) o (u) +






Chapter 2

Applications to classical
sequences of operators

2.1 Infinite-dimensional setting

2.1.1 Application to Schnabl-type operators

In the preceding chapter we have stated a general result concerning with the
approximation of a Cp-semigroup in an abstract setting (Theorem 1.1.2).
The general setting is motivated by some recent applications in population
genetics involving Bernstein-Schnabl operators in an infinite-dimensional
setting (see, e.g., [2]). Moreover starting with this sequence of operators,
other sequences such as Stancu and Lototsky operators were considered in
the same setting.

In this section, we consider all these operators and in each case we study
the consequences of the quantitative estimates in the preceding chapter.

We start with the Bernstein-Schnabl operators and we state the quanti-
tative estimates of the convergence of their iterates to the associated semi-
group. These operators have been introduced and studied in [2, 24] and a
unified treatment of these operators can be found in [9, Chapter 6] together
with supplementary references.

The result in this section are collected in [37].

Consider a metrizable convex compact subset K of some locally convex
space and let T': C(K) — C(K) be a positive projection on C(K) such that
its range H := T(C(K)) contains the subspace A(K) of C(K) consisting
of all affine continuous real functions on K and is invariant under convex
translation, in the sense that the function z — h(tx + (1 — t)z) belongs to
H whenever h € H,t € [0,1] and z € K.

Now, for every # € K consider the probability Radon measure ul €
M (K) defined by ul(f) = Tf(z) for every f € C(K).

For every n > 1, the n-th Bernstein-Schnabl operator B,, : C(K) —
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C(K) associated with the projection T' is defined by setting, for every f €
C(K)and z € K,

/ / <x1+ ) dpg (1) ... dp () . (2.1.1)

Lototsky-Schnabl operators are defined by considering a strictly positive
function v € C(K) with values in the interval ]0,1] and by substituting the
measures u.. with the probability Radon measures vl := ~(z)ul + (1 —
v(z)) e, € MT(K), where ¢, denotes the Dirac measure at z € K. Hence,
for every n > 1, the n-th Lototsky-Schnabl operator L, , : C(K) — C(K)
is defined by

Lo f(z / / <$1+ )du( D d (@) (2.1.2)

for every f € C(K) and z € K.
Finally, in order to introduce the Stancu-Schnabl operators, we first de-
fine the polynomial

n—1
pa(@):=[[(1+ja), aeR;
j=0
moreover, we use the convention to write |v|; = n for v = (v1,...,v;) € NF
satisfying v1,...,vp > 1 and Ele v; = n.

Now, we fix a sequence (a,)n>1 of positive functions in C'(K') such that
(nay)n>1 uniformly converges to b € C(K); as observed in [24] the result
concerning a sequence (a,)nen of real numbers in [22] and [9] remain un-
changed in the case where (a,,)nen is a sequence of real continuous functions.

The n-th Stancu-Schnabl operator S, 4, : C(K) — C(K) is defined by
setting, for every f € C(K) and z € K,

n

Spanf(z) = ¥ZZ—:aZ*k(x) PP (2.1.3)

pn(an($)) olp=n U1 Vg

/ / <v1 T+ - +’Uk1'k> dul(zy) ... dul(zy) .

Observe that the Bernstein-Schnabl operators can be obtained as a par-
ticular case of both Lototsky-Schnabl operators taking v = 1 and of Stancu-
Schnabl operators taking a, = 0 for every n > 1.

Now, denote by A (K) the subalgebra of C'(K) consisting of all func-
tions in C'(K') which are finite products of elements of A(K') and define the
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operator Ly : As(K) — C(K) by setting, for every f = hy - hy, € Aso(K),

0, m=1,
T(hy hg) — h1 hy, m=2,
Lo(hy - hy) = m
o ) > (T(hihj) = hihj) ] ber m=3.
1§i<j§m 7;1_
r#1,j
(2.1.4)

Observe that Ay (K) is dense in C(K) by the Stone-Weierstrass theorem.
Moreover, if K is a compact convex subset of R? then A, (K) C C%(K)
and for every f € Ay (K) we have (see [9, Theorem 6.2.5, p. 433])

d

1 o0 f
L — )
T(f) 2 Z a” 63:Z 63:j ’
1,7=1
where a;;(z) := T((pr; — x;)(pr; — 2;))(z) = T(pr; pr;)(z) — x; x; and pr;
denotes the canonical i-th projection.
In order to apply the results in Chapter 1, we recall that

[Lnyll <15 [Snall <1, n>1;

moreover, for every f € Ax(K), from [9, Section 6.2, pp. 427-429] we easily
obtain

In(Ensd = 1) =720 < 3 S 1L (2.15)
In(Enf = OIS I (Dl + - SN (2.1.6)
and further .
(S = 1) = W40 Lr(0)] < |52 Lo (Hl + ;uL Nl
(2.1.7)
In(Snand = DI < | T2 NErhl+ 5 Sl @219

el

where [ is a set of indices and, for every ¢ € I, L; : Axx(K) — C(K) is
a linear map such that, for every f = hy---hy, € Axo(K), Lij(hi--hpy)
belongs to the linear subspace generated by

{h1 -+ b, T(hiha)hs - b, ., T(hihohs)ha -+ By .., T(hy -+ h) }

and is different from 0 only for a finite set of indices.
We have the following result.

Theorem 2.1.1 Assume that T'(h1he) € A(K) for every hi,hy € A(K).
Then



18 Chapter 2: Applications to classical sequences of operators

1) Lototsky operators
The closure of the operator (7 L1, Ao (K)) generates a Cy-semigroup
(Ty(t))e>0 of positive contractions on C(K) and, for every t > 0,
(k(n))n>1 sequence of positive integers and f € Ax(K), we have

1Ty () f = LY fIl < = Z I1Li(f (2.1.9)
1€l
V )( )
+ v Le(Hl + = D IL(H
(52 3452) (e 5
and in particular, taking k(n) = [nt]
ITy0)f — 2B < = STIE) (21.10)
iel
1 1 2t
T <ﬁ+\/;> (H’YLT )+~ ;HL ) :

Moreover, for every A € C such that Re A > 0 and n > 1, consider the
operator Ly, : C(K) — C(K) defined by

+oo
Lyn~f = /O eMLrar,  feC(K)

and let R(\,~v L) be the resolvent operator of the closure of (v L1, Ao (K)).
Then, for everyn > 1 and f € AOO(K) we have

IROALn)f = Lo fl < S ZHL (2.1.11)

1 1
+TRGA(E+—TRM) <||~y DI+ - S I )

el

2) Stancu operators
The closure of the operator ((14b) L1, Ax (K)) generates a Cy-semigroup
(Th44(t))e>0 of positive contractions on C(K) and, for every t > 0,
(k(n))n>1 sequence of positive integers and f € Ax(K), we have

L (NI +— ZIIL >

el

na, —b
1+ay,

(g

1+ na,
x(“ 11% ILr(f)| + = ZHL ) (2.1.12)

el

1T146(t) f — Sfiéi?f\l_ (
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and in particular, taking k(n) = [nt],

na, —b
1+ap,

1Lz (Il + ~ ZHL >

el

| Tyo(t)f — SE fl <t (
(0, [E
v \vn ™
1+ nay
X(Hl—I—an (Il + ZHL > (2.1.13)

i€l
Moreover, for every A € C such that Re A > 0 and n > 1, consider the
operator Sy n.q4, : C(K) — C(K) defined by

“+o0
Sxmanf = / e St fat feC(K).
0

If we denote by R(X, (1 + b) L) the resolvent operator of the closure
of (L+b) Ly, Ax(K)), for everyn > 1 and f € Ax(K) we have

1RO ) L)~ Sy 2114
1 na, — b
< (Re \)2 < 1+a, Lo ()l +— ;HL )
T <L ! > (2.1.15)
varex v * VImes &
1+ nay,
(HH IO+ ks )

3) Bernstein operators
In the particular case of Bernstein-Schnabl operators the preceding es-
timates become

|T(t)f — BE™ f| < = ZHL (2.1.16)
el
+ ILo () + = > ILa(f)]
(FRRES DIk
and, taking k(n) = [nt],
IT@)f = Bl < = 3L (2.1.17)
el

%(%ﬂ/f) <|LT M+ L S )

el
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and further

1
IR\, L7)f — Banf| < SISVE ; I|Z:(f)] (2.1.18)

1 1 1
T /iRex <ﬁ+\/2ReA> (” ol ZHL )

el

where (T'(t))e>0 is the Co-semigroup generated by the closure of
(L1, Ax(K)), By : C(K) — C(K) is defined by

+00
Banf = / eMBPUfdt,  feC(K),
0
and R(\, Lt) is the resolvent operator of the closure of (Lp, Aso(K)).

PRrROOF. The existence of the Cy-semigroups generated by the closures of
the operators (v L7, Ax(K)) and ((1 4 b) L7, Ax(K)) is a consequence of
[9, Theorem 6.2.6, p. 436]. Moreover, from (2.1.6)—(2.1.5) we can apply
Theorem 1.1.2 and Theorem 1.2.1 considering the seminorms ¢, : Ax(K) —
R and ¢, : Ao (K) — R defined by

enld) = I Lr(Dl+ SSILI, en7) o=~ SILDI . f € As(E)

el i€l

and we get (2.1.9) and (2.1.11). The particular case k(n) = [nt] follows from
(1.1.11).

Analogously, if we define

1 n
onlf) = H 0 () + 2 ST s
el
na, —
Un(f) = 1+an Lz (Ol + ;HL

from (2.1.8)-(2.1.7), Theorem 1.1.2, Theorem 1.2.1 and (1.1.11) we get
(2.1.12), (2.1.13) and (2.1.14).

Finally, the case of Bernstein-Schnabl operators is obtained taking v =1
n (2.1.9)—(2.1.11) (or a,, = 0 in (2.1.12)—(2.1.14)). O
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2.2 Finite dimensional setting

2.2.1 Best order of convergence in C%%(K)

In this section we consider a domain K of R? and apply Theorem 1.1.2
and 1.2.1 to some classical sequences of linear operators connected with
some second-order differential operators. In order to describe the rate of
convergence in the Voronovskaja-type formula we restrict our attention to
the class C**(K) of twice differentiable functions with a-Holder continuous
second-order derivative, and give a general quantitative estimate in terms
of the a-Holder constant defined by

Lyn:= sup (@) = 1) - (2.2.1)

syek |T — y|a
z#y
This result can be easily applied to a wide range of linear operators, by
simply evaluating them at the functions (pr; — z;), (pr; — z;)(pr; — ;), this
will determinate the coefficient of the differential operator associated with
the Voronovskaja formula, and at the function (pr; — 2;)?(pr; — x;)? which
affects the rate of convergence.
In the next theorem we consider a linear operator L on C(K), and its
associated differential operator

2
O axj L ((pr; — i) (pr; — ;) (@) (2.2.2)

1
ALf = 5

d
d
Z L(pr; — ;) (x)
defined for every f € C?(K) and x € K. This operator is strictly related

to the differential operator associated with the Voronovskaja-type formula
when we shall consider a sequence of linear operators.

Theorem 2.2.1 Let K C R, and L : C(K) — C(K) a linear positive
operator. For every x € K denote by v,: K — R the real function defined
by . (y) == |y — x| for every y € K. Then for every f € C*>*(K) we have

IL(f)(x) = f(x) = AL(z)] < [f(@)[|L1(z) — 1] (2.2.3)

L 2 1/2

+ 2 (LD @)™ (LW @) L)) + L) .
PRrROOF. Let f € C**K) and = = (z1,...,24) € K. For every y =
(y1,-..,9y4) € K, there exists £(y) in the segment joining x and y such
that
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£) - 1@
d 8f 1 d 82f
= ; al‘z (1') (yz xz) + 5 = 8%1 81‘] ( )) (yz xz)(yj — gjj)
d 8f 1 d an
— Z} D, (=) (yi — xi) + 2 By, () (yi — 24) (y; — ;)
1 d an an
+ 9 ”Z <8xi oz (€()) Dx; 0x; )) (yi — i) (yj — ;)
Hence
f=f)-1
d 8f 1 d 82]('
= ; o (.’E) (pl"i - l‘z) + 5 ”Z oz, Eh:j (l‘) (pri — in)(prj — «Tj)
1 d 82f an
" 2 i <8ZC2 I T Ox; Ox; (m)) (pr; — @) (pr; — ;) ,

and evaluating L of both sides at the point x we get

d
L)) = 1)+ 5) = F@) - L)) = Y 5L () Lpr, — )
1 . i=1
D @)L (G~ 2oty — 27) 2)
1 d 0 f 0 f
PN (((% Tt ot @) ons - )on; ) 0).

Taking into account that L is positive we can write

\L(f)(x)—f(x)— @) < |f(@)||L1(z) — 1| (2.2.4)
2
"3 Z <<8$Z ox; 08— 352 éij ($)> (pr; — ;) (pr; — x])> (z) .

Since f € C*%(K4) we can estimate the last term as follows

d 82f

=1 Eh‘l 83:j

0% f
813 al‘j

() - ()

S Lf”|y _m|a )
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where Ly is the Lipschitz constant of f given by (2.2.1). Moreover, using
the inequalities |(y; — z;)(y; — z;)| < |y — z|? from (2.2.4) we get

IL(f)(@) = f(2) = Af (@) < |f(@)[[L1(z) = 1] + ==

At this point using the Cauchy-Schwartz inequality (see, e.g., [9, Section
1.2, p. 21]) we obtain

[L(f) ()= f(z)=Af (@) < [f(2)][L1(x 1\+Lf\/ L (42) (x)/ L ($272) (

Observe that for every § > 0, we have

salo < (3 2 ) g

indeed if |y — x| < § we obviously have |y — :L‘|2+2°‘ < 6222 and otherwise if
ly=a] ) > 242 9420 (=2 \* 72 _
ly—x| > 6 then 1 < ( ) and |y —xz[“T°Y < |y —x[7TH (B =

‘y(s—f‘ §2%. Therefore

LU(&) — (@) — Af@)] < |F@)][L1a) - 1
N <x>\/ #o (L@ + L)

@0 -1+ 25y L@ L e + LD L)

and choosing 62 = L(?2)(z) we obtain
IL(f)(@) = f(2) — Af(@)] < |f(@)]|L1(z) — 1]
Lf” (L(2) (@) (LW2)(@)*L(1)(x) + L) (@)

1/2

0

In concrete applications we have a sequence of linear operators (Ly,)nen,
and a sequence of positive real numbers (h,)nen converging to zero, such

that the operator

K o An

converges to a second-order differential operator
d
z) =) aij(@)Di;f( +Zb
2

[}
where a; j, b; are bounded, positive, continuous functions on K. The link
between the linear operators L, and A is given by a Voronovskaja-type
formula:
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Theorem 2.2.2 Let K be a set of R, let (hy)nen be a sequence of positive
real number converging to 0 such that for every x € K and f € C*(K), with
uniformly continuous and bounded second-order partial derivatives,

1. nlLIEOAnf(x) = Af(x)

2. lim M =0
n—oo hn
4
9. tim W)@
n—oo hn
Then

L Lnf (@) — 1)
h

n—oo n

= Af(z), foreveryz € K and f € C*(K) .
(2.2.5)

PROOF. Let f € C?(K) with uniformly continuous and bounded second-

order partial derivatives. We can still apply (2.2.4) to the operator L,, and
dividing by h,, we get, for every x € K,

Lnf(z) — f(z) —Af(x)‘ < %u’,nf(x) — flx) — Af(x)| + |Anf(z) — Af(2)]

I,
<l =1
1 ¢ 02 02
nogi=1 ¢ !

+ [Anf(z) — Af(2)] -

Since f” is uniformly continuous for every € > 0 there exists § > 0 such that
|t — 2| < & implies that |24 (¢) — 2L (x)( < . Then

ox; 8:17j ~ Bz 8$].
an an
ox; 8xj ( )) o z; 8.’Ej (13)' ‘(tz - l‘i)(tj - x])‘
O*f || (t —x)*
< e VNt — s .
=ittt =)t 2‘ Ox; Ox; 52
indeed if |t — x| < 6 we have [{(t) — x| < |t — x|, and
an 82f
- S €5 2.2.
O 833]'( ) Ox; Ox; (m)‘ =c (2:2.6)
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conversely if [t — x| > ¢ we have that 1 < @ and using the inequality

|(t; — x3)(t; — )| < |t — 2> we have again the validity of (2.2.6). Finally

hy,
Lol(z) — 1] 1 & La((pr; — ) (pr; — 7)) (2)
<l ey 3 -
4 xr
02 2 ) - s )]

which converges to & Zf =1 a; j(x) as n — oo. Since ¢ is arbitrary the proof

is complete. ]

Remark 2.2.3 If the hypotheses 1., 2. and 3. in Theorem 2.2.2 hold with
respect a uniform norm (or with respect a weighted uniform norm) then
(2.2.5) holds uniformly (or with respect to the weighted uniform norm ) as
well. O

2.2.2 Application to Bernstein operators

In this section we consider the particular case of the standard simplex of R?

d
Ky := {x:(xl,...,l’d)ERd|l‘1,...,xd20, Zl‘kﬁl} ,
k=1

and the classical sequences of multi-dimensional Bernstein, Lototsky and
Stancu operator on K. These operators coincide with the Bernstein-Schnabl,
Lototsky-Schnabl and Stancu-Schnabl investigated in the preceding section
considering the particular projection Ty : C(Ky) — C(Ky) defined by

d
Tuf(2) ::Z$if((5i17...75id)7 feCKy), v=(x1,...,2q) € Kq,
=0

which maps any continuous function f into the affine functions which inter-
polates f at the vertices of Ky (see [9, Section 6.3.3, p. 450]).

Observe that the projection Ty satisfies all our general assumptions and
also those in Theorem 2.1.1, and therefore we already have an estimate of the
convergence of the iterates of our operators to the associated semigroup on
the subspace Ay (K,4). However, here, we want to point out some additional
information on a larger subspace.

The results in this section have been published in [36] in a preliminary
version and are stated in [37] in the definitive version.
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We consider the case of Bernstein operators, which are explicitly given
by

L n' ho _hi hy hl hd
an(l’l,...,ﬂ?d) = Z mxo Ty ...xd f ;7...,;
h1+---+hd§n
for every f € C(Ky) and (x1,...,24) € K4, where g :=1—21 — -+ — x4
and hg:=n—hy — -+ — hy.

In our situation, the operator Ly, defined by (2.1.4), coincides on Ao (Ky)
with the differential operator A : C?(K,) — C(K,) defined by

d

i (0 — ;) 0
Af(e) = Y St (o 1)

ij=1

whenever f € C?(Ky) and = = (21,...,14) € Ky.

It is well-known that the closure of (A4, C%(K )) generates a Co-semigroup
of positive contractions on C'(K,) and that C?(Kjy) is a core for this closure
(see e.g. [9, Theorem 6.2.6, p. 436] or also [49]).

From Theorem 2.1.1 the estimates required in Theorems 1.1.2 and 1.2.1
are already available in A, (Kjy). However our aim is to investigate the
validity of similar estimates in the space C%%(Ky).

Taking L = B,, in (2.2.2) we get the differential operator

d

2
Ap (@) = 5 3 5o (@) B ((ors = 2o = ) ()
ij=1 """
d
0
+3° 2L (@) Butor, — w2)
i=1 ¢

and in order to apply Theorem 2.2.1 we need to evaluate the operator B,
at the function (id — x)*, where id denote the identity function defined by
id(z) := «x for every = € R.

Proposition 2.2.4 For every x € Ky, we have

d
. 1
Ba((id —2)")(z) = n? Y(@)? +2 ) @i (b — ;) (2.2.8)
ij—=1
1 [ d
2
+ E 'Zl l‘zxj(l‘z +x; — 3%‘2'.1‘]') + z;l‘z(l — 2.15)
i,j= i

d
—(@)? =2 @6y —5)? |

1,j=1

where () = Z?Zl i (1 — ;).
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Proor. We have

d
Bu((id = 2)") () = ) Bal(pr; — zi)(pr; — z5))() ;

,j=1

in order to compute By, ((pr; —;)(pr; —;))(z) we use the fact that B,, coin-
cides with the n-th Bernstein-Schnabl operator associated to the projection
Ty, that is

B, f(x) :/Kd.../de <w> Al (@) - dpli () . (2.2.9)

We fix x € K, and consider two affine function hj, he such that hj(z) =
ha(z) = 0. Consider the function f := h?h3; then we have

h2h2 (M) — i4 Z hi (i) hy (x)ha(xk)ha(zy) |

n n=
i,5,k,l=1
and consequently
By (hih3)(x)
1 n
EEERS / / () (23 s (e Yoo () AT ) -« A ()
n= K K
1,5,k 1=1 d d
R 1 -
=Y @+ Y T Tu))
i,k l=1 i, k,l=1
im=j=k=l i=j,k=1,i#l
1 - 1 -
+= Y (Tu(mho)@)*+ = Y. (Tu(hahs)(2))?
n i,5,k,0=1 n i,j,k,1=1
i=k,j=l,i#j i=l,j=k,i#j
1 n(n—1 n(n—1
= Lrmnd) ) + "D g ) @) T3 @) + 2" (@) )

= 5 [Tal) @) Talh3) &) + 2 (Tuhaa) ()]

b [TuRI)(w) — Tl @)TB)(w) — 2Talha ) ))?]
Now let 1 <4,j < d and take h; = pr; — z; and hy = pr; — 2;; we obtain
Ta((pr; — i) (pr; — z))(z) = 2i(6ij — x;)
and

Ta(pr; — 23)* (pr; — 2)°)(2) = wiwj (i + x5 — Bwgwy) + 6 jas (1 — 22;)% .
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Hence
Bn((pr; — i) (pr; — ;))(x)
= %(%(1 —a)x(1 = xj) + 227 (85 — x;)°)
+ 13 (a:lx] (i +xj — 3zi25) + 05 j24(1 — 21)?
—ai(1 = zi)a; (1 —a;) — 207 (85 — 25)%)
and this completes the proof. O

Remark 2.2.5 We have

d
|Ba((id - ) (@)| < — [ 0(@)? +2 Y 22, - 25)? | + % (2.2.10)

n2 ~
2,7=1

Indeed since z € K4, we have 0 < Z?:1 7?2 < 1 and (1 —27;)% <1 and
therefore

d d d
Z zizj(x; + x5 — 3z5) + Zacz(l —22;:)% — Y(x)* -2 Z x
ij=1 i=1 ij=1
d d d
<2Za:a: —1—2:;1311—2:1:Z Z Za:?—l—szgiS
t,j=1 i=1 j=1 i=1
Using the above inequalities, (2.2.10) directly follows from (2.2.8). O

Now we can establish a quantitative version of the Voronovskaja-type
formula for the Bernstein operators in the space C%%([0, 1]).

Theorem 2.2.6 (Quantitative Voronovskaja’s formula for Bernstein

operators) Consider the Bernstein operators on C(Kg) and the differential
operator (2.2.7). For every f € C*%(Ky) and v € K4 we have

1/2 z a/2
n(Ba()(@) = (@) = Af ()] < Ly» (% — Ly %) (@)

ifd>1 and

[n(Bu(f)() = f(2)) = Af ()] < Ly (L N %> 12 (M >a/z

if d =1, where (x) = Zle i (1 — ;).
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PRrOOF. Recalling that, for every i,7 =1,...,d,

1
Bp,1=1, Bypr; = pr; , B.(pr; Pl"j) = pr;pr; + n pr; (5ij - Pl"j) )

we have

Bulpr, ~a)(0) =0, Bu (b~ 2)pr; — 7)) () = 205 =2,

and therefore

TL.Aan = Af
and By, (Y2)(z) = 23" 2;(1 — 2;) = 2¢(z). From Theorem 2.2.1 and

—n

(2.2.10) we have

Lev 1 1/2
< W) (Y B - ) )
1/2
L L) [ Zeer + B Y -
= 2 na/2 n2 n2 ZJZI 7 (2% J ,n3

) 1/2
- L2f// ni/2 (eh(x))2 [2 (¢<x)2 + Z x3 (i — l‘j)2> + 2] )

The function g(z) = ¥ (z)? + Z?,j:l 27(6;; — x7)? attains its maximum in
K, at the point 7 = (1/d,...,1/d) if d > 1 and at T = 1/2 if d = 1; then

o= (S50-D) 56 00 s ()

i#]

if d > 1 and g(x) = 1/8 if d = 1. Therefore

" 1/2
n(Bal)(@) — @) = Af(@)] < 221 ((a))es? (2 (1 - %) + é)

2 na/2

ifd>1and
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Remark 2.2.7 Taking into account that ¢(z) < 1—1ifd > 1 and ¢(z) < ;
if d =1, we have, for n > 1

(2.2.11)

ne/2

0

The following last result is a consequence of Theorem 1.1.2, 1.2.1 and (1.1.11)
by means of (2.2.11)

Theorem 2.2.8 Consider the Bernstein operators on C(Kg) and the dif-
ferential operator (2.2.7). Then, the closure of (A,C?*(Ky)) generates a
Co-semigroup (T'(t))i>0 on C(Kg) such that, for every t > 0, (k(n))n>1
sequence of positive integers and f € C*>*(Ky), we have

IT(t)f - BE™ £ (2.2.12)
na/2 n T n ne/2

and in particular, taking k(n) = [nt],

g < Bt L (L \/E < L_f)
IT@t)f =B fl < ez Vo (\/EJF — | (lAfl+ =75 ) - (2213)

Moreover, for every A € C such that ReA > 0 and n > 1, consider the
operator By : C(Kg) — C(Ky) defined by

+oo
Bmf::/ eMBIrar . feC(K).
0

If R(\, A) denotes the resolvent operator of the closure of (A,C?*(Ky)),
for every n > 1 and f € C%*(K4) we have

1 Lf//

HR()\,A)f - B)\,an < (Re )\)2 na/2

(2.2.14)

1 1 1 A L
T /iRex <ﬁ - \/2Re>\> (H fi+ n“/2> '
In the one dimensional case we have a partial converse result.
First we recall some needed notions related to the smoothness of a func-
tion f.
The divided difference operator Ap(f,z) is defined by

Ap(fix) = fle+h) = f(z), h=0.
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If r > 2, the r-th order divided difference A} is defined as the r-fold com-
position of Ay with itself.

If f € C([a,b]), then the modulus of continuity of f is defined by

w(f,6) == S IALf, Map-r), 0<d<b—a.

Accordingly, if » > 2 the r-th order modulus of smoothness is given by

wr(f, 5) ‘= Ssup HA};(fv ')H[a,bfrh] ) 0<0<
0<h<$ r

If 0 < a <1, we e denote by Lip a the set of all functions f € C([a,b])
for which there exists M > 0 such that w(f,d) < Md%, ie. Lipa is the
Lipschitz a-class. If 0 < o < 2 we denote by Lip* « the set of all functions
f € C([a,b]) for which there exists M > 0 such that wa(f,d) < Md*. It is
noteworthy that if 0 < a < 1 the class Lip* a and Lip @ coincide (see [45, p.
6 (1.3.5)]).

Proposition 2.2.9 Consider the Bernstein operators on C([0,1]) and the
differential operator (2.2.7). Let f € C?([0,1]) and assume that there exist
a constant C > 0 and a €]0, 1] such that

C
In(Baf = ) = Afll < —75 - (2.2.15)

then f € C2%(0,1).

loc

PROOF. First we explicitly evaluate the differential operator (2.2.7) which,
in our situation, becomes

z(1—x)

Af) =T @)

Now let f € 0120’3([0, 1]); since f € C?([0,1]), for every x € [0,1] and y €
[0, 1], there exists £(y) in the segment joining x and y such that
1
Fy) = f@) = f'2) (y —2) + 5 f(2) (y = ) + 1y, x) (y — x)*, (2.2.16)

where n(t,z) := 3 (f"(£(t)) — f"(z)). Then we can write

Bn(f)(@) — f(z) = Bn(id — z)(x) + %f”(w)Bn(id ~2)*()
+ By ((id — 2)*n(id, ) () .
Taking into account that

z(1—x) 7

Bn(id —z)(x) =0, B,(id —z)*(z) =

n
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we have
Ba(f)(@) ~ f(@) =~ Af(@) + Ba((id — )*n(id, 2)) ()

and from (2.2.15) it follows that

1B, ((id — 2)’n(id, 2)) ()] < & . (2.2.17)

~n na/Q

Now, we consider a linear combination of Bernstein polynomials introduced
by Butzer [20] and recursively defined by

Bn,O = Bn
(2r - 1)Bn,r = QTBQH,rfl - Bn,rfl .

A result of Ditzian [47] states that
1 B A" 8
1Bnr () = Fl =0 55 | = e" AN fllpna—m = O(R7)  (2.2.18)

for 8 < 2r and <p2( ) i=x(1—
If we set g.(y) == (y — x)° n(y,

\_/

and take r = 2 we get

Bn2:

)

Wl oo \_/

1
B4n - QBZn + an

and from (2.2.17) it follows that || By 2(92)| = O( Ha/Q) Therefore we

take (2.2.18) with § = 2 + «, then for every § > 2h exists C = C(§) > 0
such that
|Abg(v)| <CR*Te, yels1-4). (2.2.19)

Now we evaluate A}g,(y) at the point y = x; we have
A} ge(x) = go(x + 4h) — 4gy(x + 3h) + 69 (x + 2h) — 4g.(x + h) + go(z) .

Taking into account that, from (2.2.16), for every s > 0

Gelzts) = fats)— f@) - @ ts—o) - 37" @)w+s -2
= flats)— f@) — @) — 55" (@)s?

we have

Abg.(r) = f(x+4h) —4f(x+3h) +6f(x +2h) —4f(z+ h)
—f(z)(1—4+6-—4)
—f(2)h(4 =12 +12 — 4) — f"(2)h?(16 — 36 + 24 — 4)
= Apf(z).
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Now we evaluate the 4-th order finite-difference of f in terms of the second-
order derivative of f,

/ A3 f'(x +t)dt = / / AZ f"(x +t + s)dsdt
= h2A3 " (x + £(x) (2.2.20)

where &(x) € [z, + 2h]. Now we consider the function z(z) := z + £(x) for
x € [§,1— 6], we have that 2(J) < §+2h and 1 —6 < 2(1—9), then 2~ 1([§ +
2h,1 —¢]) C [0,1 — ¢]. Consequently, since the function z is continuous, for
every h > 0 and Z € [§ 4+ 2h,1 — 0] we can take x € [§,1 — J] such that
z(x) =z + &(x) =z, and from (2.2.19) and (2.2.20) we can write

|R2AGf(2)| = |ALge(z)| < CR*T z € [6+2h,1 4],
and hence, since § > 2h,

1ARF " f25.1-5) = O(h®) -

The last expression yields wy(f,h) < Ch?, ie. f” € Lip*(«) locally in (0, 1).
Since 0 < a < 1, we have that f is also in Lip(«) . O

For the sake of brevity we do not investigate the analogous results for
Lototsky-Schnabl and Stancu-Schnabl operators in this setting. In the next
section we give some details on a particular class of Stancu operators.
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2.2.3 Application to Stancu operators

In this section we consider some quantitative estimates of the convergence
of suitable combinations of iterates of Stancu operators to the associated
Cy-semigroup and the resolvent operator of its generator in the context of
spaces of continuous functions on the d-dimensional simplex.

Stancu operators were introduced by D. D. Stancu in [66, 67] in the context
of spaces of continuous functions on the interval [0,1]; if a € R, the n-th
Stancu operator @, : C([0,1]) — C([0,1]) is defined by setting

Qnaf Zf( ) qnk(T,a), f€ C([Ov 1])? x € [0> 1]»

where
k—1
qnk(T,a) = (Z) (I)k(aj’a)qir(qfé)l — x,a)y O (z,a) = jl_IO(x + ja).

In this setting these operators have been studied by Miihlbach [60, 61].
Further generalizations were considered by Felbecker [51] and by Campiti
[22, 23]; in these last papers also connections with the representation of a
suitable Cp-semigroups have been considered.

The results in this section have been published in [39].

First, we consider the standard simplex K  of R? and the Stancu op-
erators Sy 4, @ C(Kq) — C(Kg) on Ky, which are associated with a se-
quence (an)n>1 of positive real numbers and are defined by setting, for every
feC(Ky) and x = (x1,...,2q) € Ky,

Span f(@1,. .. 20) == ! oo <% o @> (2.2.21)

Pn(an) hi+- +hd<n "
h(]'hl ' H‘Dh than
for every f € C(Ky) and (z1,...,24) € K4, where as usual g := 1 — 1 —
e — X, h() ::n—hl—---—hd and
n—1
pn(a) = [[(1+ja), aeR
j=0

In the sequel we assume that the sequence (nay),>1 converges to b > 0
and consider the differential operator A : C?(Ky) — C(Ky) defined by

0% f
813 83:j

d
Af(z) = (1+b) Z 2 — ) (z), (2.2.22)
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whenever f € C?(Ky) and = = (21,...,2q9) € Kg.

It is well known that the closure of the operator (A4, C?(K,)) generates a
Co-semigroup of positive contractions on C(Ky), and that C?(Ky) is a core
for this closure (see e.g. [9, Theorem 6.2.6, p. 436]).

Moreover, the operator A is connected with Stancu operators by means
of the following Voronovskaja’s formula established in [51, 23]:

lim 1(Sna,(f) = f) = A(f),  feC*Ka). (2.2.23)

n—-+o0o

Now we establish a quantitative version of (2.2.23)

Proposition 2.2.10 Consider the Stancu operators (2.2.21) on C(Ky) and
the differential operator (2.2.22). There exists a constant C > 0 such that
for every f € C*%(Ky) we have

I(SnanF) = 1) = AN <O (a5 + Inaw =31 ) 21

where My is the seminorm on C**(Ky) defined by
My := Ly + | D*f]| . (2.2.24)
PROOF. Let f € C%%(Ky) we have

(Ka)
[n(Sn.a, (f) = f)(x) = Af(2)] (2.2.25)
< [n(Snanf(2) = f(2) = As, o, [ (@) + [nAs,, ., [(2) = Af(2)]

where Ag, , is the operator (2.2.2) obtained by taking L = Sp,,. In
order to write an explicit expression of Sy, ,,, we recall that, for every i, j =
1,...,d,

Snvan(]') = 17 Snyan(pr’i) = pri7

1+ nay,
Sh,an (PT; Pl"j) = pr; pr; + m pr; (055 — Pl"j) )
and consequently
14+ na
Sn,an ((Pr; — i) (prj — ;) (x) = n(Tan) i (03 — ;) (2.2.26)
n
and
Sn,an (Pr; — i) () = 0.
Hence the operator Ag, , becomes
d

R . 2
A&Mf<w—1+”% zi (0 —z;) _O°f

(1+ap) 2 O0x;0x;

2¥)
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In regard to the first term in (2.2.25), we apply Theorem 2.2.1 with L =
Sn.an, and we get

(n(Sn.anf(2) = f(z) = As,, ., f(2))]
(Snan (W2 (@)™ (S0 (W) @) L(A)() + L2 (1))

1/2

From (2.2.26) we have

d
SMA%MM=%%%%MM<ka—m0
" i=1

and therefore

|Sn,an (1/1920)(1‘” <

1+ nay, < 1>< 1+ nay,
~n(l+ap)

d) T n(l+an)

Moreover from [9, Lemma 6.2.2, p. 429], we obtain the existence of a con-
stant C > 0 such that

|Sn.an ((pr; — 2:)*(pr; — 7;)%) (2)| < =

and hence

Snan (W) (x) <

The first term in (2.2.25) can be estimated as follows

n(Sn,a, f(2) — f(2) — As, ., f(2))]
Ly ( 1+ nay, /2 1+na, dJVOi
= 2 <n(1+an)> n(n(l—i—an) + n > '

In regard to the second term in (2.2.25) we have

d
B 1+ na, _ i (05 — xj) >*f
nAs, 0,/ (2) Afcwls‘ 1D e T

< na, —b—a,(1+0b
- 1+ay,

1
< (e — b1+ Snan(0+ 1)) 1%

C
< (Inan =1+ ) 1211

N2
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Finally from the above inequalities it follows

10(Sa (f) — F)(@) — Af(2)
Ly (1 +nay /2 14+ nay, dv/C1
=7 <n<1+an>> ”( Atan)  n )
(\nan—b|+ >||D2f||
1
SC a/QLfN <\nan—b|—|— )HDQfH

1
<C< /Q—Hnan b|) My,

where My is the seminorm defined by (2.2.24). O

The preceding result allows us to get the quantitative estimate obtained
in Theorem 1.1.2 in the particular case where the growth bound of the
semigroup is equal to 0.

Theorem 2.2.11 Let (an)nen be a sequence of positive real numbers such
that (nap)nen converges to b € R and consider the Stancu operators on
C(Kg4) and the differential operator (2.2.22). Then, the closure of (A, C?*(Ky))
generates a Co-semigroup (T'(t))i>0 on C(K4) such that, for every t > 0,
(k(n))nen sequence of positive integers and f € C**(Ky), we have

IT()f - nanf||<CMft< 1/ + |na, — b|) (2.2.27)

(B 2T (s ot (b + -1

and taking k(n) = [nt],

1
707 = {8, 71 < Oty (i + o — ) (2.2.98)

+%<%+\/27> (1400+ €0y (a5 + Ina =31 ) ).

In the particular case where ay, := b/n, estimate (2.2.27) becomes

I7(0) 555,11 < CM”+("“§:” ~o|+ @@) (1 +537)

and if k(n) := [nt], from (2.2.28) we get

[nt] CMyt 1 (1 \/E CMf)
IT@)f - Sk, 1l < =4 +\/ﬁ<\/ﬁ+ W> (”A<f>”+ 2 )
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In order to approximate the resolvent operator of the closure of (A4, C%(Ky)),
Let (sp)n>1 be a sequence of positive integers tending to +oo and for every
n > 1, consider the linear operator Py s, nq, : C(Kq) — C(Kg) defined by

Sn

1
Prspman () == > e MSE (u),  ue C(Ky).

n
k=0

We are now in a position to state the following result.
Theorem 2.2.12 For everyn > 1 and f € C**(Ky), we have

HP)\,sn,n,an (f) - R()\, A)f”
1

< ®ex (HA(f)H + O M; (,%/ + nan — b‘))

7 <¢ﬁ;ex " \/§(R1e A)3/2> <0Mf (ﬁ e b‘>>

—(ReN)sn/n |A[3/2
- TR AL

(1= B3] Re

+

Hence, if we assume that

then the sequence (P s, na,)n>1 strongly converges to R(\, A) on C(Kg).

If we take in particular a, := b/n, then

oM,
no/2

IPrsnmaral) = BV < by (1A +

+L 1 N 1 CM;
Vv \yvnReX = /2(ReX)3/2) no/?

—(ReA)sn/n |A[3/2
- AR VAL

(1 —BeA)Re A

n

_l’_

For the sake of simplicity, we have associated Stancu operators with a
sequence (ap)n>1 of real numbers; as observed in [24], all estimates concern-
ing Stancu operators remain valid if we take a sequence (a,)nen of contin-
uous functions on Ky such that (nay),en uniformly converges to a function
b € C(K ) and consequently also the results in this section are true in this
more general context. We explicitly observe that in this case the differential
operator A is more general, as well as the estimates on the semigroup and
the resolvent operators.



Chapter 3

Steklov operators

In this chapter we consider Steklov operators in spaces of continuous func-
tions on the real line and on a bounded interval. We study the connections
of these operators with some second-order degenerate parabolic problems
establishing a general Voronovskaja-type formula. We also need a quanti-
tative version of Voronovskaja’s formula in order to apply the quantitative
estimates in Chapter 1.

The choice of Steklov operators is motivated by the fact that these opera-
tors can be used in different setting, such as spaces of continuous functions or
weighted spaces of continuous functions both on bounded than unbounded
real intervals.

The results in this chapter have been obtained in collaboration with I.
Rasa (Cluj-Napoca, Romania) and published in [33], [34].

3.1 Steklov operators on the real line

In this section we point out some general properties of Steklov operators
and we construct a sequence which can be canonically associated with an
assigned second-order differential operator A.

Let L%OC(R) be the space of all locally integrable real functions and for
every b > 0 define the integral mean operator M, : L} (R) — C(R) by
putting

1 x+b
My f(z) == %/b fydt, feLi.R), zcR. (3.1.1)

Then, for every n > 1, the n-th Steklov operator S, : Li .(R) — C(R) is
defined by setting
Spp = M, (3.1.2)

where, as usual, M,? is the identity operator and M;" = M, oMgﬁ‘f1 ifn>1.
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Observe that, for every f € L (R) and x € R,
Sopf(x) = fl2),

1 x+b
Suaf@) = My (Sp1af) @) =55 [ Swaaf(Ot

The preceding definition is meaningful also in the case where b is a
bounded continuous strictly positive real function on R; in this case the
integration is extended over the interval [x — b(z),z + b(z)] and (3.1.1) be-
comes

‘ 1 z+b(z) )
Myf(z) = m/ﬂ(@ ftydt,  feLL.(R), zeR. (3.13)

In this section we shall be mainly interested in studying some properties
of Steklov operators in the space C(R) of all continuous real functions on
R which admit finite limits at the points +00. The space C(R) is endowed
with the uniform norm and obviously every function in C(R) is bounded
and uniformly continuous.

Moreover as usual, we shall denote by C?(R) the space of all functions
f € C(R) which are twice differentiable and such that f” € C(R). Observe
that C?(R) is obviously dense in C(R) with respect to the uniform norm.

Observe that if f € C(R) and lim,_ 1 f(z) = £ € R, then we also
have limg o0 Sppf(z) = €. Indeed, this easily follows from an inductive
argument on the integer n > 0 using the equality S, ,f(x) = Sp—1f(§)
which holds for some & € [ — b(x), z + b(x)] and using the boundedness of
the function b which implies that lim,_, (2 — b(x)) = +o0.

Hence Steklov operators may be regarded as linear operators from C(R)
into C'(R) and in this case they become positive linear contractions with
respect to the uniform norm.

Our aim is to use these operators for the investigation of some degenerate
second-order differential operators.

Namely let a € C(R) be a strictly positive function such that

id-a € C(R) . (3.1.4)
Consider the differential operator A : D(A) — C(R) defined by

Au(z) := %a(a:)2 u’(z) ue D(A), zeR, (3.1.5)

where

D(4) = {ue CR)NC*R) | a®u" € C(R)} . (3.1.6)

Remark 3.1.1 Observe that A is a second-order elliptic differential oper-
ator, which is degenerate since a vanishes at the endpoints of the real line.
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Moreover, the endpoints +0co are natural endpoints and hence the operator
(A, D(A)) generates a Cp-semigroup of contractions on C(R) on the maximal
domain D(A).

Furthermore, every function v € D(A) also satisfies Ventcel’s boundary
conditions

lim a(z)?u"(x) =0.

r—+o0
Indeed if u € D(A) \ Dy (A), we should have for example lirf Au(z) =
T— 100
1
¢ # 0. Then lim — a®(x)z*u" (z) = ¢ and therefore lim u”(z) # 0;
r—-+oco O Tr—-+00

1 _
consequently lirf —u(r) # 0, contradicting the condition u € C(R). At
r—+400 I

the point —oo we can reason similarly.
Hence we conclude that in this case the maximal domain coincides with

Ventcel’s domain. For these and further results we also refer to the Chapter
11, [48, Chapter VI, Section 4] and [69]. O

We shall be interested in studying the connections between the differential
operator A and sequences of Steklov type operators.

Namely, we define the functions b, := a/n and consider the operators
L, : C(R) — C(R) defined by

Lnf(x) := Spp, f(2), feCMR), zeR. (3.1.7)

Since b,, is bounded, the operator L,, is well-defined as an operator acting
on C(R); furthermore, since a vanishes at +00, we have that L,, interpolates

every function f € C(R) at £oo, in the sense that lim, .10 L, f(x) =
lim, 100 f(2).

Moreover, observe that L, = M;' for every n € N and consequently, for
every k > 1, we also have

LE = MF™ = Sk, - (3.1.8)

Using (3.1.7), the operators L,, can be extended in a natural way to the
space of all continuous functions on R, and for this extension we can state
the following properties, for every z € R:

i) Ly1(z) = Spp,1(z) =1,
ii) Lyid(x) = Spp,id(z) =,

i) L,(id?)(z) = S, (id%)(x)
= 2245 050 Sip, (B2)(@) = a3 (2 150 Sia (0D)(@)) -
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Since S;p,, is a linear contraction, we can conclude that

lirf L, (id?)(z) = lirf S, (id?)(z) = 2

uniformly with respect to x € R.
We need some further preliminary results in order to state some deeper
properties of the operators Ly,.

Proposition 3.1.2 For every f € C(R), k> 1 and z € R,

1Sk, () = fII < EllS1,(F) = f1I - (3.1.9)

PROOF. We argue by induction on the integer k£ > 1. If £ = 1 then (3.1.9)
is obviously true. Now, assume that (3.1.9) holds for k£ > 1. We have

[Sk416,f (@) = f(@)] < [S1p, (Skp S = @)+ [S1p, f(2) — f()]
< 1Sk (F) = FI 1516, () = [
< K[[S1p, (f) = fII+ 1516, (F) = £l
< (k+ D[S, (f) = fll
and this completes the induction argument. O

As a consequence of the above result, we can state the following estimate.

Proposition 3.1.3 For every f € C?(R) we have

a2 "k
1Sk f = fII < wﬁ . (3.1.10)

PROOF. Let f € C?(R); for every z,t € R we can write

£ = f() = (@) (6= 2) + 50(E) (e - 2)?

with & between ¢ and .

Then
1 z+b
Sipf(x) = flx) = %), (f(t) = f(x))dt
1 z+b 1 :B-l—bl
= Sy [ =aarg [0 a
_ L[, t 2dt
= @/, §f (&)t —x)
and

1 1 x+b
Siof@) — @) < & s [F0 / (t — 2)2dt
2t€[x7b,x+b] 2b x—b
b2 i
= 0 s 1)
* te€[z—b,x+b]
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Letting b := b,(x) = a(z)/n and taking into account that f” and a are
bounded we can write

|S1p, f(z) — f(z)] < %a(m)g

n

i sup |F7 ()] (3.1.11)
Y t€r—bn(z),z+bn(z)]

and since f € C(R) and a € C(R)

a2 " 1
S100 (@) — £y < LI 2
n
Finally, from Proposition 3.1.2, we get
2 "
k
IS, f — £ < K Su, f— g < LT E
’ ’ 6 n
O
Under the following further hypothesis on a
a’(z)
36>0,IM >0 sup <M, (3.1.12)
swer  a*(y)
o~ yl <6

we can have (3.1.10) in terms of the operator A,

Proposition 3.1.4 If condition (3.1.12) holds, then for every f € D(A),
we have

k
15k0, f = FIl = MIAfll =5 -

PRrROOF. From (3.1.11) we have

1 ( )2 "
|S1p, f(z) = f(2)] < ma; te[w_bn?;l)%%n(w)] | (t)] (3.1.13)
o la@)?, L, 1 1a2©) ()] aP(x) _ [JAf] [ alz))?
— Tl = e < 1 <a@>’

for some & € [z — a(x)/n,xz + a(z)/n], that is | — z| < llal " 1f we choose

2
n such that |€ — z| < 0 from condition (3.1.12) we have (%) < M and
from (3.1.13)

e 3

114, /(@) — f() < AL

n2

Finally, from Proposition 3.1.2, we get

k
|Skb, f— fll S kNS, f — fIl < M|AS]| ol
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Corollary 3.1.5 For every f € C%(R),

||a2\|||f”|| 1

n

1L (f) = fI <

Corollary 3.1.6 If condition (3.1.12) holds, then for every f € D(A), we
have

1
ILa(f) = fll < MIAF]l- -

From the above results, we also obtain the following approximation prop-
erties of the sequence (Ly)p>1.

Theorem 3.1.7 For every f € C(R), we have

lim L,(f)=f uniformly on R .

n—-+o0o

PRrROOF. Indeed, it is clear that the uniform convergence of (Ln(f))n>1 to f
holds true for every f € C%(R). Since C%(R) is dense in C(R) and (Ly)n>1
is a sequence of positive contractions, the proof is complete. ]

Our next aim is to obtain a quantitative Voronovskaja-type formula for

Steklov operators. We begin with some properties of independent interest.

Proposition 3.1.8 For every f € C%(R) we have

1 n—1
- kZOSk,bn(f)

< a1 1 ’
- 12 n

PRrOOF. Let f € C%(R) using Proposition 3.1.3, for every x € R we can
write

n—1
> (Skp, f @) — f(x))‘
k=0

3=

n—1
LS ks f )~ Fla)
k=0

[y

[Skbn [ (2) = ()]

k=0

n—1 n—1
L e & e[
< = = =L N
< - >

A
S|

2~ 3
Pt 6 n 6n part
a1 n(n — 1)
6n3 2

and this completes the proof. O
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Proposition 3.1.9 If condition (3.1.12) holds, then for every f € D(A),
we have

A
- 2 n

1 n—1
- kZOSk,bn(f) —f

Proposition 3.1.10 For every f € C(R) we have

. 1
lim —
n—4oo n

n—1

> Skna(f)=f
k=0

uniformly on R.

PROOF. If follows from the density of C2(R) into C(R) and from Proposition
3.1.8 O

Finally, we shall need the following lemma.
Lemma 3.1.11 We have
1. Sﬂ,bnl(x) —1=0 5

2. Spp,(id —z)(xz) =0,

Proor. We have already evaluated S,, 5, at the functions 1, id and id?, then
a straightforward computations gives 7,2 and 3.
Now, we also observe that

n—1

Snb, (1) (@) = 2° + >~ Spp, (id - b7) ()
k=0

n—1 n—1
. . 1
S, (1Y) () = 2" +2 " Sy, (1d* - 02) (2) + R > Sk, (bp)(2) -

k=0 k=0
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At this point we can easily evaluate S, ;, ((id — 2)*) (z) and obtain

Sn b ((id — a:)4)(a:) = Smbn(id“)(x) — 4:(:Sn7bn(id3)(a:) + 6m25n7bn(id2)(x)
—4238, bn<id>< )+ =z

= 2z +2ZSkbn id? - p2)( Zskbn biy(
k=0
n—1
—dz <x3 + ) Skp,(id - bi)@))
k=0
1n71
+627 <x2 + 3 Z Sk.bn (bi)(a:)) — 423z + 2t
k=0
n—1 n—1
= 2) Sy, (id*07)(2) —dz Y Sy, (id - b)(2)
k=0 k=0
n—1 1n71
+20% Y " Skp, (02) (%) + £ Skopa (b7) ()
)
k=0 k=0
9 n—1 n—1
= 5 Skp,(id?-a?)(z) —dw—5 Y Sk, (id - a®)(x)
k=0 k=0
n—1 1 1 n—1
+22° =) Spp, () (2) + 553 2 kb, (a)(x)
k=0 k=0
Consequently,
1 n—1
4
Snp ((id — 2)%) QZSM ((id — 2)* - a®)(a >+5ﬁkz_osk,bn<a )(@) -
As regards the first term, for every kK =1,...,n — 1, we have
|Skp, ((id = 2)”-a®)(@)| < |[a®|| [Skp,((id = 2)?)(2)]
k—
1 2 k
_ 2 2 2
= |lo*ll 52 2 Si,bn(a ICOR

and consequently

n—1 n—1
23 Sl — ) a))| < oo a2? k= "
k=0 k=1

since a? € C(R) and Sy, are positive contractions on C(R) with respect to
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the uniform norm, we can write

S (1 — 1)) ()] < D= \ la?[|” + te 4Z\|a4\|

(L 1 Ha2H2+;||a4u
\n2 3 3 nd 5
2

2 4 2||2 2|2
_ 1]« +$(Ha | lla \@)S%Ha I

n? 3 5 3 n? 3
]
Theorem 3.1.12 (Voronovskaja-type formula)
For every f € C*(R) we have
a2
lim n(Ln,f —f)=—f".
n—oo 6
PRrOOF. Let f € C%(R); we apply Theorem 2.2.2, taking h,, = % The oper-

ators Ay, f(x) became ni L, ((id—z)?)(x) f"(z) = & SRS Sk, (a?) () f ()
which converges uniformly with respect z € R to ga?(z) f”(z) = Af(z) from
Proposition 3.1.10 and since f € C?(R). On the other hand L,1 —1 =0
and from Lemma 3.1.11 hypothesis (2.2.2,3) is also satisfied. Finally since
f € C%(R), the second-order derivative is bounded and uniformly continu-
ous. n

In order to consider a quantitative version of the above Voronovskaja-
type formula we need to introduce the following space

CQa _{f602 )‘f”GCa( )}
Theorem 3.1.13 If a®> € C%(R) for every f € C?**(R) we have
M
In(Lnf = f) = Afll < Ca—s (3.1.14)
n
where My is the seminorm defined by
My = Lgv + || ]| (3.1.15)

and Cy is a constant depending on a defined by

a2 "
C, = Ha2||max{1, Hé2\}ﬁ\|} . (3.1.16)
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PROOF. Let f € C**(R) and let Ag, , be the operator (2.2.2) obtained by
taking L = S, 3, and which can be evaluated from Lemma 3.1.11,

n—1
Ao f@) =52 (1 Zsi,bm%(x)) 7).

=0

we have

n(Lnf(x) = f(x) = Af] < |n(Lnf(z) = f(z) = As,,, f(@)]
+InAs,,, f(z) = Af(z)],  (3.1.17)

in regard to the first term of the the righthand side using Theorem 2.2.1 end
Lemma 3.1.11 we have

[n(Lnf(z) = f(2) = As,, ,, f(2)]

n— /2 n—1
Ly (10 (1 o)
< (S swo) (5 (2T s + 12

Ler (1@ 1+ V3, ,
< = l[a”] -
2 3n 3

As regards the second term of (3.1.17) from Proposition 3.1.8, since a’ e
C?(R), we have

n—1
InAs, ., F(x) = Af(@)| = g7 @)] |+ 3 Sip, (2)(x) — ala)
1=0

| /\

Hf”H
< - " 2 2\ .
< 72an [lla IIH(a )|l

Collecting the above inequalities we have

lLuf(a) = 1) = 41
1" (12
< <||3n”) LB L ety

Ly L@ la?] [(a®)"|
< g2 f < . 7
< fla”l <n0‘/2 + 2n — no/2 L+ 170 72\/n

My

IIGQHII( lL
n

where My is the seminorm defined by (3.1.15) and (|, is a constant depending
on a defined by (3.1.16). O

Observe that for n large enough C, is equal to ||a
At this point we deepen the connection with the differential operator A.
We shall need the following core property of the operator (A, D(A)).

2.
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Proposition 3.1.14 The space C*(R) is a core for (A, D(A)).

PROOF. Let u € D(A) and 0 < ¢ < 1. We show the existence of a function
v € C?(R) such that

lu(z) —v(z)] <e, |Au(x)— Av(z)| <e, zeR.

We argue only in the interval [0, +o00] since the same argument can be applied
to ] — o0, 0]. Since u € C(R) and

lim Au(x) =0, lim a(x)=0,

T——+00 T—+00

we can find ¢ > 0 such that
lu(z) =l <e, [Au(z)|<e, a(z)"<e, x>c,

where £ := lim,_, ;o u(x).

We observe that liminf, . u/(z) < 0 < limsup,_,, . v'(z), otherwise
we could not have u € C(R); consequently, we can choose xg > ¢ such that
|u/(z0)| < e. Now, we consider d. > 0 such that

<2, x € [z, 20 + O]

and define

. 9
hl ::mln{ﬁ,m,(sg} ; h2 :3\/g

We put, for simplicity,
x1:=x0+h1, x3:=x1+hsy;

finally, we consider 1 < x2 < x3, and define

QU/(.I(]) h1
M= — — () 2
and the functions we, wi,w : [zg, x3] — R by setting, for every = € [z, x3],
( r1 — X
u” () ) x € [zo,71] ,
Tr1 — X
Tr—x
wo(x) = M ! ) x €)xy, zo[ ,
T9 — X1
xr3 — T
M , x € [xo, 23],
Tr3 — T2

wi(z) = u(m) +/9€ we(t)dt

zo

w(z) = wu(xg) +/<v wi (t) dt .

0
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We easily get w(zg) = u(xo), w'(zg) = wi(ro) = v(x9) and w”(zo) =
wa(zo) = u’(x0) and further

w”(x3) = wo(x3) =0
and
1 2 T3
w'(xz3) = u'(xg) +/ wo(t)dt +/ wo(t)dt + / wo(t)dt
ts) 1 2
!/ 1 1 1 1

= u(zo) + 5 (21— @o)u’ (o) + 5 (w2 — 2)M + S (23 — 22)M
1 1

= u’(xo) + 5 (331 - l‘o)uu(l‘o) + 5(%3 - l‘l)M

which yields w’(z3) = 0 from the definition of M.
Moreover, we observe that hy < /e, hi|u”(zo)| < e, ho|M| < 3¢ and
|M| < y/e. Hence we obtain

sup |w'(2)] < [w'(2o)| + (w1 —20) sup |w"(z)] < [u'(z0)| + halu” (x0)]

z€[z0,21] z€[zo,21]

and consequently

sup [w'(z)] < [w'(21)] + (z3 — 21) sup  [w"(z)]

z€[z1,23] r€[x1,23]

< Ju'(2z0)] + ha|u” (wo)| + ho| M] ;

therefore, in any case
sup |w'(z)| < 5e

x€[zo,x3]

and this implies

sup w(z) — w(zo)] < (h1 +ha) sup u'(x)] < 20evE |

z€[z0,x3] z€[z0,x3]

We conclude that

sup |w(z) —u(z)] < sup fw(z) —w(zo)| + sup |u(z) —u(zo)]

x€[zo,x3] z€[z0,x3] z€[z0,x3]

< 20ev/e + 2¢,
and

sup a(z)?w"(z)] < sup a(@)®w(z)] + sup a(z)*w(2)|

x€[xo, 23] x€[zo,21] r€[x1,23]
< s la@Pd @)+ suwp o) M]
x€[xo,z1] r€[x1,23]
0(33)2 2. n
< sup la(zo)” u” (x0)| + /€

z€[z0,21] a(xO)Q

12 +e+/c.

IN
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At this point it is clear that the function v : [0,4+0c0[— R defined by
setting

u(z) 0<z<u,
v(z) == ¢ wx), xo <z <uws,
’U)(.Tg) ) r3 < T,
is in C2([0,+00]) and satisfies the required properties. O

We have the following main result.

Theorem 3.1.15 The operator (A, D(A)) generates a Cy-semigroup (T'(t))e>0
of positive contractions in C(R) and, for everyt > 0 and for every sequence
(k(n))n>1 of positive integers satisfying lim,_. 4 k(n)/n =t, we have

T(t) = lim LF™ strongly on C(R) (3.1.18)

n—-+o0o

moreover if a®> € C%(R), for every f € C*%(R) we have

o —szon St (|22 752
<||Af|| + Ci\gf) (3.1.19)

and choosing k(n) = [nt]

fron- s <1 S8 (e f2) (a2

(3.1.20)

PROOF. We already know that the operator (A, D(A)) generates a Cp-
semigroup (7'(t)):>0 of contractions and hence, for every A > 0, the range
(A—A)(D(A)) coincides with C(R) . Moreover, by Proposition 3.1.14, C?(R)
is a core for (A, D(A)) and therefore (A— A)(C?(R)) is dense in C(R). Hence
we can apply Trotter’s approximation theorem [70] and obtain that the clo-
sure of the operator arising from the Voronovskaja-formula (Theorem 3.1.12)
generates a Cy-semigroup represented by (3.1.18). Finally, this closure co-
incides with (A, D(A)) by the core property of C?(R). The positivity of the
semigroup is a consequence of the representation (3.1.18).

At this point we can apply Theorem 1.1.2. From Theorem 3.1.13 follows
that the seminorms are given by ¢, (f) = C’a% and ¢, (f) = |Af]] +
Ca%, then taking into account that the growth bound of (T'(t))i>0 is
equal to 0 and every T'(t) is a linear contraction, i.e. w =0 and M = 1,
the estimates (3.1.19) and (3.1.20) follow directly from (1.1.10) and (1.1.11),
and this completes the proof. O
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3.2 Steklov operators on bounded intervals

In this section we show how Steklov operators can be considered even in
spaces of continuous functions on a bounded interval. For the sake of sim-
plicity, we shall consider only the case of the interval [0,1]. Also in this
case we can construct a suitable sequence of positive Steklov type operators
which can be associated with the differential operator A : D(A) — C([0,1])
defined by

1

Au(z) := 6 a(z)?u"(x) , u € D(A), x € [0,1], (3.2.1)
on the domain
D(A) :={u e C([0,1]) N C?%(]0,1]) | a*u" € C([0,1])}, (3.2.2)

where a € C([0,1]) is strictly positive on ]0, 1] and
a(z) =0(x(1 —x)), asx — 0,1 (3.2.3)

(hence a(0) = a(1) =0).

It is straightforward to check that 0 and 1 are natural endpoints and
therefore the maximal domain D(A) coincides with the following Ventcel’s
domain

Dy (A) == {u e C([0,1]) nC?(]0,1]) | lim a*(x)u”(x) =0} .

r—0,1
Condition (3.2.3) also ensures that

bn(z) = aT:L‘) < - -

r— —

2

|

N | —

for n large enough and consequently for such integers the integral mean
operators M, : L (0,1) — C(]0,1[)

loc

1 T+bn ()
My, /(&) = g5 /x o T (3.2.4)

are well-defined together with all their iterates. Observe that if f € C([0,1])
then we can use the convention M, f(0) = f(0) and M, f(1) = f(1) and
consider M), as an operator acting on C([0, 1]).

Now, consider the operators Ly, := S, , : C([0,1]) — C([0, 1]).

We have the following properties:

i) Ly1(z) =1,
i) Lyid(z) =z,
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i) L (102)(2) = 224+5 S0 S0, (8 (@) = 243 (3 20 Sig, () ())

Since |Mp, (a%)(z)| < [|a?|| we have that |3 32325 Sk,p, (a%)(2)] < nlla®||/n =
la?||, and therefore
lim L, (id?) = id?

n—oo

uniformly on [0, 1]. From the classical first Korovkin’s theorem [9, Theorem
4.2.7], we obtain the following result.

Theorem 3.2.1 For every f € C([0,1]),

lim L,(f)=f uniformly with respect to x € [0,1] .

n—-+00

As in the previous section, we can state the following results.
Proposition 3.2.2 We have the following properties:

1. For every f € C*([0,1)), there exists a constant Cy > 0, depending on
f, such that for everyn >1

k
155,60 (f) = Il < Cp 5 -

2. For every f € C([0,1]) we have

. 1
lim —
n—+oo 1

n—1
> Skn() =1
k=0

uniformly on [0, 1].
3. We have

1 [la*]?
n? 3

S5, ((id — 2)*)(x)] < for every x € [0,1] .
PROOF. As regards the first property, we can reason as in Proposition 3.1.4
and obtain

1
Cr =z la?14"]

Property 2) follows from the density of C?([0,1]) in C([0,1]) and the
analogous result in the previous section.

Finally, property 3) can be shown in the same way as in Lemma 3.1.11.
O

At this point we can state the following Voronovskaja-type formula and
its quantitative version; the proof is similar to that of Theorem 3.1.12 and
3.1.13 and for the sake of brevity we shall omit it.
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Theorem 3.2.3 (Voronovskaja-type formula)
For every f € C?([0,1]) we have

lim n(L,(f)— f)=—f".

n—oo 6

Theorem 3.2.4 (Quantitative Voronovskaja formula for Steklov op-

erators)
If a* € C*([0,1]) for every f € C**((0,1]) we have
M
In (La(£) = f) = Af| < Ca—s -
n

where My is the seminorm defined by
My = Lp + || f"]l

and Cy is a constant depending on a defined by

2 1(a®)"]
Co = |la ||1rnax{17 o |

We already know that the operator (A, D(A)) generates a Cp-semigroup
(T'(t))t>0 of contractions (see, e.g., [44] or [48, Chapter VI, Section 4]) and
hence, for every A > 0, the range (A — A)(D(A)) coincides with C([0,1]).
If C%([0,1]) is a core for (A, D(A)), then (A — A)(C?([0,1])) is dense in
C(]0,1]) and we can apply Trotter’s approximation theorem, which yields
the representation of the semigroup (7'(t)):>0 in terms of iterates of the
operators L, with the same arguments of the preceding section. In some
particular cases, it can be easily proved that C2([0, 1]) is a core for (A4, D(A)).

Theorem 3.2.5 Assume that
a(x) =Cz(l —x), 0<z<1,

for a suitable constant C > 0. Then, the space C*([0,1]) is a core for
(A,D(A)) and, for everyt > 0 and for every sequence (k(n)),>1 of positive
integers satisfying lim, .. k(n)/n =t, we have

T(t) = lim LF™ strongly on C([0,1]) , (3.2.5)

n—+00
moreover if f € C%([0,1]) we have
C,M k(n 2 Vk(n C,M
|y - phog|| < a/2f+<‘ () —t‘ + \/i¥> (HAfH +
n n T n n

(3.2.6)

)

and choosing k(n) = [nt]

CoM 1 1 2t CoM
i oy 2 (2 e
HTW Ln fH =ter Y (ﬁ+ W) (HAfH+ ne/? > '
(3.2.7)
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PROOF. The core property is well-known (see e.g. [26, Lemma 1.2]). Hence,
we can apply Trotter’s approximation theorem [70] and obtain the represen-
tation (3.2.5).

At this point estimates (3.2.6) and (3.2.7) follows from Theorem 1.1.2
taking into account of quantitative version of voronovskaja’s formula ob-
tained in Theorem 3.2.4 and this completes the proof. O
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3.3 Steklov operators in weighted spaces

In this section we consider Steklov operators on the space
Cu®) ={f€CR) | f-weCR)},

where w : R — R is a strictly positive continuous real function which tends

to 0 at the points £oo. The space Cy,(R) is endowed with the norm

1fllw = i‘éﬁ'f(x) w(@)| (=1 wl) . feCu(R).

In order to present a unified treatment we consider weight functions w
having the form

1
w@) =

with p > 2 fixed, even if some partial results can be established in a more

, rEeER,

general setting.

Let a € C(R) be a strictly positive function satisfying

id-a € C(R) (3.3.1)

and consider the differential operator A,, : D(A,) — Cy(R) defined by

Ayu(zx) = %a(a:)2 u'(x) ue D(Ay,), TeR, (3.3.2)

on the following maximal domain
D(Ay) = {u € Cu,(R) N C*R) | Ayu € Cy(R)} .

We need to assume the following additional condition on a

36>0,3M >0 )’y (3.3.3)
, : sup < , 3.
eyer (1+]2]) a(y)?
|lz—y|<d

which is obviously satisfied if there exist ¢ > 1 and Cy,Cs > 0 such that,

for every = € R,
C

—_— <
1+ |zfett —

C
2 2
< .
S T
We can define b, := a/n and consider the operator S, ;..
Different properties of Steklov operators are based on the behavior of the
function w, : R — R defined by setting, for every x € R,

w(z) v tbn(z)

We have the following result.
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Proposition 3.3.1 There exists a constant C,, > 0 such that
Cu
-1 < —.
fwn — 1] < =

PROOF. The property is obviously true on a neighborhood [—§, §] of 0, hence
by symmetry we can prove it only in the interval [0, +oo[. Since p > 2, we
have 1/w € C%(]0,+oc[) and for every x,t > 0 we can write

wit) B w<1x> B (w?@) (=24 (w(lgt))" (t -y

for a suitable & in the interval with endpoints ¢t and zx.

Now, let > ¢ and set for simplicity b = b, (z) = a(x)/n; for n enough
large we can assume that the interval of integration in the definition of the
n-th Steklov operator is contained in |0, +oo[ and consequently

Y
- ‘< (1 > /Hb(t—x)dt
/Ier (

1 " 2
+ ) (t — ) dt‘
B 1 1 " 2
1 p—2 2
< 2— (t—x)*| dt
< il p(p —1)(x + b)P~ /Hb(t —x)?dt
= 927 o—b
2
= E ( —1)($+b)p72
Hence, we can conclude that
|wn($) - 1‘ = ‘ Sl ,bn (%) (Qj) - w(x) (1]})
1
= ) |S1p < >
 w(x)
<
- 14+aP n2 v + >
1
< — -1 p—2
< el — 1) (o + o)
Cy
S lhad)

n2
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and this completes the proof. O

From the preceding result, we have w, < 1+ C,,/n? and consequently we
can find a constant C,, > 0 such that, for every n > 1,

lwnl|™ < Cy - (3.3.4)

Therefore, taking into account that, for every f € C(R) and z € R, we
have

lw(x) S1p, f(x)] =

1 x+bn(x) 1
——d n w -
w@) gy L, O o < el 1]

Arguing by induction on the integer n > 1 we get, for every f € Cy(R),
[Sm,60 ()l < llwnl[™ [fllw < Cw [[f e (3.3.5)

and we conclude that the operators S, ;, are equibounded.

Remark 3.3.2 The operators S, 5, map the space Cy,(R) into itself.

Indeed, let f € C(R); on a neighborhood of +o0o we have

B ’U)(JL‘) z+bn (x) B - M
= 2.2 /B_bn($) ft)dt = w(x) f(&) = (&) w(&) f&)

w(x) S1p, f(r)

for a suitable &, €]z —by,(z), z+b,(x)[; taking the limit as  — +o0o0 we have
&x — oo and consequently w(&;) f(&:) tends to a finite limit; moreover
lim, 4 oo w(z)/w(&,) = 1 since

1+ (x —by(x))P < w(x) < 1+ (x4 by(x))P
1+ aP ~w(é) T 1+ P

Now, a simple induction argument yields the existence of a finite limit of
Sn.b, f () at the point +oo.

A similar argument can be applied on a neighborhood of —oo and hence
the property is completely established. ]

As a consequence, we may now consider the operators Ly, : Cy(R) —
Cw(R) defined by

Lynf(z) = Sup, f(2), feC,(R), z€R. (3.3.6)

Observe that the operators L, , are equibounded and satisfy ||Ly, || <
Cy for every n > 1.

Proposition 3.3.3 For every f € Cy(R), k> 1 and x € R,

k-1
1Sk ,6, (F) = Fllu < 151,60 (F) = Fllw D Nlewnl” - (3.3.7)
1=0
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PROOF. We argue by induction on the integer k£ > 1. If £ = 1 then (3.3.7)
is obviously true. Now, assume that (3.3.7) holds for £ > 1. We have

[w(@)(Sk+1,, f () — f(2))]
< w(@)S1p, (Skp, f = ) (@) + [w(@)(S1p, f(2) — f(2))]
< lwn |l 15k,6, () = fllw + 11516, () = fllw

k—1
< Hlwnll Y Nlwnl 181,60 () = Fllew + 191,60 (F) = Fllw
i=0

k
<D lwnll 11818, (F) = fllw
=0

and this completes the induction argument. O

In the sequel we need to introduce the space
Cu(R) = {f € Cu@®) NC*(R) | f" € Cu(R)} .
Proposition 3.3.4 For every f € C2(R) and for every x € R

2 "
1910 () — flh < L e (3.38)

where C' > 0 is a suitable constant depending on a and the weight w.
PROOF. Let f € C2(R); for every z,t € R, we can write
! 1 " 2
F&) = fa) = fi2) (t —2) + 5 f(E)(t —2)

with & in the interval with endpoints ¢ and .
Then

T+bn ()
Sup () — f(x) = Qb%x) / () — f(x)dt

x—bn ()
Fegrm | a2 ey
= T t—x)dt + / — t—x)°dt
2bn(2) Jo—by(a) 20,(2) Joppm) 27
1 erbn(x)l " 2
-5/ o, 3@
and
S f(x) = f(z)| <1 sup | ()] 1 /erbn(x)(t — x)%dt
Lbn () " 2 tefz—bn(z),c+bn(@)] 2b0(7) Ja—bp (@)
2
S N L

6 tefo—bn(x)a+bn(2)]
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Observe that the functions w f” and a are bounded and consequently,
since

jw(z)| _ 14 (] + [la])?

1+ |zlp

sup <

tefo—bn(@)z+bn(z)] 10 ()]

i

the function sup [w(@)]

is bounded as well. Hence, we can write
te[z—bn (z),z+bn ()] |w(t)‘

Sunf (@) = f@lho < 55 w@) ()
t€[z—bn (x),2+bn ()]
L@’ g, BEL e

n% 6 icfo—bn(@)aotbn@)] WO tefo—bn@).0tbn(@)]

o 11"l
< CT )

L+ |+ al)? 0

where C' 1= sup,cp THz|P

Proposition 3.3.5 For every f € C2(R) we have

)

2 "
< o llallllf Hw;
n

1 n—1
- ];)Sk,bn(f) - f

w

where C > 0 is a suitable constant depending on a and the weight w.
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ProOOF. We can apply Propositions 3.3.3, 3.3.4 and 3.3.1 and obtain

1 n—1
EI;)Sk,bn(f) —f

1 n—1
<— Z | Sk,bn@) () = £,
k=0

w
n—1k—1

1 .
< 5||51,bn(f) — Fllw > ) llwnll®
k=0 i=0
n—1k—1
lla?[[]| £ ]| 1 1
< ol Hlw 2 1 )
=C 6n2 nkzﬂ;( +Cwn2)

@ N [
=% <0_w< *

M@ e [ (= (R ([ Cu b
=0 (c— (Z@ (%) ‘1>‘1>

B [ i
6C.,

n
Ml (n=1Co g (Y (o)
6C,, 2 n?2 C, k n
a1 (1, 5 () Ch
< - PR
<0 6 2n+z k) n2k=1 ]

k—2
we have Y ) o (Z) 527@71 < &1 where ¢y depend on the weight w, and the
proof is complete.
O

If condition (3.1.12) on a holds we can establish some quantitative results
similar to the unweighted case.

Proposition 3.3.6 If condition (3.1.12) holds, then we have the following
properties:

1. For every f € D(A,) we have
[AS [l

n2

1516, (f) = fllw < C

)
where C' > 0 is a suitable constant depending on a and the weight w.

2. For every f € D(Ay) we have

<c!

)

[AS
n

1 n—1
- kZOSk,bn(f) —f

w
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where C' > 0 is a suitable constant depending on a and the weight w.
At this point, we can state the following main results.
Theorem 3.3.7 For every f € Cy(R), we have

lim Lwn(f) =f

n—-+o0o

with respect to the norm || - ||

ProOF. Since C2(R) is dense in C,(R) we can apply Propositions 3.3.3,
3.3.4 and 3.3.1 and obtain

[Lwn(f) = fllw < ||51,bn(f)—f||wZ||wnHi
HU’QHHf”HwZH n”l

@ [[[1 " |

clla 6‘n2 Z<1+ >

e [ [V Cu\" _
- 6 Cu) 1+7’L2 1 ’

Thus, it is enough to take the limit as n — +o0o and the proof is complete.
O

IN

IN

Theorem 3.3.8 (Weighted Voronovskaja-type formula)
For every f € C2(R) we have

2
a” i

=0.
6

w

lim
n—oo

n(Lwn(f) = f) =

PROOF. Let f € C2(R); we apply Theorem 2.2.2, taking h,, = % The oper-
ators Ay f(x) become 2 Ly ((id — 2)?)(z) f"(z) = & ZZ_(I) Sk, (@) (x) f"(x)
which converge with respect the weighted norm to ta*(x)f"(z) = Af(z)
taking into account Proposition 3.1.10 and since f € CQ( ). On the other
hand L,1 —1 = 0 and from Lemma 3.1.11 nL,((id — z)*) converges to zero
even with respect the weighted norm. Finally since f € C2(R), the secon-
order derivative is bounded uniformly continuous with respect the weighted
norm. O

In order to obtain a quantitative estimate of the Voronovskaja’a formula
we need to consider the class of functions

Cu*(R) = {f € CL(R) | wf" € C*(R)} .
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Theorem 3.3.9 (Weighted quantitative Voronovskaja-type formula)

If a € C2(R) for every f € Cx*(R) we have

0o = 0)- 51| <€
where My is the seminorm defined by
My = Lygr + |1l (3.3.9)
" 4 @]
Cy = Ha2||max{§, W} . (3.3.10)

PROOF. Let f € CEU’O‘(R); for every x,t € R, we can write

ft) = fx) = fl(z) (t —z) + %f”(m)(t —z)? 4+t )t —z)*  (3.3.11)

wheren : R? — Rsatisfies n(t, z) = 5 (f"(£(t)) — f"(x)) for some £(t) € [z,1].
Then

n(Lunf(x) = f(x)) = nSnp, (f = f(z) - 1)(2)
=1 Snp, ( f(z) (id —z) + % F()(id — 2)* + n(id, z)(id — a;)2> (z)
=n f'(z) Spp, (id — z)(x) + n% f"(@) S, ((id —2)?) (z)
+1 Spp, (n(id, z)(id — 2)?) (z)

= g (&) Sup, (G = 2)2) (@) + 0 S, (nfid,2)(id — 2)?) (1)

and moreover
[w(@)(n (Lwnf(x) = f(z)) = Af(x))]
< [wlo) (03"0) S (10— 2) (0) — A1) )|
(@) S, (1(id, 2)(id — 2)?) (2)] -

We can write

w(z)n(t, ) = w(@)(f(§) - f(x))
= w(§)f"(§) — w(x)f" () + w(x)f"(§) — w(§) f"(€)

= (w(©)f"(€) — w(@)"(x)) + f(Ew(©) <M - 1> ,
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and then
(@) (L () — £(2)) — Af(2)) (3:3.12)
< \wm (154@) Sun (0= 0) (2) - A1) ) (3:3.13)
[0S (w0 € 0 ) — w(w)f(2)) (id - 2)?) ()
" w(x) .
s, (7700wo o) (L2 -1) (a2 ) @)

As regards the first addend, since a® € C?(R), from Proposition 3.1.8 we
have

wlo)f"(e) (;n S (i — 2)?)(a) ~ éa% )
‘ w(@)f"(@) |15~

ZS b (0 —a’(x)

Hf”Hw lla*|[|(a )”II
6 12n

_ " hwlla? (1 (@)
72n '

As regards the second term in (3.3.12) since f € C?%(R) and
w(€) " (§) = w(@) f"(@)] < Lugr|€§ — 2% < L[t — x|, we have
7S, (((wo&)(f" o) —w(@)f" (@) (id - 2)*) ()|

< Ly prnSnp, (|id — J:|2+O‘) (x) .

For every § > 0 we have

N4
|t — Pt < 5 <52+(t ?) > ;

52
choosing né? = ||a?|| and taking into account Lemma 3.1.11 we obtain
[w(@)n Sns, (n(id,2)(id = 2)%) (@)] < 6 (nd? + S, ((id —2)*) (x))
Lugr n? : 4
< ozl + msn,bn ((id = 2)*) (2))
T2
— 3 no/2

As regards the last term in 12) using the Cauchy-Schwartz inequality

(3:3
15s, (770 w0 ) ( ~1)d-2?) @

) 1/2
<l f"|lw ( ,bn ((;U(mé - 1) ) (m)) (S, (1d — x)4)(a:))1/2 .
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wo.

In order to estimate the term Sy, (( w(z) ) > (x) we observe that

S1,n <<w(05) - 1) > (x) = ( §(to) ) for some tg € [x—by,(2), 2+b,(2)];

since &y := &(to) € [z, to], it follows &y € [z — by (), z + b, (x)]. Consequently
we have

(w(x) _1)2 _ <1+w _1>2 _ <1+\x+ua||/n|p _1>2
w(éo) Tz ) S\ T
_ (ix + Jlal/np” — Iw\p>2 < e
1+ |x|P ~ n?

in the case x > 0; if z < 0 we can argue similarly. From Proposition 3.1.2,
since wlggi) — 1 =0 we have

2
(2

and from Lemma 3.1.11 the last term in (3.3.12) can be estimated as follows

s, (o )woe) (2 1) -} @] <l 2

C
<=,
n

Finally we have

n(Lon(f)(@) = f(2) — Awf"(2)|

Luygr 4]|a?| n 1" lwlla® [l ()] e Cla?| 1
~ ne/23 72n Y3 Vi
My
< Ca oz/2 ’

where My is the seminorm defined by (3.3.9) and C, is a constant defined
by (3.3.10). 0

The following lemma will allow us to state the core property of C2(RR)
for (Aw, D(Ay)). Under additional assumptions and in different settings,
the core property has been considered also in [59, 13, 14, 8].

Lemma 3.3.10 For every u € C*(R) and h > 0, the following statements
are equivalent:

a) (wu)"(x) = O(z") (respectively, (wu)"(x) = o(z")) as x — +oo;
b) wu(x) = O(x") (respectively, wu"(x) = o(x")) as x — +o00;

¢) (wu')(x) = O(z") (respectively, (wu') (x) = o(z")) as x — +oo.
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PROOF. Assume that (wu)”(z) = O(z") as 2 — +oc. Then, for every z € R,

x #0,

(wu")(z) = (wu)"(z) + 2(wu) (2)w(z) (1/w) (x) + (wu)() w(z) (1/w)" (z)

- (wu)”(l‘)-l-?(wu)/(x)ﬁ
+(wu) (@) p(p — 1)le+ﬁ
= () 0) o+ ) 1

Condition (wu)’(z) = O(z") implies (wu)'(z) = O(x"*1!) which in turn
yields (wu)(x) = O(z"*2); hence (wu)(z) = O(2") as 2 — +oc.
Now, let (wu”)(z) = O(z") as 2 — Fo00. We have

(wa)'(z) = (wu)(z) + 2(wd)(x)

= (wu")(z) — 2(wu)(z) W

x 2 1
o) (2 (i) o Vi)

1

~ (wu)(@) + (wu')(z) T3 2

T + )
as before, from (wu”)(z) = O(z"), we obtain v”(z) = O(z"*P) and in turn
o' (z) = O(z"P+1) and u(x) = O(z"P*2); hence (wu)”(z) = O(x").

The equivalence between a) and c) can be proved similarly. O

Remark 3.3.11 We observe that the Ventcel domain of A,

Dy (Ay) == {u € C,(R) N C*(R) | liI:E w(x)Apu(z) = 0}
T—L00
coincides with the maximal domain already defined.
Indeed let uw € D(A,) and by contradiction assume that v ¢ Dy (Ay),
for example lirf w(x)Awu(z) =€ # 0. Then

1 1

. 2 2.1 _
e T aw a2 © (T =
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1
. 1 . 1 -
and therefore lim u'(z) # 0; consequently xEIJPoo peras su(x) # 0, con

z——o0 P12 .
tradicting the condition wu € C'(R). The same reasoning holds at the point
— 0. n

Proposition 3.3.12 The space C2(R) is a core for (A, D(Ay)).

PROOF. We consider the canonical isometry I' : Cy,(R) — C(R) introduced
in [8] and defined by setting, for every f € Cy,(R),

L) =fw.

Denote by (A, D(A)) the differential operator obtained by (3.3.2) with
w = 1 on the domain

D(A) ={ue CR)NC*R) | a®u" € C(R)} .

From [33, Proposition 2.10] we know that C%(R) is a core for (4, D(A)).
Now, we show that I'(D(A4,)) = D(A). Let v = I'u € D(A); we have
u € Cyp(R) N C?(R) and further

a2
ra@) = |(v) @)
a.’L‘Z a.fL'Q a.’L‘Z
< D+ o M)+ S L)
a.fL'Q
< Jav@)] + o O+ ey

1+ ]| 6 1+ a2

Using Taylor’s formula we can write v/(z) = U($+535_”($) - ””2(5)5 for some

€ €lx,x + d[, where § is given by (3.3.3), and consequently

1 +1|x\ a(?%w B ‘ 1 +1|x\ a(g)Q e 535 - 1 +1|x\ a(g)Q ”(f)g‘
< ol + Ao "©3
< 2l + 3 [H )
— ol + 3M140(©)
which implies
P(Au)(a)| < Av(a)] + Trlioll + 51400 + Tl (33.14)
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Since ||v|| < oo and limy_,100 Av(z) = 0 (see Remark 3.3.11), we have
lim, 100 '(Au)(x) = 0 and u € D(Ay).
Conversely let u € D(A,), we have I'(u) € C(R) N C%(R) and further

ArwE)] = [ oy (@)
< 2 )| + S )
< L@+ 1o 2 o)+ 1 I o))
Again from Taylor’s formula we have o/(z) = “EH=u@) _ w78 5 where
¢ €]z, + 6] and § is given by (3.3.3), and consequently
1 +1|x\ a(?Q (w)(z)] < ‘ 1 +1\x| a(g)Qw(x)U(x . 5()5 =
i —|—1|x\ 5 )“”(5)2‘
:
= Hg(5”1+1\x| (lg:(+)5) [Pu(z +9)]
e )
+ | i 0 53
< Tl + Gl e
Then we have
AT)@)] < [P0 + T (3315)
HCIP (AW + 15 T

and taking the limit as © — oo we obtain lim, 4. A(T'u)(x) = 0 (see
Remark 3.3.11) and consequently lim,_, 1, ['u(x) = 0.

Now, we observe that T'(C2(R)) = I'({u € C,(R)NC?(R)| wu” € C(R)})
and C?(R) = {v € C(R)NC?(R) | v" € C(R)} and taking into account that
wu” € C(R) if and only if (wu)” = (Tu)” € C(R), we deduce the equality

P(Cy(R)) = C*(R) .
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Finally from (3.3.14), it immediately follows that if I'(u) € D(A) then
IT(Aw)|| < € (JATw) + ([T (w)]]) (3.3.16)

for some constant C' > 0. B
Taking into account that C?(R) is a core for (A, D(A)), the proof is
complete. ]

Finally, we discuss the representation of the semigroup generated by A
by means of iterates of weighted Steklov operators.

Proposition 3.3.13 The operator (A, D(Ay)) generates a strongly con-

tinuous semigroup on Cy(R).
PRrROOF. Let A > 0 and consider the problem

Au— A(u) = f f €Cu(R), (3.3.17)
which is equivalent to

Mw—Bw)=g, g€ C(R), (3.3.18)

where v = uw, g = wf, and

/
v\ _ w’ v\ __ " w’ ,/ w’ :
From ()" = % — #zv and ()" = 4 — 240" — (W) v, we obtain
2 2 .,/ 2 AN
a a® w a w
Blv)=—v"—-2——V ——w| = | v=:ap?’ + v +vpv.
() =75 6w 6" \w E

Using Feller’s classification of the endpoints (see [48]), we prove that B

generates a Cp-semigroup on its maximal domain D(B) := {u € C(R) | Bu €
C(R)}. In our case the functions W, R and Q in [48, p. 391-393]) are given

by
T T / 2
W (z) = exp <—/ ﬂ—B> = exp </ QE) = w(x)g ;
2o OB vy W w(zo)
Ru(o) = Wao) [ —w(? [
€Tr) = xT = wlxr
B B 2o BWB vy APW?
and ) . 6 .
rz) = ——"— W = w2 .
Qo) = vy L Ve = e
Since w(z) = ﬁ, it can be readily seen that

62 1
%) =5, R



70 Chapter 3: Steklov operators

and hence Qp is not integrable on [0, +00[ and on | — oo, 0]; moreover,

6 T (L Jep)?
R = dt
50) = T )
and from the estimate
T 22 2p+3
> D
Rp(z) > 1+x2p/0 tPTEdt = O ———- T

it follows that Rp is not integrable on [0, +oo[ and on ] — 00, 0] as well.

So the endpoint —oo and oo are both natural for the operator B, and con-
sequently the operator Bv —vypv generates a strongly continuous semigroup
on its maximal domain on C(R). Observe also that the maximal domain
coincides with the Ventcel domain in the case of natural endpoints, as an
immediate consequence of the classical generation results by Clément and
Timmermans [44] and Timmermans [69] (see Chapter II).

Taking into account that

a(x)? p(p — 1)|z|P~2

6 L+l

vB(T) =

we conclude that yp is bounded and hence (B, D(B)) generates a strongly
continuous semigroup on C(R).

Finally, we observe that if v € C(R) is a solution of (3.3.18), then u :=
v/w € Cyu(R) is a solution of (3.3.17). Moreover u € D(A) if and only if
u-w € D(B) since I' is an isometry between Cy,(R) and C(R), and from the
generation property of (B, D(B)) we deduce that (A, D(A,) generates a
Co-semigroup on Cy, (R). O

Finally we can state the following representation theorem.

Theorem 3.3.14 The operator (A, D(Ay)) generates a positive Cy-semigroup
(T(t))>0 in Cw(R) satisfying | T(t)| < et and, for every t >0 and for ev-
ery sequence (k(n),>1) of positive integers satisfying lim,,_, o~ k(n)/n = t,
we have

T(t) = lim LF™ strongly on C(R) ,

n—-+o0o

moreover if a € C%(R), for every f € C& (]R) we have

HT(t)u—Lﬁ(”)uH < Gobly +< \f\/—) (3.3.19)

w na/Q '
CoMy
< (a7l + S5

and choosing k(n) = [nt]

CoM 1 1 2t CoM

] I ST ;

e =2t < e=e o/ (\/ﬁ+ 7r> (HAwa nal? > :
(3.3.20)
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PRrROOF. From Proposition 3.3.13 we know that the operator (A, D(Aw))
generates a Cp-semigroup (7(¢)):>0 and hence, for every A > 0, the range
(A — Ay)(D(Ay)) coincides with C,,(R) . Moreover, by Proposition 3.3.12,
C2(R) is a core for (A, D(Ay)) and therefore (A — A,,)(C2(R)) is dense in
Cy(R). We observe that we have

C n
ILuwall < loonllZ < (1 + on — 1)" < (1 N n_)

as a consequence of (3.3.5) and Proposition 3.3.1, and consequently

c n2\ k/n
1L L < ((1 + W) > < (Ck/n

Hence we can apply Trotter’s approximation theorem [70] and obtain
that the closure of the operator arising from the Voronovskaja’s formula
(Theorem 3.3.8) generates a Cp-semigroup represented by (3.3.14). Finally,
this closure coincides with (A, D(A,)) since C2 (R) is a core by Proposition
3.3.12. The positivity of the semigroup is a consequence of the representation
(3.3.14).

At this point we can apply Theorem 1.1.2. From Theorem 3.3.9 follows
that the seminorms are given by ¢, (f) = Ca% and on(f) = [Af]lw +

Ca%, then taking into account that the growth bound of (7'(t))¢>0 is
equal to 0 and every T'(t) is a linear contraction, i.e. w =0 and M = 1,
the estimates (3.3.19) and (3.3.20) follow directly from (1.1.10) and (1.1.11),
and this completes the proof. O
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3.4 Steklov operators in weighted spaces on [0, 1]

In this section we consider the weighted space of continuous functions on
the interval [0,1]. We fix a € C([0, 1]) satisfying a(0) = a(1) = 0 and require
that it is differentiable at 0 and 1, i.e.

lm %) R (3.4.1)
z—0,1 .1‘(1 — .1‘)

We consider the weight function
w(x) :=2P(1 —x)?, x €[0,1], P,q>2. (3.4.2)
In the sequel, we shall set b,(z) = a(x)/n. From (3.4.1), it follows

[z — by (), z + by(x)] C [0,1] for every = € [0,1] and large enough n; hence,
we can define the functions wy, : [0,1] — R by setting

w(z) /IH’"(I) 1
wp(x) = ——dt, z €]0,1], 3.4.3
= %@ Loty 0 ol 34
and
wn(0) := lilr(r)l+ wp(z) , wp(l) = lir?i wp(z) . (3.4.4)

Remark 3.4.1 Let n € N be large enough; then the limits in (3.4.4) exist
and are finite at the points 0 and 1.

Since the discussion is at all similar on neighborhoods of the endpoints 0
and 1, in the sequel we shall limit ourselves to consider only a neighborhood
of 0, where the weight function can be taken of the form

w(z) =P .

We observe that, for every = €]0, 1],

1 z+bp(x) 1
wp(z) = 2P TN E) /xbn(x) m dt (3.4.5)
1 1 1 )
1 p2by(2) [(l’ N ) e ) ol
_ 11 @aba@) T — (@b,
P N 7 B P WO ey
B 1 x2r—1 (14 by (z)/2)P~ — (1 — by (z)/2)P~ !
 p—12b,(z) 222 (1 = bp(x)?/22)p~1
x (1+ba(2)/x)P~! = (1= bp(x)/x)"~"

2(p — )by (z) (1 = by(2)2/22)p—1
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Since a is differentiable at 0, we have

1, a(0)=0,
p—1 p—1
2—0 2(p — 1) N (1 B li)pfl
where v := a/(0). O

In the next Proposition 3.4.2 we estimate w,.

Proposition 3.4.2 There exists a constant C' > 0 such that

C
Jeon = 1)) < =

PRrROOF. For n large enough, we have 0 < b,(x)/x < 1/2 for every x €]0,1]
and hence, using the Taylor’s expansions of (1 £ y)?~! at 0, we get the
existence of &, 0;,m, €]0,1/2[ such that

-1
<1+bn(l’)>p _ 1+(p_1)bna(:$)_i_l(p_l)(p_Q)bnx&Q

» 2
1 —4 n(l,)?)
te =D -2 -3) 1 +&)"" — 35—,
p—1 T T 2
(1—6”55)) = - -2 -2 b”g(ﬂ)
T 3
=Dl -2)p-3)1- )" bn:fﬁ) ’
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Consequently, using (3.4.5),

1 (1 + ba(x) /2P~ — (1 = bn(@)/2)P"

)= D) (1= ba(a /a2

_(1 — by (z)?/2?)Pt
(= b [

- u—m@Wﬂv1x
X (1 + % (P=2)(p—3) (L+&)P "+ (16" b"g(j—f)Q
Lt (1) (1 g

- e (-2
(&) (=0 + (= 1) (L))

= ig = a(c;()ﬁ;(/ﬁ )T p(x) (3.4.6)

o) = 5 (= 2)(p—3) (1+ &P + (L= 07) 4 (p— 1) (L —map

Since ¢ is bounded as well as a(x)/z, we get the desired result. O

Now, we consider the weighted space

Co((0,1]) = {f € C(0,1) [ I lim w(z) f(z) € R}

endowed with the norm

[fllw = sup [f(z)w(z)],  feCu(0,1]).

z€[0,1]

As in the preceding section we define the operators L, , : Cy([0,1]) —
Cw([0,1]) by setting, for every f € Cy([0,1]), Luwn(f) = Snp,(f)-
We also need to define the subspace

C([0,1]) = {f € Cu((0,1]) N C*(0,1]) | f" € Cu([0,1])} .

If n is large enough, then for every f € Cy([0,1]), the function Ly, ,(f)
is well-defined by (3.4.1). Moreover we have,

[ i (Pl = (1S (Pl < llwon]™ 1l < Cuw || flluw (3.4.7)

and hence Ly, »(f) € Cy([0,1]).
The proofs of the following properties are at all similar to the unbounded
weighted case and therefore we shall omit them.
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Proposition 3.4.3 We have the following properties:
1. For every f € C(0,1), k> 1 and x € R,

k
1Sk ,6, (F) = Fllu < 1516, () = Fllw D llwonl* - (3.4.8)
=0

2. For every f € C2([0,1]), there exists a constant Cy > 0, depending on
f, such that for every x € (0,1)

1516, (f) = fllw < (3.4.9)

3. For every f € Cy([0,1]) we have

. 1
lim —
n—+oo 1

n—1
> Skn(f)=f
k=0

with respect to the norm || - ||w.

As a consequence, also in the present setting we can state the following
results. The proof is omitted since it is at all similar to the unweighted case.

Theorem 3.4.4 For every f € Cy([0,1]), we have

lim Lw,n(f) = f

n—-+o0o

uniformly with respect to the weighted norm || - ||,.

Theorem 3.4.5 (Weighted Voronovskaja-type formula)
For every f € C2([0,1]) we have

2
lim S| —
o 6

n(Lw,n(f) - f) -

w

In order to obtain a quantitative estimate of the Voronovskaja’a formula
we need to consider the class of functions

C3([0,1]) = {f € CL([0,1]) | wf" € C*([0,1])} .
Theorem 3.4.6 (Weighted quantitative Voronovskaja-type formula)

If a% € C%([0,1)) for every f € C2*(]0,1]) we have

2

a_ f//

My
<y
6

— a27
w ne/

n(Lwn(f) = f) -
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where My is the seminorm defined by

luf = wa” + Hf”Hw (3.4.10)
and 2\
4 [|(a®)"]]
2
= max { —, . 4.11
Cai= [l w{37%% (3.4.11)

Finally, we shall be concerned with the core property and the represen-
tation of the semigroup generated by the differential operator arising from
the Voronovskaja-type formula.

The differential operator is A,u(x) := a(z)?u”(x)/6 on the following
Ventcel’s domain

Dy (Ay) := {u € Cyu([0,1]) n C%(J0,1]) | 111%11 w(z) Ayu(xz) =0} .
x—0,

As in the preceding section, we consider only first-order degeneracy of
the function a at the endpoints. Different generation results in the space of
continuous functions vanishing at the endpoints are available in [8] (see also
[6] and the references given there).

Theorem 3.4.7 Assume that
a(z) =Czx(l —x), 0<z<1,

for a suitable constant C > 0. Then, the space C%([0,1]) (and hence C2([0,1]))
is a core for (Ay, Dy (Ay)); moreover, the operator (A, Dy (Ay)) generates
a Co-semigroup (T'(t))t>0 in Cy([0,1]) and, for every t > 0 and for every
sequence (k(n))n>1 of positive integers satisfying lim,_. . k(n)/n = t, we
have

T(t) = lim L™ strongly on Cy([0,1]) , (3.4.12)

n—+o0o i

moreover for every f € Ca®([0,1]) we have

|T@u -~ Lhu| <t Colly | (‘k(:) —t' + @@) (3.4.13)

w na/2

xommw+9ﬂﬁ)

no/2

and choosing k(n) = [nt]

CoM 1 1 12t CoM

_ 1[nt] alf L[ L <t otV
HT(t)u Ln un =t w2 Vn (\/ﬁ+ 7T> (HAwa+ ne/? > '
(3.4.14)
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PROOF. We reason only in the interval [0,1/2] and assume a(z) = Cz. Let
u € Dy(A,) and fix e > 0. We have u”(z) = o(1/2P*2) as x — 0 and hence
u'(x) = o(1/2P™1) and u(z) = o(1/2P), that is lim, .o w(z) x v/ (z) = 0 and
lim,_,o w(z)u(z) = 0. Hence, we can choose § > 0 such that 6 < 1/2 and

lw(x)u(z)] <e, x€][0,0],
lw(z)xu' (z)| <e, x€]0,d],
lw(z)z?u"(z)| <e, = €]0,9].

Let v :[0,1/2] — R as follows
(z—0)°

u(0) +u'(8)(z — 6) +u"(6) 5 T€ [0,4],
v(x) = 1
u(zx) , x € [(5, 5} .
Then, v € C%([0,1/2]) and, for every = €]0, 4], we have
2,2 2, p+2
w) dva)] = Julo) @) = [ )
2 §p+2 2
< ‘C 2 u"(d)‘<%5
and consequently
C? Cc? C? 1
_ <L el e= .
|lw(z)(Au(x) — Av(x))| < 5 €+ T35 T € [O, 2]

Finally, for every x € [0, d],
lw(@)(u(z) —v(@)] < |w(@)u(@)] + [wz)w@)] + [w@) ' (d) (z - )

— )2
+ |w(z) u"(é)%
(52
< e+ |lw()u(d)] + [w(d)du'(8)] + ‘w(é) Eu”(é)‘
< s—l—s—l—s—i-izzs.
- 2 2

The same inequality obviously extends to the interval [0,1/2] and since ¢ is
arbitrary, this completes the proof of the core property.

In order to apply Trotter’s approximation theorem, we need to establish
the stability estimate ||L% [ < M ek/™ for every m,k > 1 for a suitable
constant ¢ > 0.

Indeed, from (3.4.7) and Proposition 3.4.2, we get

C n
IZwanll < Jwnll” < (1 + [lwn = 1" < <1 + ﬁ) ,
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where C' is the constant in Proposition 3.4.2, and consequently

c n2\ k/n
’ n

Hence, we can apply Trotter’s approximation theorem [70] and obtain
that the closure (A, D(A)) of the restriction of A, to C2([0,1]) generates a
Co-semigroup (7'(t))¢>0 on Cy ([0, 1]) which can be represented by (3.4.12).
Moreover, the stability estimate also gives ||T(t)|| < e for every ¢t > 0.

Now, we show that (A, Dy (Ay)) is closed and this, together with the
core property, will imply that (A, D(A)) = (A, Dy (Ay)) and complete the
proof.

Let (up)n>1 be a sequence in Dy (A,,) and u,v € Cy ([0, 1]) such that (w-
Up )n>1 converges uniformly to w-w and (w - A(uy)),>1 converges uniformly
to w - v. Since a and w are continuous and strictly positive in ]0,1[, they
have a positive minimum in every interval [a,b] C]0,1[ and consequently
(un)n>1 converges uniformly to u and (A(u,)),>1 converges uniformly to v
in [a, b]; from the classical theory, we have that u € C?([a,b]) and Au = v in
[a,b]. Since the interval [a, b] is arbitrary, we get u € C2(]0, 1[) and Au = v in
10, 1[. Finally, from the uniform convergence of (w-A(uy,))n>1 to w-v and the
condition lim,_.o 1 w(z) Au,(x) = 0, we also have lim,_,o; w(z) Au(z) = 0
and hence u € Dy (Ay).

At this point we can apply Theorem 1.1.2. From Theorem 3.4.6 follows
that the seminorms are given by 1, (f) = Ca% and ¢n(f) = ||Afllw +
Canj\;j—/@, then taking into account that the growth bound of (7(t)):>0 is
equal to 0 and every T'(t) is a linear contraction, i.e. w = 0 and M = 1,
the estimates (3.4.13) and (3.4.14) follow directly from (1.1.10) and (1.1.11),

and this completes the proof. O
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3.5 An extension to the multivariate case

In this final section we briefly consider a possible extension to the multi-
variate case; we establish some approximation results and a Voronovskaja’s
formula.

The following results have been published in [42].

For the sake of simplicity, we limit ourselves to the two-variables case
since a similar construction can be extended in a straightforward way in
more variables.

The case considered in this section is of particular interest since it involves
a second-order partial differential operator on the whole space R? whose
coefficients of the second-order partial derivatives may be even unbounded
or degenerate.

First, we define the mean integral operator over a rotated rectangle.
Let a,b : R? — R be strictly positive continuous functions satisfying the
following condition

a(z,y),b(z,y) <1+ ezl +ly),  (z,y) €R?, (3.5.1)

for some suitable constants ¢i,ca > 0 and let # : R2 — R be a continuous
function.

Moreover, denote by Li (R?) the space of locally integrable functions on

R2.
The mean integral operator M, ¢ : L}

loc

Le@®?*) — C(R?) is defined by
setting, for every f € L (R?) and (z,y) € R? ,

Musol @)= o [ semagan, @52

where

Rlz,y] = {(&,n) eR?| (3.5.3)
(€ — ) cos O(x,y) + (n — y) sinO(x,y)| < alz,y) ,
| = (§ —x)sinf(z,y) + (n —y) cos O(x,y)| < b(w,y)}

is the rectangle with center (z,y), sides 2 a(z,y) and 2 b(z, y) and rotated an-
ticlockwise of an angle 0(x,y); moreover |R[z,y]| := 4a(z,y)b(x,y) denotes
the Lebesgue area of R[x,y].

Using the parallel variables to the sides of the rectangle R|z,y|, from
(3.5.2) we easily get, for every f € Li (R?) and (z,y) € R? ,

loc

%bgf x, = / / OQDLB,Z 5,7[ d&d s
T ( y) .1‘ y b .1‘ y —a(z,y) b(z,y) ( ) 7
(33)4)
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where

Pry(&,n):i= (2 + cosO(z,y) —nsinb(z,y),y + {sinb(z,y) +ncosb(z,y))

defines the change of variables.

Denote by C'®)(R?) the space of all continuous bounded real functions
on R? and by Cy(R?) the subspace consisting of all continuous functions
vanishing at the point at infinity of R?. These spaces are endowed with the
usual uniform norm

Ifll:== sup |f(z,y), feCORY.

(z,y)€R?

Moreover, we shall consider the function w : R? — R defined by

1
w(w,y) = Tr2 42 (z,y) ER?, (3.5.5)

and the space
CO®?Y) = {f e C®R?) | wfe CORY}
endowed with the norm

[fllw = sup fw(z,y) f(z,y)] .
(z,y)€R?

Observe that M, 9 maps C () (R?) into itself and is a positive contraction
when considered as an operator on this space. Moreover, M, ;¢ maps the
space of compactly supported functions into Co(R?) and by continuity also
Co(R?) into itself.

Now, we show that M, ;¢ maps C’gj) (R2) into itself. First, we put

r(z,y) == Va(z,y)? + b(z,y)?, (3.5.6)
for every (z,y) € R? and we observe that (see (3.5.3))
Rlz,y] C [z —r(z,y),z +r(z,9)] X[y —r(z,9),y +r(z,9)] . (3.5.7)
Moreover, from (3.5.1), we have

r(@,y) < V2 (e + ealal +ly)))
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and hence, using (3.5.6) and (3.5.7),

M, ; 1
| ,b,92f(x zé)\ < ' x (3.5.8)
1+22+y (1 + 2% +y?) |R[z,y]|
(14 € + 1)dé dy
//xy]1+§2+ 2
———  sup 1+ 4+ fllw
1"’55 + Y% (em)eRlzy)
< 1422+ y2 + 2r(x,y)2 +2(|z| + [y|)r(z, y) £
= 1+ 22 + 9?2 Y
3 + ca(a® + y?)
< 1 w < (1 w
< (14252 i < s e 1)

for some suitable constant c3,cq > 0.

Then M, ¢ is a bounded operator when considered on the space Cfub) (RQ)
endowed with the norm || - ||.

We are now in a position to define our Steklov operators. For every
n > 1, set an = a/n, by, := b/n and consider the n-th Steklov operator
Sp ) (R?) — ) (R?) defined by setting, for every f € ol )(RQ) and
(z,y) € R?,

Snf($7y) = M:n,bnﬁf(xvy) ) (359)

where, as usual, M ' b0 denotes n-th iterate of the operator M,,, p, ¢-

We shall write M in place of M,, 1, ¢ if no confusion arises.

As a consequence of the properties of Mg, from (3.5.9) we have that
Sy, is well-defined as an operator on c) (R?) and maps the spaces C®) (R?)
and Cp(R?) into themselves. When necessary, we shall consider the Steklov
operators acting on these spaces too; we also observe that .S, is a positive
contraction when acting on C'®)(R?) and Cy(R?) endowed with the uniform
norm.

In order to estimate the norm of .S,, with respect to the weighted uniform
norm in C (R?%), we use (3.5.8) taking into account that in this case we
have to consider r,, := va? + b?/n in place of r and obtain

Mnf(z,y)|l _ 1422+ + 2rn(2,9)? + 2(|2] + [y))ra(z, y)
1+~T2+y2 — 1+~T2+y2

(1 n %) flos  (zy) €2, (3.5.10)

(A

IN

for a suitable constant C' > 0; this yields

C n
180Dl =22 < (145 ) 1l < < 1
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and hence the sequence (S, ),>1 is equibounded with respect to the weighted

uniform norm in C'¢) (R?); moreover, it is also a sequence of positive con-
tractions on C®(R?) and Cy(RR?).
We have the following preliminary properties.

Lemma 3.5.1 The following equalities hold, for everyn € N,
1) S,(1) =1
2) Sp(pr;) =pr;,i=1,2.
3) For every (x,y) € R, we have

n—1

1
2 _ 2 k(2 o2 2 2
Sp(pri)(z,y) = = +W ZMn(a cos” 0 + b sin” 0)(x,y) ,
n—1
2 _ 2 B 2
Sn(prs)(z,y) = y“+ 3n2 ZM a? sin? 0 + b* cos® 0)(x,y) ,
Sy (pry pry)(z,y) = a:y—i— Z (a® —b%) cos 0 sind) (z,y) .
k=0

PROOF. It is obvious that M, 1 = 1 and hence property 1) is true. Moreover,
from (3.5.4) we easily obtain M, pr, = pr;, i = 1,2, and this yields property
2). Finally a straightforward calculation based on (3.5.4) gives
1
Mo (pri)(@,y) = @+ 2 (a(w,y)” cos®O(w,y)  (3.5.11)
+b(w,y)? sin® 0(z,y)) -
1
My (pr3)(z,y) = y*+ 55
+b(x,y)? cos® 0, y)) -
1
My (pripry)(@,y) = @y + 55 ((al2,9)* = bz, 9)*) *
X cos@(x,y) sinf(z,y))

(a(z,y)* sin* 0(z, y)

and an induction argument on the integer n > 1 yields property 3). O

The convergence of the sequence (S,)n>1 of Steklov-type operators will
be obtained studying the behavior of these operators on the subspace

o 2t
0x?2’ Oy?’ Ox Oy

C2O(R?) = {f e CP(R?) N C2(R?) C“”<R2>}

(3.5.12)
of all functions in Cfub) (R?) with bounded second-order partial derivatives.
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Proposition 3.5.2 For every [ € Cf,j(b) (R?) there exists a constant Cy > 0,
depending on f, such that

1
[Mnf = fllw < Cfﬁ . (3.5.13)

ProoOF. For every x,y,s,t € R, there exist £, € R such that

2
[0~ fe) = S@oe-0+La-n+ 5]

el P
G €5 4 S En)s 0t - )

.’EQ
T

and consequently
0
M f(2,9) = £(2.) = 92 (&) My (e, — 2)(z,)

2 I — 1 2
S g o, — ) + 30 (€0 P (o)

2 o — u)2
e e

2
M, (a (€ m)on, — 2)(or, - y>) (e,9)

Let C:=max{]|0°f/0x°||,[10%f /||, 2|0 f /0x0y|}; then

C

My f(y) = fl@y)l < 5 (Ma(pry = 2)° + My(prz = y)°

+My(pry — z)(pry — y))
a® + b* + (a* — b%) sin(20)) (z, ) .

c
6n Gn2 (
Multiplying by w(zx,y) and taking the maximum, from (3.5.1) we obtain the
desired estimate. n

At this point, we introduce the function w,, : R? — R defined by

onle) = w3, (1) 210)

(see (3.5.5)). Observe that w,, is bounded since 1/w € ) (R?) and conse-
quently M, (1/w) € ) (R?) too.

Proposition 3.5.3 For every f € C’gj)(RQ) and k > 1,

1M5: (F) = fllw < 1M (f) = fllw lewn\l (3.5.14)
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PROOF. We argue by induction on the integer £ > 1. If £ = 1 then (3.5.14)
is obviously true. Now, assume that (3.5.14) holds for £ > 1. We have

w(z, y) (Mg f (2, y) = f(z,y))]
< |w(x,y)Mn(M,{ff - f)(x,y)l + ‘w(x>y)(Mnf($7y) - f(wvy))‘

< wn(@, )IMy (f) = fllw + 1Mo () = Fllw
k—1

< wp(z,y) an(%?/)i My (f) = fllw + |1 Mn(f) = fllw

1=0

k
< an(xay)i HMn(f) - wa + HMn(f) - wa
i=1

k

<3 (@) 118, (F) — Fllu
=0

and this completes the induction argument. O

In order to deduce the convergence of Steklov operators from the above
proposition, we need to estimate the convergence of the sequence (wn)nzl.

Proposition 3.5.4 There exists a constant C' > 0 such that

C
Joon = 1)) < =

ProOF. First, we observe that

on) =11 = fut@)Sia, (3 ) - wle)

: u(2)-S

Since 1/w € cl (R?) N C2?(R?) and its second-order partial derivatives
are bounded, we can apply Proposition 3.5.2 and obtain a constant C > 0

such that
1 1
o (2) -5
w w

and this completes the proof. O

C

w

Now, we are in a position to state the convergence property of the se-
quence (Sp)p>1-
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Theorem 3.5.5 For every f € c®) (R2), we have

dim [Su() = Sl =0.

PROOF. Let f € C?U’(b)(RZ); from Propositions 3.5.2, 3.5.3 and 3.5.4 we
obtain

1Su(f) = fllw < IMa(f ﬂhZWMV—%ZIMi
1=0

5 (ed) % (- 5) )

and consequently lim,, oo [|Sn(f) — fllw = 0. 0

IN

As a consequence of Theorem 3.5.5, we have that the sequence (S, (f))n>1
converges to f uniformly on every compact subset of R? whenever f €
¥ (r2).

In the following result, we study the uniform convergence of the sequence
of Steklov operators in the space Cp(R?).

We observe that from Proposition 3.5.2, it follows that if f € o (R%) N
C?(R?) has bounded second-order partial derivatives, we have

Mo f(2,9) — F@0)| < 55 (0 46+ (07 = 1) sin(20)) (2,9) , (2:y) € B

and hence if a, b are bounded, we also obtain
C
1M (F) = £ < =5 (la®]| + [9°1) - (3.5.15)

Theorem 3.5.6 Assume that a,b € C)(R?). Then, for every f € Co(R?),
we have
hm I1Snf — fll=0. (3.5.16)

PROOF. Let f € C?(R?) with bounded second-order partial derivatives and
observe that the second member of (3.5.15) tends uniformly to 0 as n —
+00. Moreover, in this case the operators M,, are positive contractions with
respect to the uniform norm, and consequently

15 (f) = fIF = IM5 () = fII < nl| M (F) = [l

which yields lim,, 1 [|Sn(f) — f|| = 0. The general case where f € Cp(R?)
follows from a density argument. O

Now we establish a Voronovskaja-type formula for the operators 5,,. We
need some preliminary properties of independent interest which establishes
the convergence of the mean of iterates of the operators M,,.
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Proposition 3.5.7 For every f € C’gj(b) (R?), we have

n—1
Jim EZ{)M,’;(f)—f =0. (3.5.17)

PROOF. Let f € c2® (R?); from Propositions 3.5.3 and 3.5.4 it follows

n—1
Sy ME -
k=0

1 n—1
<z -4,
w k=0

n—1k—1 n—1k—1

1 . 11 1 ..
< E HMn(f) - f”w ZZ HwnHZ < Cfgm 22(1 + Cﬁ)l

k=0 =0 =0 =0
_Cfn c\"
'“6(6(@*@)‘*)‘9’

and taking the limit as n — 400, we have the validity of (3.5.17). g

Eod

Remark 3.5.8 If we consider the subspace
Co.u(R2) = {f c COMR?Y) |wfe CO(IRQ)} , (3.5.18)

we can observe that the preceding proposition is still true for every f €
Co.w(R?).
Indeed, from (3.5.10), we get

C k
|Wﬂs@+—)s£
n

with respect to the norm in C") (R?) and hence the mean operators 37~ ) M¥ /n
are equibounded when acting on the space ) (R?). Since c2® (R?) is
dense in Cj ,,(R?), Proposition 3.5.7 can be applied to every f € Cp,,(R?).

O

Finally, we can establish a Voronovskaja-type formula with respect to the
weighted uniform norm.

Theorem 3.5.9 (Voronovskaja-type formula) Assume that a,b € Cy(R?)

and consider the second-order partial differential operator A : C*(R?) —
C(R?) defined by

1 rf O rf
A(f)._6<aﬁ+ﬂa—y2+'ya$8y

> , feC?*R?, (3519
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where the coefficients o, 3,7 : R2 — R are given by
o :=a’ cos?O4+b* sin? 0, B:=a® sin?0+b% cos’ 0, v:= (a® —b?) sin(26) .

Then, for every f € C’?U’(b) (R?) with uniformly continuous second-order
partial derivatives, we have

T ([n (S f — f) ~ A(f)]l,, =0

PrROOF. Let f € C’g,’(b) (R?) have uniformly continuous second-order partial
derivatives. For every z,y,s,t € R, we can write

F(s.8) = @) = GHe)s =)+ St =)
2 s — )2 2 N2 2
et e S+ - ae-y)

+77(87t7x7y) ((8 - J:)Q + (t - y)2)

where n : R* — R satisfies lims ) (2,y) 1(8: 1, 2,y) = 0 uniformly with
respect to (x,y) € R%. Then

n(Suf(x,y) — f(x,9)) = nSu(f — f(z,9))(z,y) (3.5.20)
=0 G @S, by = 0)an) + 0 G 2,08~ ) o)
n 0°f 2
+3 W(x,y)sn((md —x)°)(z,y)
n 0f 2
+3 8—y2(x,y)5n((Pr2 —y)7)(z,y)

2
2 afy Su((pry — ) (prz — ) (. )

+n 8y (n(pry, pra, 2,y) ((pry — 2)* + (pry — 1)) (z,y) -

We observe that the first two addends in (3.5.20) vanishes.
Moreover, we have

n
5 S0 ((pr1 = 2)°) (2,9) = n (Sn(Pr1)(z,y) = 228, (pr)) (2, y) + 27)
n—1
ot k(2 20 32 2
=& kZZOMn(a cos” 6 + b sin” 0)(z,y)

n—1

1

= 6_71 ZMS(Q)(xay) )
k=0
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5 S ((pr2 = 9)?) (2.) = . (Su(Pr3)(a.y) — 295 (prs) () +y?)

i
L

M (a? sin? 0 + b* cos? 0)(z,y)

1
6n

T
= O

My (B)(x,y) ,

0

1
6n

B
Il

n Sy,

—~

(pry — z)(pry — y))(z,y)
=n(S (prlprz)( 2Y) — ySn(pry) — 2Su(pro)(z,y) + zy)

=
= &n Mk b?) sin(26)) (z,y)
k=0

n—1

1

— MF .

o a () (7, 9)
k=0

Our assumptions on the functions a and b ensure that all the functions
a, B and v are in Cp ,,(R?) and hence from Proposition 3.5.7 (see also Remark
3.5.8), it follows

i 2 (o —0) (0y) = gale)
im 25 (o)) () = ¢ Bley)
i nS,((or — 2oy 9@ y) = ()

(b)

uniformly with respect to the weighted uniform norm in Cy,’ (R?).

Finally, we have only to show that the last addend in (3.5.20) converges
to 0 with respect to the weighted uniform norm. To this end, let € > 0 and
consider ¢ > 0 such that |n(s,t,z,y)| < & whenever (s —z)% + (t —y)? < 2.
Moreover, take M > 0 such that |n(s,t,z,y)| < M for every (x,y), (s,t) €
R2. We have

[n(s,t,2,9)| ((s = 2)* + (t = y)*) < e((s —2)* + (t —9)*)

if (s —x)% + (t —y)? < 6% and

(s, 2,9l (s = 2)" + (= 9)*) < (5= 2) + (=),

whenever (s — )% + (t — y)? > 6. In any case

(s, 2, 9)| ((s—=2)°+(t=9)*) < e((s—2)"+(t=9)")+ 5 ((s=2)*+(t-y)*)”
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and hence

&
&

[n Sy (n(pry, pra, 2,) ((pr; — )% + (pry — 9)%)) (
<nS, (In(s,t,z,y)| ((pr; — z)* + (pry — y)?)
<n Sy (e((pry — 2)* + (pry — v)*)) (z,y)

#ny (G5 (on =20+ (ory = )2 (010)
<en Sy ((pry — 2)* + (pra — 9)°) (2,9)

+5%2n Shn (((Pﬁ —x)* + (pry — 9)2)2> (z,y) -

~—
—~
K
<
~—

Observe that

i nSu((pr — 2 + (pr — 9)?)(9) = 5(@2 () + B2(w.)

uniformly with respect to the weighted norm and hence, from the arbitrarily
of €, it remains only to show that

lim Hn Sh (((pr1 — )% + (pry — y)2)2)‘ =0. (3.5.21)

n——+o0o ‘w

Indeed, a straightforward calculation yields
2
My (((pry = @) + (s = 9))°) = ((pry = 2) + (pra — )*)?
1 /1 2 1 2 1
+ﬁ <5 at + 9 a® b® + E b4> + 2 ((prl —x)2 + g(prQ - y)2>
2 1 9 9 4
g B glery —2)" 4 (pry = )" ) + o5 v (pry — 2)(pry —9)

and taking n iterations of the above formula, we have

WL k: t (20 (om0 Soma 1)
+% :z:)ij <25 (é(prl — 2)* + (pry — ) ))
5 (37tm - 2002 )
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Now, we discuss the convergence in C’gj ) (R?) of the preceding addends
evaluated at (z,y). The first addend ((pr; — )% + (pry — v)?)? vanishes
identically at (z,y). As regards to the second addend, we observe that the
assumptions on a and b ensure that a*,b*, a?b? € Cp,,(R?) and hence, from
Proposition 3.5.7 and Remark 3.5.8, we have

1 1
k(L 2 4y _ 1 4 2,2, 134
nhIJrrlngM<a—|— a’bh® + = b) 5a+9ab+5b

for the weighted uniform norm. Therefore the second addend converges to 0
uniformly with respect to the weighted norm due to the factor 1/n?. Finally,
the same argument can be applied to the last three addends and we find that

they converge in Cl(ub) (R?) respectively to the functions

2a <(pr1 — )’ + %(prz - y)Q) .28 ( (pry — )% + (pra — y)2> :

and 4
37 (pry —2)(pry —y)
which vanish identically at (z,y).
Hence (3.5.21) has been established and the proof is complete. U

Under additional assumptions on the functions a and b, we can state the
Voronovskaja-type formula in the space Cy(R?) with respect to the uniform
norm.

We begin with the analogous of Proposition 3.5.7 in the space Cp(R?).

Proposition 3.5.10 For every f € C?(R?) having bounded second-order
partial derivatives, we have

%ZM,’j(f)—fH =0. (3.5.22)

PROOF. Indeed, since the operators M, are positive contractions, from
(3.5.15) we have

e <1§HM’“<f>—fH
n & " n "

1 Cy(lla®]| + [11*])) n(n —1)
— || M ( E k< -— .
H —fl ~n n? 2

Taking the limit as n — 400, we have the validity of (3.5.22). O
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Theorem 3.5.11 (Voronovskaja-type formula in Cy(R?)) Assume that
a(1+pry +pry) € Co(R?),  b(1+pry +pry) € Co(R?)

and consider the differential operator A defined by (3.5.19).
Then, for every f € C3(R?), we have

Tim [ (S.f — £) — A(F)]| = 0.

Proor. We observe that Proposition 3.5.10 continues to hold for every
function in Cy(R?) by a density argument, and that our assumptions ensure
that o, 8 and v and all the functions involved in the remainder estimates are
in Cy(R?). Using this remark in place of Proposition 3.5.7, we can proceed
exactly as in the proof of Theorem 3.5.9. O






Chapter 4

Best decomposition

The representation of the solutions of parabolic problems by means of iter-
ates of approximating operators may be more effective if we choose appro-
priately the sequence of operators. Even the quantitative estimates between
the semigroup and the iterates may be affected by this choice. In this chapter
we introduce a method which can be useful in order to consider a combina-
tions of different sequences of operators in the approximation of the same
problem.

Using a general procedure we consider some combination of different
approximation processes by means of projections on orthogonal subspaces.
We concentrate our attention on some particular positive approximation
processes in spaces of L2-real functions in order to satisfy a prescribed
Voronovskaja-type formula. Some similar questions have also been con-
sidered in [31] and in [32].

The results in this chapter are contained in [40]

4.1 Direct sums of approximation processes

We are mainly interested in the application of a general and simple method
which consists in constructing a new approximation process starting with a
decomposition of a Hilbert space into the direct sum of orthogonal subspaces
and associating to each subspace an assigned approximation process.

In this way we obtain some noteworthy results regarding the possibility of
obtaining new Voronovskaja-type formulas from assigned ones and extending
the class of differential problems under consideration.

The general method can actually be applied in different settings. Indeed,
we may have the necessity of using different approximation processes on
orthogonal subspaces as done in Section 4.2 in connection with Bernstein-
Kantorovich and Bernstein-Durrmeyer operators; this may happen for exam-
ple in studying diffusion models in population genetics where different fac-
tors may depend on the subspace containing the initial condition. Indeed, it
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is well-known that the differential operator arising from the Voronovskaja’s
formula for both Bernstein-Kantorovich and Bernstein-Durrmeyer opera-
tors describes the evolution process associated with some diffusion models
in population genetics through the representation given in (4.2.13) which
depends only on the initial condition ug in (4.2.14). Hence the method used
in Section 4.2 allows us to arrange better the choice of the subspace V' and
the approximating operators to the initial condition. A different motivation
can be the preservation of some functions by a modified classical approxima-
tion process; this was already realized in [31] for some sequences of algebraic
polynomials and now we have also considered an example concerned with
convolution operators in Section 4.3. Different applications to projections
onto splines can also be considered; here we have not dealt with this case due
to the large literature already existing in this field (see [46, Section 13.4])
and also because we are only interested in the possibility of approximating
the solution of wider classes of differential problems and consequently only
to more general Voronovskaja-type formulas.

The method is based on some simple properties of Hilbert spaces. Con-
sider an Hilbert space (H, (-,)) and a decomposition

H=EDV

el

of H into the direct sum of orthogonal closed subspaces V;, ¢ € I and for every
1 € I denote by P; the canonical orthogonal projection onto the subspace
V.

Now, let (L;);cr be a family of linear operators from H into itself and
consider the linear operator L : H — H defined by setting, for every v € H,

L) = 3 P(Li(u) (4.1.1)

el

In this way we associate the operator L to the families (V;);c; and (L;)ic;-

Observe that if u,v € H and L;(u) = v for every i € I then we have
L(u) = v too. In particular if all the operators L;, i € I coincide with an
operator T we also have L =T.

Moreover, it is also interesting to observe that we can also study per-
turbations of an operator L having the form (4.1.1) by modifying some of
its components L;; this will be performed in Section 4.3 in connection with
Jackson convolution operators.

At this point, we apply the preceding procedure to a sequence of families
(Lin)ier of linear operators and using (4.1.1) we define the new sequence
(Lp)nen of linear operators given by

Ln(u) = Pi(Lin(w) . (4.1.2)

el
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It is immediate to check that if every sequence (L; )nen, ¢ € I, is an ap-
proximation process on H, then (L,),ecn satisfies the same property. More-
over, if every sequence (L; ,)n>1 satisfies an abstract Voronovskaja-type for-
mula

lim n(L;u—u) = A4;(u), ueD, (4.1.3)

n—-+o0o

where A; : D — H is a linear operator and D is a subspace of H, then the
sequence (Ly,)p>1 satisfies the Voronovskaja’s formula

lim n(Lyu—u)=>» P(Ai(u), uweD. (4.1.4)

n—-+o0o
el

Using this general scheme, we pass to consider some cases of particular in-
terest in different settings where we can add more details on the convergence
of the constructed operators and their Voronovskaja-type formulas.

It will be useful to observe that if a finite-dimensional subspace V of H
is generated by the independent system {a1,...,as}, then the projection
Py of H onto V can be easily obtained by considering the square matrix
A = ((o,05))ij=1,..m and taking into account that for every f,g € H
we have Py (f) = ¢ if and only if AG = F where F' is the column vector
with components ((f, ®i))i=1,..m and G = (g;)i=1,..m is the vector of the
components of Py (f) in the subspace V, i.e. Py(f) =>.", gio;; imposing
(Pv(f)— f,a;) =0 for every i =1,...,m we find

G=A'F (4.1.5)
and in particular, if {aq, ..., } is an orthogonal system
gi = i (4.1.6)

C el
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4.2 Bernstein-Kantorovich-Durrmeyer operators

In this section we split the space L?(0,1) into two components and con-
sider a combination of the classical Bernstein-Kantorovich and Bernstein-
Durrmeyer operators. Obviously the same construction may be carried on by
considering different orthogonal subspaces of L?(0,1) or different sequences
of operators.

First, we recall that for every n > 1 the n-th Bernstein-Kantorovich K, :
L%(0,1) — L?(0,1) and respectively the n-th Bernstein-Durrmeyer operator
M, : L*(0,1) — L?*(0,1) are defined by setting, for every f € L?(0,1) and
xz € [0,1],

n (k+1)/(n+1)
Knf(z) = 1 o t)dt 4.2.1
@) = (n+ >kzzop +(@) /k D0 (4.2.1)
and respectively
n 1
Mof(@) = (n+1)'S pus(a) / Pas(®)f () dt (4.2.2)
k=0 0

where, as usual, p,, () := (Z) 2F (1 — )k,

We also recall that (see, e.g., [58, p. 31] and [9, Section 5.3.7, 5.3.8])

En(1) = 1, Kn(id)(az):%’ 23
Ko@) = 20 _3295152”“1 |
P TS S

for every x € [0,1] and these formulas ensure the convergence of the se-
quences (K, )n>1 and (My,),>1 to the identity operator by the classical Ko-
rovkin’s theorem (see e.g. [9, Theorem 4.2.7]).

Moreover, estimates of the convergence can be found with respect to the
classical modulus of continuity w(f,d) in spaces of continuous functions (see

[9, (5.3.38)(5.3.42) and (5.3.51)~(5.3.53)])

Knf(z) — f(2)] < 20 (f, Vin =Dzl - ””) ,

n+1

i s (f’ \/%(; i);(&fg)f 2)
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which give

||an<x>—f<x>us2w(f, ) uMnf(x)—f(x)uszw(f,

1 1
vn vn
for every f € C(]0,1]) and with respect to the averaged modulus of smooth-
1/2
ness 7(f,0)2 := (fol w(f,6,)? da:)

[Enf—fllz < 7487 <f, > : (4.2.5)
n+1/,
1
M, f — < 748 , 4.2.6
M7= fla < Tase (F ). (1.2:)
for every f € L?(0,1).
Finally, we also recall the following Voronovskaja-type formulas
. 1
Jim (K= f) = $AW). (4.2.7)
lim n(Mn(f)—f) = A(f), (4.2.8)

n—-+00

which are satisfied for every f € C?([0,1]), where A : C2([0,1]) — C([0,1])
denotes the differential operator defined by

d

Au(x) == .

(a:(l — ) u’(m)) , = CQ([O, 1), =ze€]0,1].

Now, let V be the subspace of L?(0,1) consisting of all linear functions
on [0, 1] and its orthogonal subspace given by

1
W = {v € L*0,1) | / (a+ bt)v(t)dt =0 for every a,b € ]R} ;
0
it is easy to recognize that

{ueLZ(o,l) | /Olv(t)dt:O,/Oltv(t)dt:O}

— {veLZ(O,l) | /Oltv(t)dtzo,Al(l—t)v(t)dt:O} ;

w

moreover, Py and Py denote the orthogonal projections onto the subspaces
V' and respectively W.

According to the general procedure, we can define the new sequence
(Ly)n>1 of linear operators on L2(0,1) by setting

Lnf(dj) = PV(Kn(f))(x) + PW(Mn(f))(x) ’ f € L2(07 1) y TE [Ov 1] :
(4.2.9)
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In order to write a more explicit expression of the operators L,, we
consider the orthogonal basis of V' consisting of the two functions 1 and
1 — 2id.

Using (4.1.5), for every f € L?(0,1) and = € [0, 1], we get

(1 =20)K.f(t)dt
/ En () fO (1—2t)2dt (1~ 2a)
B "L\ kl(n — k)l D/ (D)
=) — <k> (n+1)! /k/(n+1) fls) ds
"L /n\ [(k!(n— k) (k+ 1Dl (n —k)!
+3(”+1)k§)<k> ( Dl 2 (nt2) )
(k+1)/(n+1)
x/ F(s)ds (1 — 2z)
k/(n+1)
1 n k+1 (k4+1)/(n+1)
:/0 f(s)ds—|—3]§)<1—2n+2> /k/(nﬂ) f(s)ds (1 —2x)

1 6 - (k+1)/(n+1)
= (4—61:)/0 f(s)ds — H—szo(kﬂ)/k f(s)ds (1 —2x)

/(n+1)

and consequently

Py (M, () () = My f(2) — (M (f))(ﬂﬁ)

/ Mo f(1) (ft_)Z)Qf C(lt) (1 - 2)
—Z / Prs(5)f(s) ds

—32 (1 2 ﬂ) / pui(s) £(5) ds (1 - 22)
= M, f(z /f ds—32/ Prk(s s (1 —2z)

6
+n—|—2];)(k+1)/0 Pnk(8)f(s)ds (1 —2x)
1 6 1
=M f0) + (—446) [ f6)ds+ s [ ns 1f(6)ds (1~ 20).
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Hence, from (4.2.9) we obtain

Fnd () = MnJ(2) (4.2.10)
6(1—2z) ([ < (k41)/(nt1)

+ n+2 (/0 (ns+1)f(s)ds ];)(k: +1) /k/(n+1) f(s)ds

_ 6n(1 — 2z) o= [F+D/(41) i

= M, f(z) + T2 = /k/(n+1) (s — 5) f(s)ds

for every f € L?(0,1) and x € [0, 1].

The convergence of (Ly),>1 to the identity operator on L?(0,1) is en-
sured by (4.2.9) and the analogous properties of the sequences (K,),>1 and
(Mp)n>1-

As regards to a quantitative estimate of the convergence, again from
(4.2.9) and (4.2.5)—(4.2.6) we get, for every f € L%(0,1),

1
Lof — fll2 < 14967 ( f, .
£ = fl < 14967 (1.2 )

We explicitly observe that

L,1 =1,
.  nxz+1 n2e—1) _ n 1
e ST ) ) R R TR
' _ n(n—1)2? 4 dnz +2 n(2z —1)
Loid*(z) = n+2)(n+3) 2(n+1)(n+2)
B n(n —1) 2 n(d5n +7) T
T (+2)(n+3)" " (n+D)(n+2)(n+3)

n?—n—4
2(n+1)(n+2)(n+3) "

Moreover, the following result establishes a Voronovskaja’s formula for
the sequence (Ly,)n>1-

Theorem 4.2.1 For every f € C2([0,1]), we have

1
lim n(Lnf(z)— f(z)) = Af(z) + 3(1 — 21:)/0 (1—2t) f(t)dt . (4.2.11)

n—-+00

uniformly with respect to x € [0, 1].

PROOF. Indeed, from (4.1.4) and (4.2.7)—(4.2.8) and using twice the inte-
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gration by parts, for every f € C?([0,1]) and = € [0, 1] we have

lim n(L.f() - f(z) = Py (; Af> (2) + Pw (Af) (2)

n—-+00

1 1
. % /0 (t(1 =) f'(t)" dt + S (1- 23:)/0 (1—20) (11— 1) f'(1))" dt

1 !
+Af(x)—/0 (t(1—¢t) f'(t)) dt
1
31— 29,«)/0 (1—26) (1 — 1) f'(1))" dt
1
~ Af(z)—3(1 — 23:)/ 1= 1) F(t) dt
0

1
— Af(z) +3(1 — 2:5)/0 (1—2) f(t) dt

and this completes the proof. O

Finally, we observe that the differential operator B : C?([0,1]) — C([0, 1])
defined by

1
Bu(z) = Au(m)—|—3(1—2x)/ (=20 u(®)dt,  weC(0,1), zel0,1],
0
may be considered as a bounded perturbation of the operator A since

/01 (3(1 o) /01(1 oty u(t) dt)

hence A — B is bounded and ||A — BJ| < 3.
It is well-known that the closure (A, D(A)) of (A, C?%([0,1])) is defined on
the domain

2 2

1
dr <9 ( [ dt) < oflull ;
0

D(A) := {f € L*(0,1) | f is locally absolutely continuous in ]0, 1|
and z(1 - x) f'(z) € Wy2(0, 1)},

and generates a Co-semigroup (T'(t))¢>0 of contraction on L?(0,1) which is
analytic (with angle 7/2) and immediately compact (see e.g. [1, Theorem
2.3]). From the classical perturbation theory of Cy-semigroup (see e.g. [48,
Section III.1] or also [64, Section 3.1]) we conclude that also (B, D(A))
generates an analytic Cp-semigroup (S(t))i>0 on L*(0,1) with angle 7/2 on
the same domain D(A). From this it also follows that C2([0, 1]) is a core for
(B,D(A)) and further

IS@)I < el A=PIT (@) < e . (4.2.12)

Moreover, in connection with the operators L, we have the following
representation of the semigroup (S(t))s>0.
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Theorem 4.2.2 For every t > 0 and for every sequence (k(n))n>1 of posi-
tive integers satisfying im,_, 4~ k(n)/n =t, we have

lim LF™M = 5(t) strongly on L*(0,1) . (4.2.13)

n—-+o0o

PROOF. Since (B, D(A)) generates a Cp-semigroup in L?(0,1) with growth
bound < 3, the range of A — B coincides with L?(0,1) for every A\ > 3.
Moreover, for every n > 1 we have

n o a(k41)/(n+1) 2
36 <Z/ (s - ﬁ) f(s) ds)
0’ k/(n+1) n

36 ! ? 36
s ([ rwas) < g

and consequently || Ly,| < || M| +6/(n+1) <1+ 6/(n+ 1) which yields,
for every k > 1,

Ik < (1+ —) =((1+ < eBk/n |
n+1 n+1

Hence, the stability condition in Trotter’s Theorem I1.1.1 is satisfied and its
application yields completely the proof. O

1Ln(f) = Mn(£)]13

IN

The preceding result ensures the possibility of approximating the solu-
tions of the evolution problem

1
%(t,x) = % <x(1 — ) %(t,x)) +3(1 - 23:)/0 (1 —2s)u(t,s)ds,
t>0, ze]0,1],
u(0,x) = up(x) , up € L*(0,1) ,
(4.2.14)
using iterates of the operators L, applied to the initial condition; namely,
for every ¢t > 0 and z € [0, 1] we have
u(z,t) = St)ug(z) = lim LMug(z) ,
n—-+o00
in the norm L? with respect to = € [0, 1] and uniformly in compact intervals
with respect to ¢t > 0.

Quantitative estimates of the above convergence formulas can be obtained
on suitable subspaces using the results in Chapter 1, provided that we have
a quantitative versions of (4.2.7) and (4.2.8); for the sake of brevity we state
it only for Bernstein-Durrmeyer operators, since the same methods can be
applied to obtain a similar estimate for Bernstein-Kantorovich operators.

Lemma 4.2.3 We have
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1. My1(x)—1=0,

2. M, (id — 2)(x) = ("Z"j; _ g;> ,

nin — .'L'Q nr nx
3 Mn((id—a:)Q)(x):< (n = L)a” + dnz +2 +1+x2> ,

m+2)n+3)  nte2
b MG - 2 ) <

PROOF. The statements 1,2 and 3 follow easily from (4.2.4).
Now a straightforward calculus gives, for every m > 1,

M, (id™)(z) = (n+1) ank / ()tk(l—t)”ktmdt

= (n—l—1)an,k(:v)<k>ﬁ(k+m+l,n—k—i—l)

(k+1)---(k+m)
_Zp”k St ntmt D)

where ((z,y) := fol t*=1(1—¢)¥~1 dt is the Euler’s beta function. So we have

k—l—l)(k;—l—2)(k:+3)
MG an S0 2 3 )
B (1d3)( ) + 6n2B,,(id?)(x) + 11nB,(id)(x) + 6
N (n+2)(n+3)(n+4)
~ nz(l+3z(n—1)+2*(n — 1)(n — 2)) + 6nz(l + z(n — 1)) + 1lnz + 6
N (n+2)(n+3)(n+4)

+1)(k +2)(k + 3)(k + 4)

My (id")(x Zp"’“ )+ 3)n+ A)(n £ 5)
(1d4)( )+ 10n3B (1d3)(a:) + 35n2 B, (id*)(z) + 50n B, (id) (z) + 24

n+2)(n+3)(n+4)(n+5)

1
- nm+2)(n+3)(n+4)(n+ 5)
x [nz(1+7z(n — 1) +62%*(n — 1)(n — 2) + 2°(n — 1)(n — 2)(n — 3))+
10nz(1 + 3z(n — 1) + 2*(n — 1)(n — 2)) + 35nz(1 + x(n — 1)) + 50na + 24]
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and consequently, using (4.2.4) we obtain
My ((id = 2)*)(2)
= M, (idY)(z) — 42 M, (id3)(x) + 622 M, (id?)(x) — 423 M,,(id)(x) + *
:a:4(1— 4n 6n(n—1) dn(n—1)(n —2)

nr2  mt2n+3) mtDm+d)n+d
n(n—1)(n —2)(n —3) 3 4 24n
+(n+2)(n+3)(n+4)(n+5)) +at( - 2 mr2mt3)
36n(n—1) 16n(n —1)(n —2)
C(n+2)(n+3)(n+4) (n+2)(n+3)(n+4)(n+5))
9 12 2n
e ((n+2)(n+3) T m+2)(n+3)(n+4)
72n(n —1) )—i—a:( 24
n+2)(n+3)(n+4)(n+5) (n+2)(n+3)(n+4)

96 24
AR e g e e e e o e

= 120" 2?2(1—12)%+o0 2z
C n+2)(n+3)(n+4)(n+5) (1 )yt <n2>
<

0

Proposition 4.2.4 Let 0 < a < 1; then there exist C1,Co > 0 such that,
for every f € C%2([0,1))

My
na/2’

In(Mn(f) = f)—Afl < C
where My is the seminorm defined by
My = |If'll + If" Il + Ly (4.2.15)

PROOF. Let f € C%%(R) and let Ay, be the operator defined by (2.2.2)
taking L = M,,. From Lemma 4.2.3 we get

A, f () = f'(2) My (id — 2)(2) + %f”(ﬂﬁ)Mn ((id = 2)?) ()

=) <nnxj21 - x)

yo 1 (n(n—1)2%+4nx + 2 nr+1 9
+f($)§< (n+2)(n+3) T2 +x>.
Consequently, we have
In(My f(x) — f(x)) — Af(2)| (4.2.16)

< [n(Lnf(z) = f(z) = Apg, f(2)] + [nAng, fz) — Af ()] -
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In regard to the first term in (4.2.16) we use Theorem 1.1.2 and taking into
account Lemma 4.2.3, we obtain the existence of C,Cy > 0 such that

M, ((id — z)?) (z) < G . M, ((id—2)%) (z) < 2 .

n n?
Thus
" /2 2 1/2
0 (Lnf@) - 1)~ A g@) | <2 (D) (D4 S)

As regards the second term in (4.2.16) we have

nAu, f(z) — Af(z)

o nr+1 y, o (n(n—1)2? 4+ dnx + 2 nr+1

—f(x)n<n+2 —x>—|—f(x)§< (n+2)(n+3) _an—i—Q
- (1 -22)f(2) —2(1 - 2)f"(2)

o 2r — 1 yo n(8x% — 8z + 1) — 6z(1 — x)

=f@ g T (n+2)(n+3) ’

and this yields
16 6
InAns, f = AfIL< 1+ I

Finally collecting the above inequalities we obtain
(M f(x) — f(z)) — Af(2)]

Ly (C\?(C2  ,\'? 16 6
< (D)7 (G4 ) T+ R+ 2
n n n

n n?
My
where My is the seminorm defined by (4.2.15). O

A similar estimate holds for Bernstein-Kantorovich operators (with dif-
ferent constants) and the same estimates continue to hold for both operators
with respect to the L?-norm.

Hence, for every f € C%%([0,1]) and n > 1, we have

[n(Ln(f) = ) = Bfllw <¢u(f) s In(Ln(f) = Hllw < @n(f), (42.17)

where
My
Un(f):=C—25,  ealf) = B()w+C
n
From (4.2.12) the growth bound of the semigroup (S(t)):>0 is less or equal
than 3 (and constant M = 1) and therefore, applying Theorem 1.1.2, we
obtain the following result.

My
ne/2 °

)
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Proposition 4.2.5 For everyt >0, (k(n)),>1 sequence of positive integers
and f € CQ’O‘([O, 1]), we have

( —5(1) H <t exp(3€¥™ ) b (u) 4.2.18)
2
+ (exp (3e3/m ¢, ‘ ‘ + \/7 3k(n)/n
s
k(n
e (s ) ) et
o
where ty, := sup{t, k:(n)/n} .
In particular, if we take k(n) = [nt], we obviously have ¢, = ¢ and
[n—f—t‘ :%t—[n—f < 1. Hence (4.2.18) yields
HL’;}")u - S(t)uH2 < t exp(3€%/™ t) 1 (1) (4.2.19)
1 [exp(3e3/mt) 2t 4, 3t 3/n
+ﬁ <T + ? e’ + ﬁ €exXp (36 t) @n(u) .

Of course the definition of (Ly),>1 depends also on the decomposition
of the space L2(0,1). Using different decompositions, we can describe the
solution of different evolution problems in terms of iterates of suitable op-
erators.

A different interesting example can be performed using the one-dimensional
subspace X generated by the function id(1 —id) and its orthogonal subspace

Y given by
Yy - {v € 12(0,1) | /Olt(l—t)v(t)dt :0} .

Taking the same sequences as before in this case we obtain the operator
(Qn)n>1 of linear operators on L%(0,1) by setting

(4.2.20)
Similarly to the preceding case, from (4.1.6) we obtain, for every f €
L?(0,1) and z € [0, 1],

Jo t(1 = ) K, f(t)dt 21— o)
J (1 —t)2dt

— 30(n "\ (k4 1)l(n — k4 1) pEFD/ (D) a1
=30(n+1) 0<k> /k f(s)ds z(1 —x)

Px(Kn(f))(x) =

p (n+3)! Jn+1)
0 Sk -k ) / Y ) ds w1 - )
i — + n — + S S T — X
CEIEE P .
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and consequently

Py (M (f))(x) = My f(x) = Px (My(f))(x)

1
= M, f(x) — 30/0 K1 — )M, f(8) dt 2(1 — 2)

30
= Mnf() = (n+2)(n+3)
n 1
n— ") k(1= )R f(s) ds x(1 — ) .
o0k [ () 400t 1 -
Hence, from (4.2.20),
30 u
Qnf () = M () = e =gy k:o(k +h)(n—k+1)  (4.2.21)

L\ ok - (k+1)/(n+1) B
X (/0 <k>s(1 s)"Ff(s)ds /k;/(n+1) f(s)ds | (1 —x)

for every f € L?(0,1) and x € [0, 1].

Clearly, the sequence (Qp)n>1 converges to the identity operator on
L?(0,1) and a quantitative estimate of the convergence can be obtained
as before from (4.2.20) and (4.2.5)—(4.2.6).

A Voronovskaja’s formula for the sequence (Q,),>1 can be also estab-
lished using the same arguments of Theorem 4.2.1 and yields, for every

fec([o,1))

1
nETwn(Lnf(x) —flx)=Af(z) —152(1 — x) / (6t — 6t + 1) f(t)dt .
" (4.2.22)
uniformly with respect to z € [0, 1].

Finally, the differential operator arising from the (4.2.22) is again a
bounded perturbation of the operator A and consequently its closure gen-
erates an analytic Cop-semigroup (Q(t));>0 in L?(0,1) with angle 7/2 on the
same domain D(A). The semigroup (Q(t))s>0 can be represented as

lim QF™ = Q(t) strongly on L?(0,1) .
n—-+00
whenever ¢ > 0 and (k(n)),>1 is a sequence of positive integers satisfying
lim,, o0 k(n)/n = t.
Hence, even in this case we have the possibility of approximating the
solutions of the associated evolution problem using iterates of the operators
Q.. evaluated at the initial point.
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Remark 4.2.6 It is worthwhile mentioning that if we consider the identity
operator in place of one of the preceding sequences we obtain the operators
considered in [31] in connection with a best approximation property with
respect to a linear operator.

Hence, the problem considered in [31] in the one-dimensional setting can
be completely framed in the more general setting considered here.

In the following section we give an example of such situation by consid-
ering the case of convolution operators. O
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4.3 Best perturbation of Jackson convolution op-
erators

In this section we consider a perturbation of the classical Jackson convolu-
tion operators obtained by imposing a best approximation property on the
subspace of all trigonometric polynomials having degree less or equal to 2.
Since the treatment of this case is very similar to the preceding one, we shall
omit several details and we shall only describe the main steps.

We consider the space L%W of all real 27-periodic functions which are
square summable on the interval [—7, 7] endowed with the usual scalar prod-
uct

<fag>27r :%/_ﬁf(x)g(x)da:, fngL%W‘

For every n > 1, we recall that the n-th Jackson operator .J,, : L%ﬂ — L%ﬂ
is defined by setting, for every f € L3 and = € R,
T s 4
t/2
fo—t) SR gy (43.1)

3
Jnf(l') : . Sin4 t/2

T 2mn(2n2 + 1)

It is well-known that J,,(f) is a trigonometric polynomial of degree 2n —2
and the following estimate is satisfied for every f € L2 _ (see [63, pp. 79-84],
[21, p. 60] and also [9, (5.4.45)])

(1) = fllae < (1) o (1)

where w®(f,8) == supjp <5 | (- + h) = fll2-

We consider the subspace V of L2 _ generated by the trigonometric poly-
nomials with degree less or equal to 2 and its orthogonal subspace W. If Py
and Py denote the orthogonal projection onto the subspaces V' and respec-
tively W, we can define the sequence (Hy),>1 of linear operators on L3_ by
setting

Hof == Py(f)+ Pw(Jun(f) = Jn(f) + Pu(f — Ju(f)), fE€L3, . (432)

Taking into account that Jackson convolution operators preserve the
trigonometric polynomials having degree less or equal to 1, from (4.1.5)
we get, for every f € L3 and z € R,

Hof(zx) = Jnf(a:)—cojfx /W(Jnf(t)— F(t)) cos2tdt  (4.3.3)

—Tr

_SH;?“”“ / () — F(1)) sin2tdt

—T

for every f € L3, and x € R.
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It is clear from (4.3.3) that (H,)nen converges to the identity operator

2 . 2
on Lj_; moreover, for every f € Lj_,

|Hof = flloe < (14 7) & <f, — 1)

since

Hnf = f = Py(f) + Pw(Iu(f)) — (Pv(f) + Pw(f)) = Pw (Ju(f) — f) -

Since the Jackson convolution operators preserves the trigonometric poly-
nomials of degree less or equal to 1, the same happens for the operators Hy;
moreover, by definition H,, also preserves all trigonometric polynomials hav-
ing degree less or equal to 2.

Finally, we recall that Jackson convolution operators satisfy the following
Voronovskaja-type formula, for every f € Ca_

lim n(Jn(f) = f) V3

n—-+o00 - 7

rf, (4.3.4)

(see also [21] and [9, 365-369 and 357]).
Consequently, the operators H,, satisfy the following Voronovskaja-type
formula, for every f € C3._,

lim n(Hn(f) = f)

n—-+00

V3 <, cos?2id [T sin2id [T
= — 1T f—

f'(t) cos2tdt —

T - -

f/(t) sin2t dt>

2

3 s s
=5 7 f' — /3 cos 2id f(t)sin 2t dt + /3 sin 2id f(t)cos2tdt

—r -7

In this case, if we denote by C' the differential operator arising from the
preceding Voronovskaja’s formula, we can also point out that the closure of
(C?,CY(R)) generates a cosine function (C(t))ser on L3 and every C(t) is
the strong limit of iterates of the operators H,, (see [35, Theorem 1.2] or
Chapter 5 for more details).






Chapter 5

Quantitative approximation
of cosine functions

In the preceding chapters we have studied the possibility of approximating
the solutions of a suitable parabolic problems using semigroup’s theory. A
similar approach can be used for the representation of the solutions of suit-
able hyperbolic problems using the generation of a cosine function (see [50]
and [68] for more details on this approach).

Here we are interested to a cosine version of Trotter’s theorem on the ap-
proximation of Cy-semigroups and we give a general quantitative estimate of
the convergence of the iterates of a sequence of trigonometric polynomials.
Moreover we introduce some suitable sequences of linear operators approx-
imating the resolvent operators associated with the generator of the cosine
functions. Some applications to particular sequences of classical trigonomet-
ric polynomials are also furnished.

The results in this chapter are collected in [43].

5.1 Approximation processes for cosine functions

First, we establish a cosine version of Trotter’s approximation theorem [70,
Theorem 5.3] and provide a quantitative estimate of the convergence. A
partial result on the generation of cosine functions is also stated in [35,
Theorem 1.2] without quantitative estimates.

Theorem 5.1.1 Let E be a Banach space, let (Ly)nen and (My)nen be two
sequences of linear operators from E in itself and assume that there exists
M >1 and w > 0 such that

|LE| < Mekm | MF|| < MR nk>1. (5.1.1)

Moreover, assume that D is a dense subspace of E such that, for every
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u €D andn > 1, we have
[n(Lnu —u)l| < en(u),  In(Mpu —u)|| < @n(u), (5.1.2)
and the following estimates of the Voronovskaja-type formula hold
[n(Lnu —u) = Aul| < Yp(u),  [[n(Myu —u) + Aul| < ¢p(u), (5.1.3)

where A : D — E is a linear operator on E and @y, ¥, : D — [0,400[ are
seminorms on the subspace D such that limy, o 1, (u) = 0 for every u € D.

If (\ — A)(D) is dense in E for some \ > w, then the square A% of the
closure of (A, D) generates a cosine function (C(t))icr in E and, for every

t>0,
Clt) = % tim (L§<”>+Mj§<”>) , (5.1.4)

n—odo
where (k(n)p)nen is a sequence of positive integers such that lim, ., k(n)/n =
t (in particular, we can take k(n) = [nt]). Consequently, for everyt € R,
we have ||C(t)]| < M e,
Moreover, for everyt > 0 and for every increasing sequence (k(n))n>1 of
positive integers and u € D, we have

_ L km k(n)
HC(t)u Q(Ln u+ M u)

‘ < M?t exp(we®/™ t) by (u) (5.1.5)

+M (exp(u} /" t,) ‘@ _t‘ n %ewk(n)/n /:l(n)
- k(:> exp <°" s @)) on (1)

where t,, := sup{t, k(n)/n}.

PrOOF. From the classical Trotter’s Theorem II.1.1 it follows that the clo-
sure of the operators A and —A generate a Cp-semigroup (T4 (t))s>0 and
respectively (T_(t)):>0 in E. Consequently, the closure of A generates a
Co-group (G(t))er in E and, for every t > 0,

Gt =To(t), G(—t)=T_(t).

Moreover, again from Trotter’s Theorem, we obtain the representation of the
group (G(t))ter in terms of iterates of the operators L,, and M,; indeed, for
every t > 0 and for every sequence (k(n),)nen of positive integers such that
lim,,, 1 k(n)/n = t, we have
G(t)= lim LF™W — @(—t)= lim M} .
n—-—+0o n—-+00

Consequently, it follows that the square of the closure of (A, D) generates
a cosine function (C(t))ier in E (see [17, Example 3.14.15, p. 217]) and,



5.1 Approximation processes for cosine functions 113

for every t € R, C(t) = (G(t) + G(—t))/2. Hence the representation of the
cosine function is a consequence of the representation of (G(t))icr and the
estimate ||C(|t|)||] < M e“? follows from (5.1.1) and (5.1.4).

Finally, we show the validity of (5.1.5).

Let t > 0, (k(n)),>1 an increasing sequence of positive integers and
u € D. From Theorem 1.1.2 we get

HTJr(t)u - Lﬁ(”)uH < M2t exp(w /™ t) by (u)

k
+M <exp(w ™ 1) ‘M — t‘ + \/gew wny/m VK1)
7r

™) oxp (w e/n @)) on(u)

n

_l’_

31&
>

and

HT—(t)U - MS(H)UH < M?*t exp(w ew/n ) (u)
o (exp<w et [H) o] ¢ Z st VED
n s

+%km)%prWn%?>>¢dw.

n

Taking into account that

Lk k(n)
HC(t)u 2<Ln u+ M, u)

- om0 9wz
< (frtou- s -z

from the preceding inequalities the proof is completed. ]

Remark 5.1.2 In many applications it is natural to consider the sequence
k(n) = [nt] for which ¢, =t and |[nt]/n — t| = nt/n — [nt]/n < 1/n. Hence
estimate (5.1.5) yields

1
——(r [nt]
HC(t)u 5 (Ln u+ My u)

M [ exp(we/™t) 2t ,, wt w/n

0

‘ < M?t exp(we/™ t) P (u) (5.1.6)
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From the classical theory of the cosine functions (see [68] and [50, Chapter
I1] for more details) we have that the unique solution of the following second-
order Cauchy problem

2
%U(t,w) = A’u(t,z), teR;
u(0,z) = ug(z) , rER; (5.1.7)
57Ut @)li=0 = wi(@) zeR,

with ug, w1 € D, is given by
t

u(t,z) = C(tu(z)+ / C(0)ur (x) dv (5.1.8)
0

t
= ! lim (L,[f‘t]uo—l-Mr[L"t]uo—l—/ (L,[fbw]ul—i-M?[l”v]ul) dv> ,
0

for every t € R and x € R (observe that the sequences (LgZ U}ul)nzl and

(MT[LH U}ul)nzl are equibounded for v € [0, t] and this makes possible to apply
the Lebesgue dominated convergence theorem).

Remark 5.1.3 Observe that if (5.1.2) and (5.1.3) hold in a dense subspaces
of D, we obtain the validity of (5.1.5) in the same subspace, provided that

a quantitative Voronovskaja’s formula is satisfied on the larger subspace D.
O
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5.2 Quantitative estimate of the resolvent

The next result is concerned with the approximation of the resolvent opera-
tor of the generator A%, which will be denoted by R()\2?, A?) for every A € C
such that Re A > w.

For the sake of simplicity we shall assume that E is a complex Banach
space, otherwise we can replace it with its complexification.

We recall that (see [50, p. 30])

1 [ree
R\, A%)u := X/ e MC(tudt ue k. (5.2.1)
0

Hence, for every n > 1 we can define the linear operator Ry,, : £ — E
as follows
1
22 Jo

We have the following quantitative estimate on the approximation of the

o
Ry qu = e M (LZ”’]U + Mé”ﬂu) dt , u€e k.

resolvent operator.

Theorem 5.2.1 Consider the same assumptions of Theorem 5.1.1. Then
for everyn > 1, A € C such that ReA > we*/™ and u € D, we have
M2
] < Re A(Re X — wew/™)
M 1
+ Re\y/n (ﬁ(Re)\ — wew/n)
1 w

VAReA - W \/ﬁ(ReA—wew/n)2> (1)

In particular, the sequence (R n)n>1 strongly converges to R(A\?, A?).

IR(N?, A%)u — Ry, > Un(u) (5.2.2)

PRrROOF. As in the proof of Theorem 5.1.1, consider the Cy-semigroup

(T (t))e>0 generated by the closure of A and the Cyp-semigroup (T-(t)):>0
generated by he closure of —A and denote by R(X\, A) and R(\, —A) their
resolvent operators which satisfy, for every w € E and A € C such that
Re )\ > w,

400 400
R\, A)u = / e MT (tudt R\, —A)u = / e MT_(t)udt
0 0

moreover
1 [ 1 1
RO A%) = £ [ (L) 4 T-(0) = 5 (ROVA) + RO -4)
0

(5.2.3)
Then, we can apply Theorem 1.2.1 to the resolvent operators R(\, A)
and R(A,—A) and taking into account the definition of the operators R) ,
we obtain completely the proof. O
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5.3 Approximation processes for resolvent opera-
tors

In this section we introduce some sequences of linear operators which ap-
proximate the resolvent operators associated with the generator of a cosine
function. The main aim is the possibility of describing the resolvent opera-
tors in terms of classical convolution approximation processes.

Let (an)n>1 be a sequence of positive integers tending to +oo and for
every n > 1 consider the linear operator Py ,, n : &/ — E defined by

1

P U= —
Asan,n 2\n

Qan
Z e MM (LR + MFu) ue E. (5.3.1)
k=0

Theorem 5.3.1 If the sequence (a,)n>1 satisfies

lim 2 = foo, (5.3.2)
then limy,— oo Px g, ntt = R(A\%, A?)u for every u € E.

PROOF. First, we observe that the closure of (A, D) generates a Cy-semigroup
(T (£))i=0 in E satisfying T4 (8)] < M et and limy_ 4o LI = T (t)
strongly on E for every ¢ > 0; analogously the closure of (—A, D) gen-
erates a Cp-semigroup (T-(t));>0 in E satisfying | T_(t)]] < Me** and
limy, 400 M =T (t) strongly on E (see Theorem II.1.1).

Since Re A > w we have He_’\/”LnH < Me~ReA-w)/n 4nq He_’\/”MnH <
Me~BeA=)/m and consequently || Py 4, »|| < M/ (ReA(1 — e~ (Re )‘*“’))).
This shows that (P g, n)n>1 is equibounded and we can establish the con-
vergence property on the dense subspace D. Let u € D; we have

1Py s = ROZ, A% < [Py gt = Ry gul] + || Ry — RO, A%)ul|

(5.3.3)

The second term converges to zero from Theorem 5.2.1. As regards to the
first term we preliminary observe that

o0

Reow— 1 3 kL= (Lk + Mk)
At = 2\n € A/n " n)
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since LF and MP are constant on each interval [k/n, (k + 1)/n[. Hence

HP)\,an,nu - R)\,nuH (5.3.4)
1
“l2an
an oo 1 B 67)‘/”
X Z e_)‘k/”(Lf’lu + M,]fu) — Z e Ak/n 7)\/n (Lf"zu + Mffu)
k=0 k=0
M NS (ReA-w)k/
—(ReA—w)k/n
Roan Ul 2 e
k=an+1
M 1—e M|
1— —(Re A—w)k/n
Rean An D¢
k=0
< A Jul
= ReAn (1 — e (Rer—w)/n)

1— efA/n

1
A/n

~ (e—(Re A—w)(an+1)/n +

)

since limy—4oon (1 — e~ (Re )‘_“’)/”) = Re A — w, the assumption (5.3.2) en-
sures that the first term in (5.3.3) tends to 0. O

Our next aim is to provide a quantitative estimate of the convergence in
Theorem 5.3.1.

Theorem 5.3.2 Assume that (5.1.2) and (5.1.3) hold.
Then, for every n > w/log(ReA\/w) (taken > 1 ifw =0) andu € D, we
have
M2
ul <
ReA(Re X — wew/n)
n M 1
ReAvn \/n (Re X — we/™)
1 w
+ +
V2 (ReA—w)3/2  /n(ReX —wew/n)?

—(ReA—w)an/n IAI3/2 )
M (6 t RV

ReA(Re A —w) (1 — W)

PROOF. We estimate the two terms at the righthand side of (5.3.3). The
estimate of the second term is provided by Theorem 5.2.1 and we have only

to estimate the first term.
To this end, we use (1.2.11) and (1.2.12)

| Px.a, ntt — R(N2, A?)

2'¢n(u)

) ali)

]| - (5.3.5)

1—e M
A/n

|)\|3/2

1—- < ;
n ‘Re\/X‘
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1 1
n (1= e R w/m) = [Reh—w) (1— (ReA—w)/n) |

and from (5.3.4) we get the following estimate of the first term in (5.3.3)

—(Re A—w)an /n [A13/2 )
M (6 o + n|Re V|

P, an,nY R n S 5 5.3.6
1Pranntt = Bt < @R = T = men — )y 10> (5:3:6)
which completes the proof of (5.3.5). O
Taking a,, > [nlogn/Re A], estimate (5.3.5) becomes
Ca (A Cs(A
[Pyt = ROV AYull < O ) + 2 ) + S, 537

for every w > 0, w € D and n > w/log(Re A/w), where C;(\), i = 1,2,3, are
suitable constants depending only on A.
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5.4 Applications to Rogosinski operators

Denote by Cor the space of all 2m-periodic continuous real functions on R
and put I := {7 + 2k7 | k € Z}. Moreover, let a € Cor N CY(R \ ) be
such that a # 0 in | — 7, 7[ and consider the first-order differential operator
(A, D(A)) defined by

Au = au/, u€ D(A) := {uECgﬁﬂCl(R\H) | Au € Cor} .

In order to consider the generation of cosine functions, we also consider
the operator A? on the following domain

D(A?%) = {ue oy C*(| —m, 7)) | alan') € Car} .

It is well-known (see e.g. [35, Theorem 1.1]) that (A%, D(A?)) generates
a cosine functions (C(t))¢>0 in Oy, if and only if

1 1
- € LY(—m,0), — e LY 0,n) (5.4.1)
a a

or alternatively
1 1
5¢ﬂ@wﬁ% E¢L%Qﬂ. (5.4.2)

Now, we consider the Rogosinski kernel defined by setting, for every n € N
and = € R,

- k
ra(x) =1+ 2ZCOS <2n _7; 1) cos(kzx) ,
k=1

and the corresponding n-th Rogosinski operator R, : Cor — Con given by

1 ™
Rof@)= o [ fle=ora)ds,  feCu, zeR.
The n-th generalized Rogosinski operator R, , : Cor — Coar introduced
in [35] is defined by putting

2
m+1

Ra,nf(a:):Rnf<:1:+ (:1:)) , fely, zeR.

From [35, Theorem 2.1] the sequence (||Rqn||)nen is equibounded and

moreover ||R];n\| < 27 for every n,k > 1. Further, there exists a positive
constant C' > 0 such that

Ranf - Sl <Cw(Fi2) . FeCar. (5.43)

Our next aim is to establish a quantitative estimate in order to apply
Theorems 5.1.1 and 5.3.2.
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Lemma 5.4.1 Let 0 < a < 1. Then, for every f € 0217,:1,

2 @
<24 (|||l + 1) <2n n 1) .

2n+1
2

(Ra,nf - f) - Af

PRrROOF. For every f € 0217}0‘ we have

‘ 2n2+ ! (Ra,nf - f) - Af = 2n2+ ! (Ra,nf - Rnf) - AfH +
T T
2n+1
# P s - 1) (5.4.4

As regards to the first term at the righthand side of (5.4.4), from Lagrange’s
theorem we can write

fly+t) = fly)=FWt+ (- fy)t, yteR
where € €]y, y + t[. For every x € R and n € N we have

%QI (Rago () = R (@) = o(a)]'(0)
— 2n27—|r- 1 % _7; (f (:L‘ —v+ 2731 - a(m)) — f(z— ’U)) (V) dv
—a(x)f'(z)
2n+1 1 (7 , 27 /
= o on / e vz g a@) ra@)dy — a(@)f ()
2n+1 1 T / 2
2 ) (O = F@-v) gga@ra)dv

= @) (o f ()~ @) + (o) [ (F1€) = 1'a =) ralo)do

where § €]z —v,x — v+ 2ma(x)/(2n + 1)].
We recall that (see e.g. [21, Theorem 2.4.8, pag 106 ])

1
[Rng — gl < (27 +1)Ey(9) +4w (g; 5) , g€ Cor ,

where FE,(g) is the best approximation of the function g by trigonometric
polynomials of degree n and hence, from the classical Jackson Theorem,

1 1 1
g = gl < 62+ 1) (5 1)+ (957 ) < (1274 100 (g2 )
Applying the above inequality to f’ and f we get

2L R () ~ Baf () — alo) )

<ol (02m 21000 (1) w0 (11 52))

sua||<12w+11>w<fe 2 )

<

2n+1
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and consequently

2 1 2
2 s = )= 1] < Hal2m + 1000 (15522
2L or 100w <f; l) .
s n

Since f € Cy;* we have w(f,d) < 607 and w(f’,d) < §*/2 so we conclude

P (Rund = )= A1
T

27 @ 2n+1 1
<al| <(67T+5) <2n+1> >+ o (67T+5)n—a

< (67 +5) (||a]l + 1) (231 1> '

O

In [35, Theorem 2.7] we have established that besides the generation of

the cosine function (C(t))¢>0, condition (5.4.1) or (5.4.2) also ensures that
C3 N D(A?) is a core for (A%, D(A?)) and further, for every t > 0,

n—~o0

) :% tim (REGu+ R | (5.4.5)

2mk(n
where (k(n)),>1 is a sequence of positive integers such that lim mh( )
; n—too 2n4+1

From Lemma 5.4.1, we can take M = 27, w = 0, ¢¥,(u) = 24 (|ja]| +
(63
1) (23L> and ¢, (u) = Y, (u) + ||Au|| in Theorem 5.1.1 and we directly

obtain the following quantitative version of (5.4.5).

Theorem 5.4.2 Let a € Co, NCY(R\II). If (5.4.1) or alternatively (5.4.2)
holds, then for everyt >0 and u € C1* N Do, (A?)

<(27r)2t(||a\|+1)< - )a

HC(t)u— - (Rk< ) )

—an® 2+ 1
m( |20 )
(24(Ha||+1) <2n11> +||Au\|) (5.4.6)

21k
where (k(n))n,>1 is a sequence of positive integers such that lim mh(n )
; n—too 2n4+1
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Now, let (an)n>1 be a sequence of positive integers tending to +oco. For
every n > 1, we consider the linear operator Py ,, » : Cor — Con defined by

an

_ L1 “Xk/ny pk(n) k(n)
Py ap 't = o z_: e (REWu+ R ) uweE, (5.4.7)

If the sequence (ap)n>1 satisfies 1/a, = o(1/n) as n — oo then from
Theorem 5.3.1 we obtain limy,— 40 Py 4, ntt = R(A?, A?)u for every u € Coy
and we have the following estimate of the convergence.

Theorem 5.4.3 Let a € Co, NCHR\II). If (5.4.1) or alternatively (5.4.2)
holds, then for everyt > 0 and u € CH* N Doy (A2) and for everyn > 1 and
u € D, we have

(2m)* e (|lall + 1)
(2n + 1) (Re \)3
N 2 < 1
ReAy/n \ v/n (Re )
1

| Pyt — R(A2, A?)ul| < 24

1
bR TR (el + ul)

—(ReX)an/n [3/2 )
2m (6 T n|Re V|

(ReX)? (1 — Bed)

+ | (5.4.8)

Exactly the same procedure can be also applied to other sequences of
trigonometric polynomials such as Fejér operators and more general aver-
ages of trigonometric interpolating operator considered in [35, 28]. Since in
these cases the cosine function is the same, we limit ourselves to observe
that (5.4.6) remains still valid when considering these other sequences of
trigonometric interpolating operators too.
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Notations and symbols

In this work we shall often make use of the following symbols:

-l
(R
1

A(K)
Aso(K)
C(K)
CQ,a(K)

Uniform norm

Weighted uniform norm

Constant function of value 1

Space of all affine functions on the compact set K
Space of all finite products in A(K)

Space of all real continuous functions on K

Class of twice differentiable functions

with a-Holder continuous second-order derivative
Set of all continuous real functions on R

which admit finite limits at the points +oo

Set of all functions in C'(R) with
second-order derivatives in C(R)
Weighted space of C(R)

Set of all functions in Cy,(R) with
second-order derivatives in Cy,(R)
Weighted space in the interval [0, 1]
Weighted space of twice differentiable functions
in the interval [0, 1]

Space of all continuous bounded

real functions on R?

Subspace of all continuous functions
vanishing at the point at infinity of R?

Bounded weighted space of C(®)(R?)
Bounded weighted space of Cp(R?)
Space of all functions in P (R?) with
bounded second-order partial derivatives.
Divided difference operator

r-th order divided difference

Kronecker symbol

s e

ko)

T T

heBhoRuoluol

TTTTRT

. 40

. 40
. 56

. 59
.74

.74

. 80

. 80

. 80
. 86

. 82
.31
.31
. 25



130 Notations and symbols

€x Dirac measure p- 16
id Identity function p- 26
Ll (R)  Spaces of all locally integrable functions p. 39
Ll (R?) Spaces of all locally integrable functions on R?> p. 79
MT(K) Positive Radon Measure p. 15
pr; Canonical i-th projection of R™ onto R p. 17
w(f,0)  Modulus of continuity p. 31
wr(f,0)  Modulus of continuity p. 31



