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ON THE PARABOLIC CLASS NUMBERS OF SOME FUCHSIAN GROUPS
REFIK KESKIN

Abstract. In this paper, we calculate parabolic class numbers of some Fuchsian groups and
we give a conjecture related to the subject.

AMS Subject Classification: 20H05, 20H10.

1 Introduction

By a Fuchsian group A we will mean a finitely generated discrete subgroup of PSL(2,IR), the
group of conformal homeomorphisms of the upper-half plane. The most general presentation
for Ais

Generators,
apybpyoceeeeees ,ag,b, (Hyperbolic)
XQ, X0, e Xy (Elliptic)
P1y P2y y Ds (Parabolic).
Relations;

£ r 5
A== 0= H[ahbf]H,erp;{ = 1.
i=1 j=1 k=1

We then say A has signature (see [7])

(g,m1,ma,...,m;s).

Let m be a sequare free positive number and let H(y/m) denote the discrete subgroup of
PSL (2,R), which consists of all those mappings of the form

: 241
) T(z)= iﬁ%ja,bjcjd,e Z,ad — bcm = 1,

i) T(z)= fﬁ,a,b,ﬂ,d € Z,adm—bec = 1.

When m = 2 or m = 3, the resulting groups are the Hecke groups ([3,4,9]). In [4], we
dealt with H(y/m) where m = 2 or m = 3. Here, we are interested in H(,/m) in case m is a
prime number or m is a product of different prime numbers.

2 Parabolic Class number

Let A be a discrete subgroup of PSL(2,R). When x € RU {co} is a fixed point of a parabolic
element of A, we say that x 1s a parabolic point of A. We also call a parabolic point of A a
cusp of A.

We now give a theorem from [8], which is related to the cusps of A
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Theorem 1 Let x be a cusp of A, and Ay = {T € A: T(x) = x}. Then A, is an infinite cyclic
group. Moreover, any element of A, is either identity or parabolic.

The parabolic subgroups of A are defined to be those non-identity cyclic subgroups C C A
which consist of parabolic elements (together with the identity) and which are maximal with
respect to this property. The parabolic class number s of A is the number of conjugacy classes
of parabolic subgroups of A (see [2]).

- vmQ={ym: e Q}ufw}

Then any parabolic point of H(,/m) is in /mQ. Moreover, any point in /mQ is a parabolic
point of H(y/m). To see this, consider the following mapping
(1 —rsm)z+ r*m/m
—s2y/mz+1+rsm
It is clear that T is a parabolic mapping and £ \/m is a fixed point of T where we represent oo

as §+/m. Thus \/mQ is the set of cusps of H(y/m).
Let I' be the modular group, and let I'y(n) be the subgroups of I" such that ¢ = 0 (mod n).

Then,
Lemma 1 /6] |T: To(n)| = nIT(1+ 3)-
Let n € N, Define

T(z) =

Hy'(n) = {T € H(v/m) : c = 0(mod n)}.
Then H['(n) is a subgroup of H(./m) and we have
Lemma 2 Let (m,n) = 1, then |H(\/m) : Hi'(n)| = n]1,, (1+ %) If m is not prime to n,
then |H(y/m) : Hi'(n)| = 2n [1p,(1+ %) where p fm.

Proof. Let

H:{TEH(V/E):T() f/ti\-{;}

Hy={T € H:c=0(mod n)}.

Then Hy C H and Hy C Hy'(n). Moreover, it can be seen that H is conjugate to I'g(m)
and that Hy is conjugate to Fn(mn) This follows from the fact that H = §~!To(m)S and
Hy = S~ 'Ty(mn)S where S(z) = J—z It is clear that |H(y/m) : H| = |H}'(n) : Hp| = 2. Thus

we have

and let

e H(m) Ho| _ |H(m) I Ho|
HOm) B0 = Ty hol = gy Hl ol

Since |H : Hy| = |[S™'Ty(m)S : S~1Ty(mn)S| = |To(m) : To(mn)|, we see that

H(/m) : By ()] = n] ] (1 " %) |

pln

If m is not prime to n, then the proof is similar. O
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Theorem 2 Let A = Hy'(n). Then the parabolic class number of A is the number of orbits of

A on /mQ.

Proof. Let x = £ \/m be a point in \/ﬁ@ Tl'}ﬂn x is a cusp of ng/f_n]. That is, S(x) = x for
some parabolic element of H(,/m). Since A is a subgroup of finite index in H(,/m), we see
that S¥ € A for some positive number k. Then S* is parabolic mapping and S¥(x) = x. Thus x
1s a cusp of A. More generally, the mapping

(1 —rsnm)z+ r*nm+/m
—s?ny/mz+ 1+ rsnm

T(z) =

is a parabolic element of A and T (x) = x. By the above theorem, A, is infinite cyclic group
and any non-identity element of A, is parabolic element. It can be seen that A, is maximal
with respect to this property. That is, A, 1s a parabolic subgroup. Now let C be a parabolic
subgroup of A. Then every element of C has a fixed point x € 1/mQ. Therefore, C C Ay, and
hence C = A,. In addition, x and y lie in the same orbit if and only if A, and A, are conjugate
in A. Then the proof follows. O

3 Main theorems
Theorem 3 H(.\/m) is finitely generated.

Since I'p(m) is a subgroup of finite index in I, ['y(m) is finitely generated and so H is finitely
generated. In view of the fact that |H(\/m) : H| = 2, it follows that H(+/m) is finitely gener-
ated.

By virtue of the above theorems, it is seen that Hj'(n) is a finitely generated discrete
subgroup of H(y/m). Thus H{'(n) is a Fuchsian group. Now we will give a theorem whose
proof is clear and can be found in [4]. We sometimes represent £./m as r/s\/m.

Lemma 3 Let m be a prime number. Then H(+\/m) acts transitively on /mQ.

This shows that the parabolic class number of H(y/m) is 1. If m is a product of two
different prime numbers, we will see later that this number is 2.

Lemma 4 Let (m,n) = 1, and r/s\/m € /mQ with m|s. Then we can find some T € HJ'(n)
such that T (r/s\/m) = r1 /sy /m with (m,s;) = 1.

Proof. Since (m,n) = 1, there exist some a,b € Z such that 1 = ma — nb. Let

Then T € Hy'(n), and

= Hil.

r arm+ bs ar+bs/m
T (- =
( ’”) (rn+s)\/m  rn+s Vi
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It can be easily shown that (m,rn +s) = 1. If we take r| = ar + bs/m, and s; = rn+s, then

T(r/s\/m) =ri[s; /m with (m,s;) = 1.
In the following, we will give some lemmas. The proofs are similar to those given in [4].
But, we include the proofs for the sake of completeness. O

Lemma S Let (m,n) = 1, and k/s\/m € \/mQ\{co} with (k,s) = 1. If (m,s) = 1, then there
exist some T € H('(n) such that T (k/s\/m) = ky [ s1+/m with s |n.

Proof. Since (k,s) = (m,s) = 1, we see that (km,s) = 1. Let s; = (s,n). Then s; = (s,n) =
(s,kmn). Therefore there exist some integers c|,d; such that

kmncy + sdy = 5.

Since (dl, ‘%) = 1, there exists an integer ky such that (dl — "';"—]"ko,mn) = 1. Letd =
dy — ﬂil”ko and ¢ = ¢] + ﬁkg. Then

kmnc + sd = sy.

On the other hand, (d,cmn) = 1, since (d,mn) = (d,c) = 1. Hence, we can find some
integers x, y such that xd — yemn = 1. If we take

xz+y\/m

cny/mz+-d’

T(z)=

then we have T(r/s\/m) = k; /s1/m where k; = xk + ys and 51 = cnmk +ds. It is obvious
that 7 € Hy'(n). On the other hand, it can be seen that (k;,s;) = 1. O]

Lemma 6 Let (m,n) = 1, di|n, and (a1,d\) = (a2,d;) = 1. Then ay/d\\/m is conjugate to
az[d1v/m under H'(n) if and only if a1 = a; (mod t) where t = (dy,n/d,).

Proof. Leta) = ax(modt) and ny =n/d;. Thent = (dy,ny), and (ayaz,d;) = 1. Furthermore,
(m,dy) = 1 since (m,n) = 1. Therefore, (ajazm,d;) = 1, and thus (nyajaym,d,) = t. Since
tlay — ap, mnyayasx +dyy = ar — a; has a solution. That is, there exist some integers k, s
such that mnjayazk + a) +ds = a;. Hence, we obtain ay(1 + mnja:k) + dis = ap. If we
take @ = 1 +mnjazk and b = s, then we have aa; + bd; = a;. On the other hand, if we take
¢ =md ik and d = 1 — mnya,k, then we obtain mca, + dd, = d;.

Furthermore,

ad — bcm = -:I(l —mmﬂlk) —bmndik = a— (1:1{1] +bd|)mn;k = 1.

Let

_az+bym
1a) = T a

Then it 1s clear that T € Hy'(n) and T'(a) /d\\/m) = a2 /d)/m.
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Now let a; /dy+/m be equivalent to az/dy+/m by some T € Hy'(n). Then it is easily seen

that
T(z) = az+bym where ad — bemn = 1.

~eny/mz+d

Hence, we obtain
aay +bd,  a

cnaym+dd, d,

Since
d(aay + bdy) — b(cnaym+dd,) = ay,

and
a(cnaym+dd,) — cnm(aa, + bd)) = d,,

we have (aa; + bd),cnajm+dd;) = 1. Therefore, there exists some u# = F1 such that
aa) + bd, = uas,

and
cnaym+ dd, = ud,.

From the above equations and from the fact that ad — bem = 1, it follows that a; = a2 (mod

1). O
Theorem 4 Let (m,n) = 1 and let m be a prime number. Then the parabolic class number of
Hy'(n) is
n
d|n

Proof. It suffices to calculate the number of orbits of H{ (n) on /mQ. Then from Lemma 4,

Lemma 5, and Lemma 6, the number of orbits of HJ'(n) on vmQ is Yain 9((d,5)) where @
is Euler’s function.

We can deduce the following. O

Lemma 7 Let k/s € Q with (k,s) = 1. Then there exists some T € To(n) such that T (k/s) =

ki /sy with s1|n where we represent oo as %.

Lemma 8 Ifd,|n and (a,,d,) = (az,d) = 1, then ay /d; is conjugate to a/d under I'g(n)
if and only if a) = a; (mod t) where t = (dy,n/dy).

Then it is easily seen that the number of orbits of I'g(n) on Qis

> 0((d, 2)),

din

which is the parabolic class number of I'y(n).
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Theorem 5 If m|n, then the parabolic class number of HS’ (n) is

Y o((d, 2.

d|n

Proof. If m is not prime to n, then
o(n)=Hy={T € H:c=0(modn)}.
Therefore, Hj'(n) is conjugate to I'g(mn). Then the proof follows. O

Lemma9 Let m = mymy and (m,n) = 1 where my and my are different prime numbers,
and let %\/m € \/mQ \{eo} with m|s and (my,s) = 1. Then T (%\/m) = ﬁ%ﬁ v/m with
(my,s1) = 1 for some T € Hf'(n).

Proof. Let T be as in Lemma 4. Then

arm + bs arm—+ btm armymy + btm ki
T = = i = = -”" .
(r/sv/m) (rn+s)y/m  (rn+s)m " (rn+s)mym; " $1113 "
where k1 = army + bt and s; = rn+s. It is clear that (m;,s1) = 1 and (m2,k;) = 1. O

Lemma 10 Let (m,n) = 1, and %\/ﬁ € v/mQ\{eo} with (k,smyp) = (my,s) = 1. Then there
exist some T € H{j'(n) such that T (% \/ﬁ) = X /m with sy |n.

Simz

Proof. Let s; = (s,n). Then sy = (s,n) = (s,kmn). Therefore, there exist some integers
c1,d; such that
kmincy + sdy = 5.

51

Since (dl, ki"—’—"?) = 1, there exists an integer fy such that (dl - k—Tlmfg,mﬂ) = 1. Let d = d;

—k—’:ll—"ru andc=c) + ﬁru. Then
kminc+sd = ).

On the other hand, (d,cmn) = 1, since (d,mn) = (d,c) = 1. Hence, we can find some
integers x,y such that xd — ycmn = 1. If we take

T'() = xz+y/m 1
cny/mz+d

then we have

g (ﬁx/ﬁ) - ((cnkril+ds)) Vim = (m;z(cnkf:u +ds}) vim = %\/ﬁ

where ky = xk + ysmy and 51 = cnmk+ds. Itis clear that T € Hy'(n) and s;|n. On the other
hand, it can be seen that (ky,s1) = (m2,k;) = 1. _ O
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Lemma 11 Let (m,n) = 1 and let dy|n, and (a),d)) = (a2,d)) = 1. Then 3%‘11-1 \/m is conju-
gate to g% /m under Hg'(n) if and only if a1 = ap (mod t) where t = (dy,n/d)).

Proof. Let a; = a> (mod t) and ny = n/d;. Then, t = (d;,n;), and (a;a3,d;) = 1. Therefore,
(ayaymy,dymy) = 1 and thus (ayaaymin;,diymz) = t. Since t|a; — az, mimaiazx+dymyy =
ar — ay has a solution. That is, there exist some integers k,s such that mynjayazk +a; +
dymas = a;. Hence, we obtain a; (1 + mnjazk) + dymas = a;. If we take a = 1 +mnjazk
and b = s, then we have aa) + bdym> = a>. On the other hand, if we take ¢ = n;d;k and
d = 1 —myniak, then we obtain mca| + ddymy = dyms.

Furthermore,

ad — bem = a(1 — mynya1k) — bmnydik = a — (aay + bdyma)minik = 1.

Let
_az+by/m
- oy/mz+d

T(z)

Then it is clear that 7 € Hy'(n) and

bd
T( a ﬁ)— am +bdimy o @ o

dymas " mcay +ddim  dymo

_ If fi—:‘;lﬂg m is equivalent to ffu?/ﬁ by some T € H{'(n). Then the proof is similar to that
given in Lemma 6. ]

Theorem 6 Let m = mjmy and (m,n) = 1 where my and my are the different prime numbers.
Then the parabolic class number of H}' (n) is

23 0((d, 7))

d|n

Proof. The proof follows from Lemma 4, 5, and 6 and Lemma 9, 10, and 11. L

Lemma 12 Let m = mymyms and (m,n) = 1. Given k/s\/m € \/mQ \{eo} with (mj,s) = 1,
and (m/mj,s) = m/m;, we can find some T € Hy'(n) such that

(9)- 2

with (mj,s;) = 1 where j=1,2,3.

Lemma 13 Let (m,n) = 1, and %\/ﬁ € /mQ\{o} with (k,sm;) = (mj,s) = 1. Then there
exist some T; € H{'(n) such that

: k kj
7 (_ m) = am V"

with dj|n where j =1,2,3.
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Lemma 14 Let (m,n) = 1 and let d\|n, and (ay,d,) = (a2,d1) = 1. Then E]E;%; \/m is con-
jugate to ﬁ v'm under Hy'(n) if and only if ay = a; (mod t) where t = (d\,n/d,) and
j=1,2,3,

Theorem 7 Let m = mymoms and (m,n) = 1 where m|,ma, and ms are the different prime
numbers. Then the parabolic class number of Hy'(n) is

4 0((d, ).

d|n

If m is a product of four different prime numbers where (m,n) = 1. Then it can be shown
that the parabolic class number of H{'(n) is

830((d, 7))-

d|n
At this point, it seems that

Conjecture 1 Let m be a product of k different prime numbers and let m be prime to n. Then
the parabolic class number of H' (n) is

1Y 0((d,5))-

d|n
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