LIPSCHITZ STABILITY OF IMPULSIVE SYSTEMS OF DIFFERENTIAL-DIFFERENCE
EQUATIONS

D.D. BAINOV and IL.M. STAMOVA

Summary. In the present paper an initial value problem for impulsive differential-difference
equations is considered. The impulses take place at fixed moments. Sufficient conditions for
Lipschitz stability of the zero solution of such equations are found.

1. INTRODUCTION

The impulsive differential equations are adequate mathematical models of numerous pro-
cesses and phenomena studied in biology, physics, chemistry, technology, medicine, etc.
This is the main reason due to which in the recent years the theory of these equations has
been developing very intensively (Bainov and Simeonov, 1989; Kulev and Bainov, 1991;
[Lakshmikantham, Bainov and Simeonov, 1989; Samoilenko and Perestyuk, 1987; Simeonov
and Bainov, 1987). A natural generalization of the impulsive differential equations are the
impulsive differential-difference equations. The processes whose mathematical models are
the impulsive differential-difference equations, besides the change by jumps of their state,
are characterized by a dependence of the process on its pre-history at each moment of time.
In spite of the great possibilities for application, the theory of these equations is developing
rather slowly due to a number of technical and theoretical difficulties (Bainov, Covachev and
Stamova, 1994).

In the present paper Lipschitz stability of the solutions of systems of impulsive differential-
difference equations is defined. For non-linear systems of differential equations without
impulses this notion was introduced by Dannan and Elaydi (1986), and for impulsive systems
of differential equations without delay by Kulev and Bainov (1991).

By means of a comparison equation and differential inequalities for piecewise continuous
functions sufficient conditions for Lipschitz stability of the zero solution of an impulsive
system of differential-difference equations are found.

2. PRELIMINARY NOTIONS AND DEFINITIONS

Let R" be the n-dimensional Euclidean space with elements x = col(xy,...,x,) and norm
’ * |; h>0; P - [to — A, Ly] — Rn,l‘o € R.

Consider an initial value problem for the impulsive system of differential-difference equ-
ations

x(1) = f(t,x(2),x(t — h)),t # Tk, t > 1,
I(f) — (P[}(f),f c [IU — h,f{}l, (1)
Ax(Ty) = x(tx + 0) — x(tp — 0) = Li(x(t)), k= 1,2, ..., T > 1o,

wheref : (tp,00)XR*XR —- R*" I, :R" - R k=1,2,.. ., =To<T1 <...<Tp <Tp+1 <
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Denote by x(f) = x(t, 1, yo) the solution of problem (1) I (fy, ®¢) is the maximal interval
of type [fo, B) in which the solution x(f, fo, o) is defined; T = T, + h,{ = 0,1,2,...,%() =
x(t — h),t> 1.

Let ¢wg € Clltg — R, 1], R"].

Then the solution x(¢) = x(t, ty, @) of problem (1) is characterized in the following way:

1. For rg — h < t < 1y the solution x(7) coincides with the function @y.

2. Construct the sequence {¢;}2°, observing the following rules:

a) {ti}72) = {Tetis U {TetiZo:

b) The sequence {7}, is monotone increasing.

c) In general it is possible that {T;}22, N {th}22, # &.

2.1. For ty <t < 1, the solution of problem (1) coincides with the solution of the problem
without impulses

[ x(t) = f(t, x(£), x(t — b)), t > to,
| x(1) = @o(0),2 € [10 — A, o]

2.2. Fort;, <t <ty1,i=1,2,... one of the following three cases may occur:
a)If ; € {1} \ {77} 22, and #; = T, then x(?) coincides with the solution of the problem

y(t) = f(t,y(t), x(t — h)) (2)

V(Tk) = x2(Tx) + Le(x(Ty)). (3)

by If #; € {13152, \ {7k} 52, then the solution x(7) coincides with the solution of the problem
y(#) = f(t,y(1),x(t — h + 0)) (4)

y(t:) = x(t). )

c) If ; € {m )32, N{Th}32, and #; = T, then the solution x(z) of problem (1) coincides
with the solution of problem (4), (3).

3. The function x(7) is piecewise continuous in /7 (¢, ©¢), continuous from the left at the
points T;, T, ... € IT(fg, @o) and x(t; + 0) = x(Tx) + Li(x(Te)), k= 1,2,. ...

Together with problem (1) we shall consider the problem

U = 3(*‘::“);5 # Tk, L > 1,
u(to + 0) = uo, (6)
(T, + 0) = Gr(u(x))

where: g : (fp,o0) X R, — Ry, R, =[0,00),up € Ry,Gy: Ry — Ry, k=1,2,...

Introduce the following notation:

By u(t) = ul(t, to, up) denote the solution of problem (6); I'" (g, uo) is the maximal interval of
type [f, w) in which the solution u(f) = u(t, ty, up) is defined; K is the class of all continuous
and strictly increasing functions a : Ry — Ry such that a(0) = 0; Cy = Clltp — h,fp],R"];
|| = maxsep,—n.1 |©(S)| is the norm of the function @ € Co; S(p) = {x € R" : |x| < p}
p>0; [|Al; = sup|,—; |Ax| is the norm of the (n X n)-matrix A.
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We shall introduce definitions of two types of Lipschitz stability of the zero solution
of problem (1) which are analogous to those introduced by Kulev and Bainov (1991) for
impulsive systems of differential equations without delay.

Definition 1. The zero solution of problem (1) is said to be:
a) uniformly Lipschitz stable if

@AM > 0)(35 > 0)(Vepo € Co : || @]l < 8)

(Vt>1g) @ |x(#; 10, ©0)| < M||@o]|.
b) globally uniformly Lipschitz stable if

(AM > 0)(V g € Co)(VE>1y) :

lx(tﬁ o, (Pﬂ)l E M” (pU“ .

Definition 2. The solution u™ : I7(ty,ug) — Ry of problem (6) is said to be a maximal
solution if any other solution of (6) u : [ty, ©) — R satisfies the inequality ut(t) > u(t) for
t € I (to, up) N [to, D).

Definition 3. (Kulev and Bainov, 1991). The zero solution of problem (6) is said to be:
a) uniformly Lipschitz stable if

(AM > 0)(36 > 0)(Vug € Ry : ug < d)

(V> 10) : ut (8510, up) < Mug.

b) globally uniformly Lipschitz stable if

(3IM > 0)(Vug € Ry)(Vt>1y) . um(t: 1o, up) < Muy.

Introduce the following conditions:

Hl. =<t <.. <<t 41 <....

H2. 1im;.;_,,m T = OC. _

H3. The function f(z,x, %) is continuous in (T, Tre1] X R X R k= 0,1,2,....
H4. f(¢,0,0) = 0 for ¢ € (¢, 00).

H5. For any (x,X%) € R" x R" and any k = 1,2, ... there exists the Iimit

Hm @&y, 9.
¥, ) = (x5
t>7,

H6. The functions [(x),k = 1,2, ... are continuous in R".

H7. b, (0O)=0,k=1,2,....

HS8. I (ty, ©o) = [to, 00).

H9. The function g(¢, u) is continuous in (T, Trr1] X Ry, k=0,1,2,....
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H10. g(¢,0) = 0,1 € (%, o0).
Hl11. G, E}C,” =1,2,....
H12. Foranyu € Ry andany k = 1,2,... there exists the limit

lim g(t,v)
(t, v)— (¢, u)
1> T

H13. I (ty, up) = [to, 00).
In the proof of the main results we shall use the following lemmas:

Lemma 1. (Bainov and Simeonov, 1989). Let the following conditions hold:
1. Conditions H9, H11 and HI13 are met.

2. The function u™ : I (ty, up) — Ry is the maximal solution of problem (6) and u™ (7; +
0) € Ry if T € I (1, up).

3. The function m : I (ty,ug) — R, is piecewise continuous with points of discontinuity
of the first kind Ty, T € I7(ty, ug) at which it is continuous from the left and such that

m(ty+0) € Ry, € I (to, uo),

H’I(fﬂ + 0) ﬂ g,
Dm(r) < g(t,m()),t € I'*(to, up)\{T },

where Dm(t) is an arbitrary Dini derivative of m(t),
m(Tx + 0) < Gr(m(ty)), Tk € I (9, up)-
Then for t € It (ty, ug) the following inequality is valid

m(t) < u™ ().

Lemma 2. (Bainov and Simeonov, 1991). Let the following conditions hold:
1. The functions u,k : (ty,oc) — Ry are piecewise continuous with points of discontinuity
of the first kind Tt at which they are continuous from the left.
2. cg =const >0,p, =const>0,k=1,2,....
3. The function p : Ry — R is continuous, nondecreasing in Ry and positive in (0, o).
4. G(u) = f“ Ay > up>0.

up p(s)’
5. Fort > ty the following inequality is valid

(0 < co+ | KOpuNds+ 3 Puwo.

fo to < Tk <t

Then

— ‘ ! 1_|_B ]
u(®) < G~! -G( H (1+Bk))+/rg( H p(1+£k))k(s)ds- 1€ [1y, 00).

o < Tk <t S T <1




Lipschitz Stability of Impulsive Systems of Differential-Difference Equations 171

Lemma 3. ( Bainov and Simeonov, 1992 ). Let the following conditions hold:
1. Conditions 1-3 and condition 5 of Lemma 2 are met.

2. Gy = fu S k=12 ..., wherec, = (1+ [3;,;)(}';_11 (f:"‘ k(s)ds).

e ps)” k-1
3. Gy = ‘L: %.,H > ug > 0.
Then -

u(t) < Gk_l(/ k(s)ds), Tpr <t<Ts1,k=1,2,...
Tk

3. MAIN RESULTS

Introduce the following conditions:
H14. Gy : [0,0,) — [0,p),k =1,2,....
H15. For x € S(p) and any £ = 1,2, ... the following inequality 1s vald

x + L@ < Gi(a)).

H16. The zero solution of problem (6) is uniformly Lipschitz stable (globally uniformly
Lipschitz stable).

Theorem 1. Let the following conditions hold:
1. Conditions HI-H16 are met.
2. For (t,x,X%) € (tp,o0) X S(p) x S(p) and for sufficiently small c > 0 the inequality

Ix + of (¢, x,%)| < |x| + og(,|x]) + (o).

is valid, where »Qas o — 0.
Then the zero solution of problem (1) is uniformly Lipschitz stable (globally uniformly
Lipschitz stable).

Proof. Let p* = min(p, pg). From condition H16 it follows that there exist constants M >0
and 0 > 0(Mbd < p*) such that for 0 < uy < 6 and ¢ > 1y we have

(o)
o

™ (510, up) < Muy. (7
We shall prove that |x(z, 79, ©o)| < M||@o|| for ||@o|| < b and t > .
Suppose that this is not true. Then there exists a solution x(¢) = x(z, #, @¢) of problem (1),
| @ol| < & and t* € (1%, Try1] for some positive integer k such that
[x(£%)| > M||@ol| and |x(£)] < M|[@ol| for 1o <t < T%.

From condition H15 it follows that

(T + 0)] = [x(ti) + Le(x(Ti))| < Gae(|x(T)]) <
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< Gp(M||pol|) < Ge(MDd) < Gi(p™) < p.

From the above estimate it follows that there exists 10, T, < 1° < ¢*, such that
M| ol < x(®®)|p and |x(®)| < p,to<t < 1. (8)

Introduce the notation m(t) = |x(¢)] and uy = ||@g||. Since condition 2 of Theorem 1 is
satisfied, then for # € (t,#°],1 # 7;,j = 1,2, ...k, the following inequalities are valid

(1) = lim ~ [t + 0| — [x()|] <
c—=00 -

< ;ﬂ}[!x(r + 0)| + og(z, |x(1)|) + e(o)—

—|x(8) + of (¢, x(8), x(t — h))|] <

. {-:(m:'r)I
ﬂg(fa‘x(f)l)‘l‘clrﬂl _—

+ lim Ié[x(t + 6) — x(1)] — f(t,x(8), x(t — W))| =

a—0

= g(t, |x(0)|) = g(t, m(2)).

From condition H15 forj = 1,2, ...,k we derive the inequalities

m(T; + 0) = |x(t5 4+ 0)| = |x(7)) + Li(x(T)))| <

< Gi(|x(t)))

which 1mply the inequalities
m(; +0) < Gim(T)),j = 1,2,... k.

Since
m(ty + 0) = |x(to + 0)] = |x(#0)| < |[®ol| = ua,

then from Lemma 1 there follows the estimate
)] = mt) < ut(Esto,u0), 10 <1 < 1. 9)
From (7), (8) and (9) we are led to the inequalities
M| ol < [x(°)] = m(®) < ut (5t0, u0) < Mug = M”@D”*
The contradiction abtained shows that

xX(t;t0, @o)| < M||@o|| for || @o|| <& and r>1

Theorem 2. Let the following conditions hold:
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1. Conditions HI-H16 hold.
2. For (t,x,%) € (ty,o0) X S(p)S(p) the inequality

[x, (£, x%]4+ < g(z, |x])

is valid, where

[x,y]; = lim sup —[|x + oy| — |x|],x,y € R".

o—0t

Then the zero solution of problem (1) is uniformly Lipschitz stable (globally uniformly
Lipschitz stable).

Proof. Let p* = min(p, po). From condition H16 it follows that there exist constants M >0
and 6 >0 (Md < p*) such that for O < up < 6 and ¢ > 1y the following inequality 1s valid

™t (t, 1o, o) < Muy.

We shall prove that |(z, 7y, @o)| < M||@o|| for ||@ol| < b and £ > 1.
Suppose that this is not true. Then, as in the proof of Theorem 1 we find a solution x(¢) =

x(t, 10, ©0), || ©@o]| < & of problem (1) and ° € (T, Txg 1],k € N such that M|| o] < |x(°)] < p
and |x()| < p,fo <t < 1.

Set m(t) = |x(#)| and up = ||@o||. Use condition 2 of Theorem 2 for ¢ € (1, 1°],¢ # 7T;,j =
1,2,...,k and obtain the inequalities

D m(t) = lim sup —[m(r + 0) — m(t)] =

a—0+

lim sup m[\x(z‘ + o) — |x(H)]] <

o—0t

< lim sup -[|x(r + 0) — x(0)] — f(t,x(2), x(t — h))|+

o— 0T
+ lim_sup é[\xu) + of (£, x(2), x(t — h))| — [x(®)]] =

= [x(0),f(t,x(2),x(t — h))]+ < g(t, |x(®)]) = g(t,m(2)).

Further on the proof of Theorem 2 is completed as the proof of Theorem 1.

Introduce the following conditions:

H17. The function p : R, — R, is continuous; nondecreasing in R4 ; positive in (0, oc)
and submultiplicative, 1.e.

p(Au) < p(AM)p(u) for A>0,u>0.
H18. For (¢, x%) € (1p,0c) X R" x R" the inequality
f(t,x,%)| < m@®p(|x])

is valid, where m(¢) is continuous and nonnegative in (fy, 00).
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HI19. Forx € R" and any k = 1,2,... the inequalities

I ()| < Brlx|

are valid, where 3 = const > 0,k =1,2,...

Theorem 3. Let the following conditions hold:

1. Conditions HI-HS8, H17-H19 are met

2. p(Au) > A pu) for A>0,u > 0, where uw(A) >0 for A > 0.

3.Gw)= [FE. u>a>0.

a p(s)

4. G(o0) = .

5. 671 |G
for any o € Co and any ¢ > 1.

Then the zero solution of problem (1) is globally uniformly Lipschitz stable.

H (1+|3k)) ! pllwoll) f;‘: 1464 ??I(S)dS] < 00

G < Ty < oo lleoll (14 06)

Proof. Since in the interval (T, Trw1],k = 1,2,...,x(f) = x(z,ty, Qo) coincides with the
solution of problem (1), (3), we conclude that for T, <? < Txy4; the function x(¢, 7y, ©o)
satisfies the integral equation

x(t,to, o) = x(Tx) + L (x(Tr)) + f f(s,x(s),x(s — h))ds.

From this we obtain inductively

(0, 00) = 2(0)+ Y BCR) + | F6,3(5),3(5 — s

o < T <1

From conditions H17-H19 and condition 2 of Theorem 3 and the above equality we get to
the inequalities

x(t, 70, 90)| < [x(t)| + D Mex(T))|+
o < T <t

+/ V(S}I(S),.I(S — h))]d.i’ <

i: H(p'[]H + Z Bklx(Tkmrﬂ! (p{])|+
g <1 <[

+ / m(s)p(Ix(s, fo, ©0)|)ds,

Ly

from which we obtain the estimates

[x(Ti o, Do) |

ool S'T 2 Beor

" m(s x(s, tg, x(Ty, 1o,
. Tool o 2 B
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" (ol |x(s, 70, ©0)|
+/m |00l *”’(3)( lool] )‘*‘

To the last inequality we apply Lemma 2 for u(z) = ﬁx—iﬁ, k(s) = £ ﬂliﬂ“m(s) and are led to

the inequality

|X(f,f{],(|3{})| 5 “QPHHG—I[G ( ]:[ (1 + 6!{)) +

Ip < T <t

plllol) [ L+ B )
| | | ds].
looll /s (5{,& o ML+ [3.1:)) s)as]

From condition 5 of Theorem 3 it follows that

\x(2, to, ©0)| < M||po|
for any g € Cp and 1 > 1.

Theorem 4. Let the following conditions hold:
1. Conditions HI-HS, H17-H19 are met.

2. Gy = [ & C= (1+BG, (fj_l m(s)ds) k=1,2,...,and Go = [} 45 u >
c>0. |

3. Gi(oo) =00,k=0,1,2,...

4. Foranyk =1,2,...,t € (T4, Trs1) and any @o € Cy the following condition is valid

G- (p(l‘(p[}”)/;m(s)ds) <M
‘ [poll  Jx, -

M = const > 0.
Then the zero solution of problem (1) is globally uniformly Lipschitz stable.

Proof. As in the proof of Theorem 3 we obtain the inequality

|I(f,f{}, (PU){{: { [I(Tﬁc:tﬂa(pﬂ)[ :
ool ST 2 B

[ (st 00l gy
fo ”(PC'“ “(P()”

to which we apply Lemma 3 an obtain the inequality

o(Jl@ol) [*
looll  Js

|x(t, 2o, ©0)| < || @o]|G;" ( M(S)i?) ,

t € (Try Ter1 L, k= 1,2,...

From the above inequality and condition 4 of Theorem 4 it follows that

|x(2, 10, Po)| < M|[@ol| for g € Cp and 1> 1.
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4. EXAMPLES

4.1. Consider the linear impulsive system of differential-difference equations

{x(f) = Ax(f) + Bx(t — h),t > 1o, # T,
x(t) = @o(1),t € [to — h, o], (10)
M(Tk) — Ckl'(’f_.{:)’k — 1}2: oy T > 1y,

where A, B and Ci,k = 1,2,... are constant matrices of type (n X n), @ € Co.
If conditions H1, H2 are fulfilled as well as the conditions:
DE+ G|y € diyk=1,2,...,d = const >0.
2) Hﬁil dy < oQ.
3) WA,B) <0
then the zero solution of the problem

= WA,Bu,t>ty,t #+ T,
u(to + 0) = up,up € Ry,
Au(ty) = (dp — Du(Ty)

is globally uniformly Lipschitz stable (Bainov and Simeonov, 1989).

Then, if [x(£), Ax(7) + Bx(t — h)]y < W(A, B)|x(r)|, then by Theorem 2 the zero solution of
problem (10) is globally uniformly Lipschitz stable.

4.2. Consider the problem

x(t) = A(Ox(t) + B(HOHx(t — h),t > 1o, 1 # Ty,
x(t) = @1(1),1 € [t — h, o), (11)
M(T.ﬁ:) — Ck-x(rrk)ﬁk — 132: ooy T > B,y

where A, B : (fy, 00) — R" are (n x n)-matrices; Cy,k = 1,2, ... are contants (n X n)-matrices;
1 € Co.

If conditions H1, H2 are met as well as the conditions

1) The matrices A(f) and B(¢) are piecewise continuous in (fg, oo) with points of discontinuity
of the first kind Tk,k = 1,2,... at which they are continuous from the left.

2) Zlm sup( f u(A(q),B(s*))ds){oc
3) E+ Celli < dik=1,2,.

H N de<oo

k=1

then the zero solution of the problem

i = WA, B(H)u,t > ty,t £ Tx,
M(f{] + 0) = Up, Up € R+1
Au(Ty) = (di — Du(ty)

is globally uniformly Lipschitz stable (Bainov and Simeonov, 1989).



Lipschitz Stability of Impulsive Systems of Differential-Difference Equations 177

Then by Theorem 2 if [x(2), A(H)x(¢) + B(£)x(t — h)]+ < WA, B)|x()|, then the zero solution
of problem (11) is globally uniformly Lipschitz stable.

4.3. Consider problem (1). If conditions H1-H16 are met as well as the conditions

D) [, ft,x, 9]y < p(OF(x]) for (1,x,%) € (t0,00) x S(p) x S(p), p € Cl(to,0),Ry],
Fek.

2) |x + L(x)| < Gi(Jx]),x € S(p),k = 1,2,..., where Gy : [0, po) — [0,p) and Gy € K,
k=1,2,...

3) For any o € (0, pp) we have

Th—1 Gr(o) dS
. —_— < =1.2....
/ﬁ o(s)ds + / L S0k=12,...,

then the zero solution of the problem

U= p(f)F(“):t}f{hf 3& Tk
u(ty + 0) = up, ug € R_|_,
Au(ty) = Gr(u(Te)) — ulTx)

is uniformly Lipschitz stable (Bainov and Simeonov, 1989).

From Theorem 2 it follows that the zero solution of problem (1) is uniformly Lipschitz
stable.
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