A SYMMETRIC TENSOR NORM EXTENDING THE HILBERT-SCHMIDT NORM TO THE
CLASS OF BANACH SPACES
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Abstract. We define a family of tensor norms that extend the Hilbert-Schmidt tensor norm to
the class of Banach spaces. In particular, we obtain a symmetric tensor norm extending the
Hilbert-Schmidt tensor norm. As a consequence, we give new characterizations of Hilbert-
Schmidt operators.

The interpolated operator ideals P, , of (p, o)-absolutely continuous operators - where
] <p<oxand0 < o<1 -were obtained by Matter [4] by applying a certain interpolative
procedure to the ideal PP, of p-absolutely summing operators [2]. We defined and characterized
the new class of operator ideals D, . ., obtained as products of P, , and the dual operator
ideals P, and the associated tensor norms o, ,, v ., in [3]. These new ideals extend in
a natural way the ideals of (p,g)-dominated operators, and the family ¢, 4, €xtends the
tensor norms «, , of Lapresté (see e.g. [1]). The aim of this note is to study the Hilbert space

components of the 1deals D5 g 5 1—¢.

It is well known that there exist different maximal operator ideal - and then different tensor
norms - extending Hilbert-Schmidt operators to the class of Banach spaces (e.g. P> and
Pf““f) [1]. Moreover, Puhl proved in [6] that there exist different selfadjoint and completely
symmetric operator ideals generalizing Hilbert-Schmidt operators to the Banach space setting.
The purpose of this paper is to show that every tensor norm &2 92, 1-¢ - Where 6 € [0,1] -
extends the Hilbert-Schmidt’s norm ¥ to the class Banach spaces. In order to do it, we prove
two inequalities involging tensor norms of type o, 5,4, and their dual tensor norms «, , .,
on tensor products of Banach spaces. The first one generalizes the well known 1nequality
d; < g, between Saphars’ tensor norms d, and g, (see e.g. [1]). The second one is an
interpolation theorem for the class of operator 1deals of type D, » 4., Which can be translated
to another inequality between dual tensor norms o, , . . We apply these results to obtain the
equality o 9.2.1—9 = O on the class of Hilbert spaces for each © € [0,1]. The extremes of this
family given by 8 = 1 and 8 = O are the Saphar tensor norms ¢, and g,. "In the middie” of
this family we find &5 ; /2, 1 /2 - @ symmetric tensor norm - and we prove that it satisties the

inequality

f
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on the class of Banach spaces. As a consequence of ¥ = x3921-¢ We also give new
characterizations of Hilbert-Schmidt operators.

1. PRELIMINARIES

Throughout this paper we employ standard Banach space notation. We denote by BAN and
by HILB the classes of Banach and Hilbert spaces, respectively. We denote by FIN the class
of finite dimensional normed spaces. If E € BAN, Bg is the unitball of E. If 1 < p < o0, p'
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is the conjugate exponent of p. Let(x;) € EN and 0 < o< 1. We define

o0 1/ p o) .fl’
0 (%)) == (Z Hx,-|""') o wy((x)) :== sup (Z | < x;, X > p) and

f=l 1IEBEI

=

| —g

5,0 ((x;)) := sup (Z (] <xi,x" > |I_”H,1:;”)'_£_”)

x'€Bgt i—1

We define also &, 1 ((x;)) := sup {||x;| |1 <i<oo}.
If 1t is a probability measure on Bgr and p = oo or 0 = 1, the expression

| —o

( | (< > )™ du(f))
Bt

must be understood as ||x||.
If o is a tensor norm, we denote by «’ the dual tensor norm.
We denote by SG the operator ideal on HILB of Hilbert-Schmidt operators and by ¥ the

Hilbert-Schmidt tensor norm on HILB.

¥(z) = (Z:':] ;ﬂ=1 l?\ﬁF)E if z = >, }”:] Aje; @ uj € Hy ® Hy for any ortho-

normal systems (¢;)’_, in H; € HILB and (&;);_, in H, € HILB. G, denotes the ideal of
p-approximable operators (see €.g. section 15 [5)).

If1 <p<oand 0 < o < 1, we denote by (P, 5,11,,) the injective normed 1deal
of (p, o)-absolutely continuous operators in BAN [4]. (Pp.o, 11,5 can be obtained using the
interpolative procedure given in [2]. P, coincides with the ideal 72, of p-absolutely summing
operators. The cases p = co and 0 = 1 are not included in the original definition of Matter.
We put Poo o := L and P, = L.

The following characterization holds.

Theorem 1.1. (Matter [4]) For every operator T : E — F, the following are equivalent:
(i) T € P, o(E,F).

(ii) There is a constant ¢ >0 and a regular probability measure p on B, such that

| —@

I7x]] = € (/ (I <x, 2 > |Ixl|”) = du(x")) Vx € E.
Bt

(iii) There exist a constant C > 0 such that for every finite sequence x, ... , Xp in E,
ﬂ:]—_Lg (Tx;)) < Cﬁp,a‘((xf))-
In addition, T, ,(T) is the smallest number C for which (ii) and (iii) hold.

Definition 1.2. /3] Let 1 < p,g < o0 and 0 < o,v < 1. We define the operator ideal
(Dp o1 Dp.oq.0) of (0, O, q,v)-dominated operators on BAN as the ideal product

(szff‘ngi{f) © (,PF-,Q'}I-I‘!}._G') '
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Theorem 1.3. [3] Let E,F €« BAN, T € L(E,F), 1 <r,p,g <ocoand0 < 0,v < 1 such that

14 1=o | I?f” = 1. The following assertions are equivalent.

F ! P
(i) T € Dy o yq(E,F).
(ii) There exist a constant ¢ > 0 and regular probabilities |\ and T on Bgs, and Bgi respectively,

such that for every x € E and y' € F' the following inequality holds

| —o
P

| <Tx,y’>[<C (/ (I <x,x" > "7xl|7) = du(f))
Bpr

| —w

q

9 _
(/ (‘ (\_.yf}yu > |1—tufHu) 1—v dT(y”))
Bt

(iii) There exists a constant C > 0 such that forevery (x;)!_, C Eand (y;)!_, C F' the inequality
T ((< Txn:ﬂ? }):r:l) < C‘E'p}cr((xf):‘;]ﬁq,u((y; ?:1)
holds.

Moreover, the norm on Dy, s 4, 1S Dy 5.0 ,(T) = inf C, where the infimum is taken over all
constants C either in (ii) or in (iii).

Definition 1.4. [3] Let 1 < p,q,r < oo and 0 < 0,v < 1 satisfying ?l et =
and E, F € BAN. We define on E ® F the function

#

E{p,a,q,u(Z) ;= 1nf < ﬂr((?\f))éq",u((xf))é'p’,a((yi)) | { = Z?\EIE Q@ Yi ¢
=] /

\

We have proved in [3] that this expression defines a finitely generated tensor norm and that

0, 5.4 18 the tensor norm associated to the maximal operator ideal Dy .y p/ o

The associated tensor norm for the particular case of (p’, 0)-absolutely continuous operators

and g, , := o0, |  is the associated tensor norm to Pﬁ.ﬂ‘;{. Moreover,

: ! . —_ !
plo 1S dp,a T Dtl,{},p,a? 23

for every 1 < g < oo the equalities
Cp,o,q,1 = 8p,o@Nd0y 1 po = dpo

alsohold. Thus Dy 1 4., = Pius foreach 1 < p<ooand D, ;41 = P, foreach 1 < g<co.

2. THE FAMILY B OF TENSOR NORMS

Definition 1.4. Let E,F € BAN, 1 <p,q,s,t < ocoand 0 < o, v < 1 such that

1 — 1 —
T_Jr; | A fg—lThenfﬂrevaryzeE@lF:

s’ q' p

F:J:qal"(z) < O 1—05,1—2(2).
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Proof. The cases 0 = 1l and v = 0, 0 = 0 and v = 1 are the well known inequalities
d, < gy and g, < dy. For the other cases, it is enough to prove it for finite dimensional
Banach spaces M ant V.

Letlﬂriimsuchthat%ll;"l';“’—1 Thenr’( )~|-r’( )=land
1 v o |
r= vt .

Ifz=), _ kx®y € MONandu=>} " Ax;®y, e M'®N".

n i
[<zu> <Y Yl N [<x,x > [ <y, ¥ > =
i=1 j=l1

-ZZIA_,I(IIMI‘ | <x ,." }I"’)

i=1 j=I1

!

J
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A0 < 2> =)l CT Iyl =2 < sy |
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Al U7 ) yle1 < P> <

1

m JCJ y; r
Aj i v i i 1o 0 7
(E=UZ(I Il <5 > 0l = < o |)))

=

i=1 J
o f(l-—-'v l{*‘-’ lq__rT
> (1nd” P < 21 )
i=1 j=I !
|—c
n m r’(l Iicr ?
S (i< g > 1) <
i=1 j=I1
| —v l1—0o

m‘.‘l:}

El%lr (Z(“-x:“l 7 <xi, E ," >[)7 )

=1

]
rg r

(Z(Ilyflll'“’lﬂ':yf, ”y:” >17)5 )) <

i=1

1=

< 8 ()80 () (Z wil” ) (Z al” ) TSy, 1- ()81 1o (())-

i=1 i=1
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This means that o/

P,o,q. E Dif?] —a,5, l—v-

Proposition 2.2. Let E, F € BAN and T € L(E, F). The following are equivalent.
(i) T € Py, (E,FyandT € P, (F,E").
(if) Forevery® € [0,11T € D, , 4+(E,F) where w = (1 —0)c+0 andt=(1—-0) + Ov.

Moreover, D, ., 4 +(T) < H;f(ﬂ Hi,,,(T’)-

Proof.

ii)—1) holds taking © = 1 and @ = 0 since D1 4,, = P« and Dy 6,91 = Pp,o-

1)—ii) By theorem 1.1 for every x € E and y’ € F’ there exist probabilities p and 1 such
that

| —0o

2

< Tx,y > | < |Tx|lY| < TTpo(T) ( f (\af:x,x”?uxw) h du(f')) Y]
Bgi

| —y
o

_q
| <x, Ty > | < [T < T (/ (1< y" > 1Y) = ffﬂ(y”)) (B3l
Brre

Consider 0 < © < 1. Then

I_':FI:]_—H]

P

(Il <x 2 > "= lxl|”) = du(x’)) [

Ef

<Tx,y >| < |<Tx,y > || <x, Ty > |° <
| —v

grgfan(/
B

Mg (T (/B (l*iy’,y”?-}\‘""Hy"i”)‘i""dno’”)) Ix]|°

Now we define w = (1 —8)c + 0 and T = (1 — 9) + ©v. Then we can write

| —w

I

|<Tx,y' >| < ﬂ;f(ﬂﬂg,y(:ﬁ) (/ | <x,x" > |pdp,(f)) [ x|[“
B

gl

| —

tf
(/ | <y, y"' > I"*’dnof”)) 1|7
Bt

This means by theorem 1.3 that T € D, , , ~(E, F) and that

g
Dy w.q,+(T) < TL (DT (T)

Corollary 2.3. Let E,F € BAN, 1 < p,g < coand 0 £ w,o0,v,T,0 < 1 satisfying
w=(1—-0)c+0andt=(1—06)+ 0v. Then foreveryx € EQF

1—-6 7
mL:T:Q:lw(Z) E d:?:-g (Z)g.;}*y(z)‘
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Proof. The result clearly holds for E, F € FIN, just by applying the representation theorem
for maximal operator ideals to the finite dimensional case (see e.g. 17.5 [1]). For E, F € BAN
the inequality holds by the fact that all involved tensor norms are finitely generated.

From now on, we apply these results to the particular case given by p = g = 2 and
o = v = (. In order to do this we define the following family of tensor norms.

Definition 2.4. For every © € [0, 1], let Bg := x2,1—0,2,6. We denote by B the family

B={Bg|6€l0,1]}

Note that {31 ; is a symmetric tensor norm.

Remark 2.5. If we consider the family of tensor norms B, corollary 2.3 can be read as

Bh(2) < &) %(2)el (2) = ga P (2dS (2)

for every z € EQ® F and for every E, F € BAN.
On the other hand proposition 2.1 gives the inequality

By < Pi—e  foreach ® € [0,1].

Next theorem improves these results on the class of Hilbert spaces.

Theorem 2.6. pg = O = 3, on HILB for each 0 € [0, 1].

Proof. The first inequality of remark 2.5 and the fact that g = d, = ¥ = 9 on tensor
products of Hilbert spaces give 34 > ¥.

For the other inequality it is enough to prove that 34 < O on 5 ® {5 for each n € N, since
this is equivalentto Bg < donHILB.Fixn € Nandletz =) _ > | o;e;Q¢ € {5Rp3, 4,
where (e;)’_, 1s the canonical basis of {5. Then we can find two isometries Uy, U, : {5 — £}

such that U; @ Ux(z2) = > Aie; ® ¢; and H(z) = (ZLI |?\;\2)U2 (see e.g. 26.11 [‘1], and
15.2.4, 15.2.5, 15.5.2 in [5]). Using the fact that for each © € [0, 1]

i , T2
52,6((€)f=y) = sup (Z(|faef,x’:}1-ﬂ|eﬂ)f-ﬂ) =

JL"FEBJJE

I=—m

= sup (Z(ﬂef,x’}l‘ﬂ)ﬁ) = e = 1

7
X' €81, \ j—m

and the fact that isometries onto preverse tensor norms (26.11 [1]), the following inequalities
hold

fl H 1‘!2
Bo(z) = Be z?\ffs ®e |< (Z ?\f|2) 52,6((€:)i=1)02,1-0((€1)i=1) = 9(2).
=1 i=1

which concludes the proof.
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We can use this result, proposition 5.1 in [4] and theorem 1.3 in order to obtain new
characterizations of Hilbert-Schmidt operators.

Corollary 2.7. Let H\,H, € HILB and T € L(H;,H>). For each 0 € (0, 1), the following
assertions are equivalent.

T € SG(H{,H,?2).

DT € Dy,p,2,1-96(Hi, Ha2).

ii)T € Bo(Hy, H3).

iv) There exist a Hilbert space H and operators Ty € P o(H),H) and T} € Pff‘lﬂi o(H, H>)
such that T = Ty o Ty,. |

v) There exists a constant C >0 and regular probabilities (. and T on By and By, respe-

ctively, such that for every x € Hy and y' € H), the following inequality holds

| <Tx,y' >| <

| —6

2

scl [ (<nd >0l ™ duco ( / (hzy‘:y:}lﬂlywl”)%dfr@))
B,/ By,

H
1

(W1 Fa

vi) There exists a constant C >0 such that for every (x;)'_, C H, and (¥))}_; C H, the
inequality
(< Txi, ¥ >)ep) < €2 0((x:)i=1)02,1-6(0)iz1)

holds.
Moreover, 3(T) = Bg(T) = Dy 921-¢(T) = inf C, where the infimun is taken over all
constants C either in v) or in vi).

Proof. i) < ii) < iii) holds by theorem 2.7, the representation theorem for D, ¢ 1-¢ and
the definition of Bg. The implications iv) — ii) «» v) « vi) hold by theorem 1.3.

For i) — iv), let T € G>(H;, H,). Since % = % + l—gﬂ for each © € (0, 1), there exist by
15.5.9[5] a Hilbert space H and operators 171 € Gy 9(H, Hz) and Ty € G2 /-y, H) such
that 7 = T o Tp. Using the isometry between P, ¢ and Ty € G, /¢y on HILB (see 5.1[4])
and the fact that every operator ideal on Hilbert spaces is completely symmetric (see e.g.
15.1.1[5]), we have T} € Pg""}ﬂi o and Ty € P, ¢. This concludes the proof.
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