A NEW “WEIGHTED” FORM OF THE RIEMANN-VON MANGOLDT EXPLICIT FOR-
MULA

G. COPPOLA and M.B.S. LAPORTA

Abstract. In this paper we show a new “weighted” form of the classical Riemann-von
Mangoldt explicit formula obtained averaging with kernels that satisfy particular conditions;
our results generalize the Kaczorowski-Perelli [K-[3](1)] new form of the formula.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this paper we extend the results given in [3] by Kaczorowski and Perelli obtaining a new
“weighted” form of the Riemann-von Mangoldt explicit formula.
We indicate, as usual, with A(xn) the von-Mangoldt function, namely

)
lo if n = p®, forsome x € N
A(n) = < P P

0 otherwise

,

and with Po(x, %) the sum
PoCe,x) = Y ' A (m)x(),

n<x

where the dash means that the term A(x)x(x), if present (x € N), has to be halved (here x 1s a
Dirichlet character ¥ (mod g)).
The Riemann-von Mangoldt explicit formula is (see [2], ch. 19)

p _
Polx,X) = 00X — Y '% — £,00 logx — £2(X) + E(x, T, %),
Iv|<T

where x > 2,2 < T < x,1 < g < x,Xx = x (mod g) is a primitive Dirichlet characther,
p = B + iy is a generic non-trivial zero of L(s, X), Xo is the principal character (mod g),

1 forx = ¥Xo (1 forx(=1) = 1,X # Xo
ex) = . gx) =« .
0 otherwise, h 0 otherwise,
. L £1(x)
e2(x) = P_IE, (E(S’X) i
and ,
Ex,T,) < Xl”f, x

In [3] Kaczorowski and Perelli have found a new form of the Riemann-von Mangoldt
explicit formula (Theorem 1) using an approximate Perron’s formula whose error term is
estimated on average.
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Here, with applications in mind, we obtain a generalization of this result (Lemma 1), which
seems to be suitable for our purposes for its flexibility, due to the presence of a large class of
weights at our disposal.

Setting L = log N,

r|u\/u foru # 0 { 1 forO<u<1/2

son(u — 4 WLl —
gniu) 0 otherwise, @ 20 —u) for1/2<u<l,

.

g) T oo .
Gx,T,n) = = f f Y dud
T r/2 ‘Jr|logZ| U

the Corollary in [3] gives

o /
]-I)'U(x:){[]') — X = Z W (|;|) xp o E-(O)‘I'R(x Trx{])m

[Y|I<T C

g=1,16 <N<x<2N,e>0,N° <T<N'fandforl <M <L~ min(N'/ 16, T"/5)

R(x,T,%o) = i Z ANmn)sgn(x — n)G(x, T,n) + O; (]{L)

x—M = N < n<x-+ = MN

We obtain (see the Corollary for the precise statement)

fo !
ll){](X,X[}) . Z Wy ('gj) xp — E(0) +RY(I 1}(0)3

Y|<T

where now (here g = 1)

1 N
Ry(x,T,X0) = — Z An)sgn(x — n)Gy(x, T, n) + Oy, (‘fﬁ) ,
x— 4 < n<x+ == MN

with
1 forO0<u<1/2
wy() =
d)y(Tv)dv / (by(Tv)dv forl/2<u<l
and .
1 oc i
Gy(x, T,n) = — By () / S .
fwzd)y(fr)dfr T/2 rllog] U

The new form of the explicit formula given by Kaczorowski and Perelli is obtained by
setting Gy(t) = 1(VTt € [T /2,T]).

We point out that we obtain also an improvement for the error term in Ry, which is due to
the decay of the function ¢y, see below.
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As usual we let

N(o,T,x) = #{p = B + iv|L(p,x) = 0,B > o,|y| < T}

and we assume the following “regularity conditions” on the test-functions ¢y (true VY € N
fixed and for 7 “large”): |

(i) ¢y e C'([T/2,T),

dr
iy Lo —0 V,=0,...,Y—1,
T’ T:%,T
1 dr 1 T
(i) — Oy Vre (—,T) V,=0,...,7.
fT /2 by(T)dT dT T 2

Then our Theorem is as follows.

Theorem. Let 16 < N < x < 2N, 1 < g < N, x(mod q) be a primitive Dirichlet character
and4 < T<N/4, 1 <M < T/4. Then for any (fixed) positive integer Y

2
Po(r,X) = e(GOx — Y wy (';l) xp — e1()) logx — €200 + Ry(x, T,%),
[y|<T

where
Rf(xi T‘.l X) — Rl(x} T}N!MJX) + RZ(xw TwN}M} X)‘.I

with R defined as

ROTN M=~ S AGXsgat = Gy Ty

x— MY et

and, for 0 < x < 1,% < o< 1,Ry satisfying

NL MNL N7 N NLA
| | L | N(o,T,X).
TMY log ‘“—; T2 log % T Tl+a = T2—a ( X)

Ry(x,T,N,M, X) <Ly

From the Theorem we get, setting g = 1 and X = Xo, the

Corollary. Under the conditions of the Theorem with g = 1 we have, for each4 <T < N /4

and Y € N (fixed)
NL

Tlog %

RY(I& T:r Xﬂ) Ly

Furthermore, let € >0, N6 < T < N'™¢ and for Y € N suppose that 1 < M < mir
(Tl f{Y—H), (Nl / lﬁL—--'-l)l / }f’: (Tl /SL—Q)I / Y)_
Then

N
RY():! T: XU) — Rl(-wa:NwM? XU) + OY,E (W) .
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We think that a possible interest of these new explicit formulae arises from the application to
the distribution of primes in short intervals, both for “everywhere” and “almost everywhere”
results; for the latter see Theorem 2 in [4] and Theorem 2 1n [1].

In particular, through the use of one of these Theorems, we get the same non-trivial
connection between the density of primes in the interval [x,x + H] (H is around N /T) and
the symmetry of primes around x in the interval [x — MN /T,x + MN / T] obtainable with
the formula of [3] (see thE: Corollary); the class of formulae in our Corollary allows us to
choose a smaller M and hence an interval closer to [x,x+ H]; actually, we can choose M = L*
with € >0, instead of M = L° with ¢>1 (of course every statement here holds “almost
everywhere”, i.e. regards “almost all x € [N, 2N]”; for the exact hypotheses on the variables
see [1] and [4]).

The Authors would like to thank Professor A. Perelli for useful and encouraging discussions.
The paper is organized as follows:

- in the following section we state and prove Lemma 1,

- we apply it in section 3 to get the Lemmas for the Theorem;

- finally this and the Corollary are proved in section 4.

2. A “WEIGHTED” FORM OF PERRON’S FORMULA

Lemma 1. Let {a,},cn be a sequence of complex numbers, x > 4,6 = 1.:;;:,,1:* Ao(x) =
>, <x@n + % (here ay = 0 for x ¢ N) and f(s) = Zi | & be absolutely convergent in
0 = Re(s)>1; thenfor4 < T < 5 and T € [T /2,T] we have, for each fixed natural number
Y and for each &y satisfying (i), (ii) and (iit)

1 1+ &+iT ¥
A = — —d
0(-}‘:) Y7t /;+§_5T f(S) S S + g(x,T), (]-)
where
X lan|
by(Dglx, DdT Ly — |
f;},z by(T)dT ./sz I* é nito
1 | X ‘anl
S RE 3 RS POF - T
X +6
x—& <nlx+ % nel Y+ |1ﬂg n I I n>2x n

I-!

with I the set of integers in the intervals (x / 2,x — Z], (x + %, 2x].

Proof. By Perron’s inversion formula and the absolute cmnvergence of f(s) for 0> 1 we get
vre[T/2,T]

1 cticc 1 c+iT
Ap(x) = ﬁ/ | f(S) dS — E , f(S) ds + Zan}r(” x,T), (3)

H_

having defined c = 1 + 6,{ = log(x / n) and

1 .x S ds 1 7x\¢ [ ccosft+ tsinlt
I(H X T) 2?‘[ f (E) ? = E (;) /; 21 72 dt. (4)

I..-'T
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Clearly we have

X X 1
nﬁ(x—?,erf):}W{l (5)
and
(_r)ﬂ‘{ 1 ifx/2<n<2x
n x/n° otherwise. " N
(6)
If we let E E
> ccos {t + tsin {1
J’(n,x,’r)zfr Zrp dt,
we have, since T > T,
> in £t 1
j(n,x,w)zj “”SETI““E dt-f—0<~——) Yn € N. 7)
; f T2
Thus, because of (4), (6) and (7), we will prove, say, that
i T
7 ¢y(T)IT (n,x,1)dT <y 1 (8)
fr;z by(t)dt JT /2
forne (x—x/T,x+ x/T] and, by (5), that
1 T 1 Y+1 1
'::Ij’l (T)j(H}IrT)dT '{é(]’ (_) + pum—— (9)
Jf,ovat e T(¢] T3
fornd(x—x/T,x+x/T].
If n = x we have - 1
c
T (n,x,7) = [r o Fdt < o,
which proves (8), since, by (iii)
1
o™ 1 e/, (10)
L' /2 dj}’(T)dT r

Ifn# xand n € (x — %,x + 7] then by (7)

“° sint = 1
J(n,x,T) = sgn(x — n) " ﬂ? dt O(/r r%dh% ﬁ) ,

since in this interval || <2 /T < 2 /7 and hence |¢|T < 7t we get

> gint
/ ﬂ‘::Erf{:il,,
ejr 1
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which, together with (10), gives (8). (Here a different choice of the kernel ¢y is ininfluent
for the estimate of the average, because of the linearity of the integral operator).
By (7), to prove (9) we have still to prove, say, that

CUSEI
(I)y T)/ drdt <K (11)
fT,fzqay(fc)dw /sz ’ TR
and
sin {f 1
by ( T)/ dtdt < : (12)
o /. ' TR
We will prove only (12) (the proof of (11) is similar).
Integrating ¥ + 1 times by parts we get
sin £¢ cos¥ (£7) 1
[_ dt = Z( UJJ!QJ—H 41 | OY(MHITYH)
(here cosY(£1) stands fc:rr cos(v)(ET)) whence, by (10)
1 ¢?}= (1) /’ sin Erdrd"t _
Jr )2 dr(0dr Ji/2
Y : T
(—1)j! c:os(”(ﬁ T) ( 1 )
= Py (T) dt+ Oy :
Py f;'ﬁ dy(v)dt Jr /2 g+ [g[Y+HITY+]
we are thus reduced to prove that
1 d cos? (1) 1
7 bt 35 O g 4 09
Defining Vj = 0,...,Y '
hi(t) = 77 dy(T)
and |
ki(T) = cos¥ (£7)
we obtain, by (ii), (iii) and the Leibniz rule (K = 0,...,Y):
JX K K dK=" .
—h. — —j—1
dTK hj(T) ; ( ) dTerY( )dr[{ﬁ"—?')T }
the following two properties of 4; (in the sequel j € {0,...,Y}):
dK
(T)]T._TXZT'_O VK"—"U',...,Y—I (14)

d’TK J
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and
: 4 hi(T) K Vte(T/2,T)
f7 5 y(rdrdt” e o
Integrating Y times by parts in T we get, by (14)
1 / ' Tw
hi(T)k;j(T)dt = / h:'(t)bi(T)dT,
f;"),z dy(t)dt J1/2 ’ ¢y f;fﬁ by(v)dt J1/2
where b;(7) is a (bounded) function such that
d}’
—bi0) = (ki (1),
then, by (15) we have
1 g cos? (£r) 1

f?:"r/:z by(t)dT JT /2 br() g1yl T ||YHH1TY i+

which gives (13) (because of (5)) and hence the Lemma.

3. APPLICATION OF LEMMA 1 TO Y(x, X)

Lemma 2. Let N, q,x,x,T,M be as in the Theorem, d = 1/ L,

UGs,) = Us, X, N.x,T,M) = ) Amxmn™

4 <nset 4

and g
fls) = —Z(Sf.x) — U(s,X)-

Then for T /2 <t < T we have

MN 1 Ty
= T — A —d y by
P (x 7 x) 270 s f(s) ; s+ g1(x,1,%)

where g1(x,T,X) satisfies

] T NL

CDY(T)g](I,T, X)dT Ly | .
f;’r/g by(t)dt JT/2 TMY log % T2

Proof. From Lemma 1 with

" An)x(n) forn<x—MN/Tandn>x+MN/T

a, = 4 *
0 otherwise

8

269

(15)
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we get
1 g N A(n
T by(D)gi1(x,T,%) Ly ﬁ 12_; |
fﬂz by(t)dT JT/2 “—n

A(n) L ANm\ N An)
(| = v 2R T A

Y+1 X
I <n<x—H¥Y x4+ MY < n<x r Ilﬂg H

Since

S AW 1 ad AT

pltd pltd
n< n>2x

k2=

the sums over n < x /2 and n > 2x contribute Oy (%), the sum over 3 <n < x — M—;‘I gives,

by the Brun-Titchmarsh inequality, at most

1 TY—H N NI N
Y+1 Z Y+1 Z A(n) + Oy (—) Ly e T 73
r M<j<T-1 J — !g’—{—rlw < HEI—% T? ™ lﬂg T T2

Using the same argument for the sum over x + #¥ <n < 2x we get the same estimate, and
hence the Lemma.

Lemma 3. Let 0< & < 1 and 5 < o< 1. Under the conditions of Lemma 2, let

1 14 64iT Lf x.s
h(x,T,Xx) = _ETE b z(S;}O?dS*

Then
xP
h(x, T, %) = e(0x — Y — 100 logx — £200 + £2x,1,),
|7
where
1 T N‘(c:r+3}/4 N NL4
Py(D)g2(x, T,)dT K L* + | N(o,T,x). (16)
fTTjZ by(t)dt J1/2 e ' r rite " TP
Proof. We remark that, by (iii), we have Vg € L'(T /2, T)
1 I 1 /7
br(Dg(DdT <y ~ / g(0)ld. a7
fTTM by(t)dt JT/2 T Jr /2

Hence each estimate over |g(T)| (Vg € LY (T /2,T)) can be used to obtain our weighted
average from a direct average of |g(T)| (and the estimates are the same).
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The proof can therefore follow the proof of Lemma 3 in [3] except for the average estimate
of —2Re(F (1)), where

14+o4iT
F () = 1 / Z Ay(m)x(n) x° ds.

27t : ns 0
+ IT HE‘}’E

with (we will make the same choice of [3], y = x!/%)

An) forl <n<y

Ay(m) = § A(n)log L

fory < n < y°.
logy

Integrating by parts we have

1+ &+ir

1 \S d
—2Re(Fi(7t) = —2Re Zhy(n)x(n)z—m;/ (E) f- =

”5}’2 ogtiT

A(r)x (1) (x / )t Ho+iT N° Ay(n) N Ay(n)
€ Z 2ilog=s 1+ 041t T TL ; ne 1727 ; nl+6
n<y n<y

n<y?

_ Ay()X(n) (x / m)! H0+T7 N° N
= — 2 ;2ﬂilﬂgj—; 140+t +0 TL ~ T%12 )’
n<y

by (17) and (iii) the weighted average of —2¥eF(T) is theretore

1 T
f;}z by(T)dT JT /2

Gy (T(—2ReF 1 (T))dT Ly

N A== | (T X" dr N° N
< =3 b (=) |+ 77 + gz
Ln:iﬁ fi'?/z ¢Y(T)d’r‘ r/2 L+d+ir|  TL T°L
N Am) N° N N° N
< 7 Z avs L T S T e

n<x!/?2

this last term is less than first two terms of (16) (that are obtained as in Lemma 3 of [3]) and
hence we have the Lemma.

Lemma 4. Under the conditions of Lemma 2 let

1 146401 xs
ke, X0 = 5 / U(s, x) - ds.
W J14-6—ir J
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Then
1 T

ff,n/z Gy(Tt)dT JT /2

MN
Gy(Dk(x, T,X)dT = Polx, X) — ¥ (x - ?}X) (18)

1 MNL
- E A(H)X(”)Sgﬂ(x — H)Gi’(xi T*.r H) _|_ OY ( N) i
. o " TQ Iﬂg T
x— % <nlx+ 5

Proof. We have

| s d
k0= Y Ao [ (5) S = (19)
x—"% {nﬂx—l—"’% <
MN
— ll)ﬂ(-x:}() - ll) (.1' - "F:X) _' Z f\(H)X(H)I(H,X,T),

= <nset

having defined /(n,x,T) as in Lemma 1; by (6) and (7) of this Lemma we get
Vne(x—MN/T,x+ MN/T]{ = log(x /n) again)

1 I+6  [°° gin (¢ 1
1,50 = — (%) f s drto(?):

that turns the last sum of (19) into

| x\1+6 [ siny 1
- Z An)x(n)sgn(x — n) (E) /l —dy + O T Z A(n)

1= MY &y M tlr Y In—x|<MN /T

(20)
The same arguments used to prove (8) and (12) give clearly
_ 1
Gf(x:r Tr H) <y min 1} Y-+1 ) (21)
TY+1 |lﬂg ",:"
since s v e N
X
(;’1-) —1"!—0(?) VHE[X——?'—,.I'l T]
we get
1 x\ 1446
~ Y Awxmsgnte—m) (Z) Gy, Tym) = (22)

M et MY

1
— - Z A(n)x(n)sgn(x — n)Gy(x, T,n)+

!
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M M A (n)
/A T ‘1{] g{ TY+1
In—x| <X N < |n—xjgiy 108

Then, splitting the last sum as in Lemma 2 and using the Brun-Titchmarsh inequality, the
weighted average of (19) becomes by (20) and (22)

1 T

Ir /2 br(mdt J1/2

MN
d)Y(T)k(er:X)dT — wﬂ(xw X) _ 1!) (I " 73)()

MNL MNL )

1
_...._;[- Z A(H)X(H)Sgﬂ(x - H)GY('X‘J T'ﬂ n) + OY (T(z lﬂg g + TQ lﬂg M_}{J

v MY <k MY

whence (18).

4. PROOF OF THE THEOREM AND THE COROLLARY

By Lemmas 2 and 3 we have

|

X— 77> X _'—(Sr}()“;d&l_ -~ U(SwX)‘;dS+gl —

T 27 |4 d—ir L

270 J145—ir

!

xP
00X — ) < — @100 logx — 200 + 820, T,%)
[yl<T

— k(er}X) + gl(x}T!X)}

multiplying by &y(1), integrating in [T/ 2, T] and dividing by fg /2 dy(T)dT we then get the
Theorem, by Lemma 4, since

M P
b (x - —ij) =e(0x— ) wy (%) % — e1(X) log x — e2(x) — Polx, X)

T
YIST
MN Netd/4 N NL?
+¢(I—T1X) +RI+OY( T L™ Ti+o ]Q—aN(g’T’X))
o ( NL  MNL )
Y ! N :
TMYlog% = T?log %

The proof of the Corollary is obtained by choosing ¢ = 3, « = £ in the Theorem and using
Ingham’s density estimate (see e.g. [S], Th. 9.19 (B))

31— o)

N(o,T,x0) < T =7 log’ T,

then the first estimate follows from (21) and the Brun-Titchmarsh inequality, while the second
1s immediate.
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As an example for a function ¢y (7) satisfying (i), (i1) and (111) we give

27T

(I)Y(T) — SinY (_,1_.-._) VT € [T/Zm T]}

in which the dependence on Y is explicit.
We hope to discuss other applications of the method to the mean-square

2N
f Ri(x, T,N, M, x)| dx
N

in future papers.
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