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Abstract. In this work we consider a class of real hypersurfaces of N = G2/SU(2) x SU(2),
the manifold of quaternionic subalgebras of the Cayley algebra. They are the family of tubes
centered at the maximal totally geodesic submanifolds of maximal rank of N, which are (up
to isomorphism) CP? and S? x S2. We determine which of those tubes are homogeneous and
for them we obtain the spectral decomposition of the shape operator. Moreover we show that
the universal covering space of the focal set of CP? is the sphere S°.
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Introduction

This article is in some sense a follow up of the paper “On homogeneous
hypersurfaces in complex Grassmannians” [8]. We carry out here an analogous
study when the ambient space is Go/SU(2) x SU (2) which is the manifold of the
non-division quaternionic subalgebras of the non-division Cayley algebra [3, p.
316]. On the other hand, this space is the only compact irreducible Riemannian
symmetric space of type I obtained from the exceptional Lie group Gz [11, p.
518].

The study of homogeneous real hypersurfaces in compact symmetric spaces
has an interesting history which dates back from some years ago.

At present, homogeneous real hypersurfaces in complex projective spaces
seem to be very well understood. Information in this direction can be found in
the article [10] and references therein.

'This work was partially supported by CONICET, SECyT (UNC), Argentina
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Berndt and Suh studied real hypersurfaces in the complex two-plane Grass-
mannian G3(C™) and found interesting results using deep knowledge of the
Grassmanian obtained in [1] and the fact that G2(C™) is the only compact,
Kaehler, quaternionic Kaehler manifold with positive scalar curvature. From
the Kaehler and quaternionic Kaehler structure they give a very nice and in-
teresting characterization of tubes in G5(C™) centered at the totally geodesic
submanifolds Go(C*~1) and HP"z" for n even (see [2] Theorem 1).

As soon as one considers other grassmannians, G(C") with k£ > 2, the
quaternionic Kaehler condition is lost and the road, which is difficult in [2]
gets rougher. In these cases a very useful tool is the intrinsic structure of the
complex simple Lie algebra sl(n,C). In [8] using the root structure associated
to the Grassmann manifold we studied the homogeneity of the family of tubes
in Gx(C™) (k > 2) centered at Gx(C™) when m < n and centered at the
quaternionic Grassmann manifold G (H 2 ) when k and n are even. Furthermore,

for the homogeneous tubes of this fémily we found the spectral decomposition
of the shape operator and we saw that they are Hopf hypersurfaces.

In the present article we study analogous questions in the ambient space
G2/SU(2) x SU(2). Since it is not Hermitian, the Hopf condition for a real
hypersurface makes no sense.

The symmetric space G2/ SU (2) x.SU(2), has two remarkable totally geodesic
submanifolds: CP? and S? x S2. In fact, in [5] Chen and Nagano showed that
they are (up to isomorphism) the only maximal totally geodesic submanifolds
of maximal rank (in their table V appears AI(3) instead of CP? but as we see
in Section 1 they actually obtained these two submanifolds).

The goal of the present work is to study a certain class of real hypersurfaces
of G3/SU(2) x SU(2) consisting of the family of tubes around CP? and S? x S2.
Our objetive is to determine which tubes of these families are homogeneous
and find for them the spectral decomposition of the shape operator. From a
private communication of J. Berndt we understand that the classification of
homogeneous hypersurfaces in Go/SU(2) x SU(2) can be obtained from results
of A. Kollross [12] concerning hyperpolar actions on irreducible simple connected
symmetric spaces of compact type. However, our methods are based on the root
structure associated to the manifold G2/SU(2) x SU(2) and so we think they
may be of interest.

In Section 1 we describe inclusions of the Lie algebras of the subgroups
SU(3) and SU(2) x SU(2) into the Lie algebra of G3. This gives us information
about the inclusions of CP? and S? x S2 into Go/SU(2) x SU(2).

In Section 2 we give a complete classification of homogeneous tubes around
CP? and 5% x S? (Theorem 3 and Theorem 6). Since G is a simple Lie group and
the natural action of G2 on G2/SU(2) x SU(2) is effective, G2 is the connected
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component of the identity of the isometry group of this space. Therefore it seems
to be of interest to study the existence of a subgroup of the isometry group of
G2/SU(2) x SU(2) acting transitively on these tubes. For this purpose we con-
sider the natural action of the isotropy group of the center on the zero-centered
sphere of the normal space (see Lemma 1 and Lemma 2) and then we obtain
that the tubes around CP? are homogeneous real hypersurfaces (Theorem 3).
We compute the spectral decomposition of the Jacobi operator Ry = R(., Z)Z
in the Z-direction (for suitable Z) where R is the curvature of the Riemannian
connection of N. These results are summarized in Proposition 4. Using this in-
formation and the Riemannian symmetric space structure of the ambient, we
finally obtain Theorem 6.

Section 3 contains information about the family of tubes centered at CP?
and on the focal set of CP?. The main results are Theorem 7 and Theorem 8. In
the first one we give geometric information of that family through the spectral
decomposition of their shape operators. The difficulties of the required calcula-
tions are related to the fact that CP? is not a curvature-adapted submanifold.
In the second one we characterize the focal set of CP? and we show that its
universal covering space is the sphere S°. We feel that these results may be
useful and interesting.

1 Basic facts

In the present Section we shall deal with the inclusions into the symmetric
space G2/SU(2) x SU(2) of the maximal totally geodesic submanifolds of max-
imal rank. From Chen and Nagano we know that these submanifolds are CP?
and S? x 52 (see [5]).

In order to describe how these submanifolds are imbedded into the ambient
space we need to introduce some Lie algebraic ingredients.

Inside the complex simple Lie algebra gs we take a Cartan subalgebra h and
let A be the root system of gs relative to . We may write

g2=b® > (9 +0)

yeEAT

where AT indicates the set of positive roots with respect to some ordering. Set
m = {a1,as} C AT the system of simple roots. Then

AT ={aq, 09,8 =01 + s,y =201 + 2,8 = 3a1 + ag, L = 3a1 + 220} (1)

being a1, 3 and v the short roots and «s,d and p the long ones. We fix their
lenghts to be v/2 and v/6 respectively.
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We take in go a Weyl basis {X, : v € A}U{Hg: § € w} (see [11] IIL, 5.5).

The following set of vectors provide a basis of the compact real form g,

Uy=+=(X,—X_,) vyeA"

V2
Uoy= (X, +X_,) 7 €A (2)
iHﬁ B em.

We shall denote by b, the real vector space generated by {iHg : § € 7} and set
m, = RU, ® RU_,. Then

92, = by @ Z my

yeEAT

and G2 is the compact connected Lie group whose Lie algebra is go,,.
We include su(2) @ su(2) into gz, in a natural way and so we can write

su(2) @ su(2) = (RiH,, ®my,) @ (RiH, ®my,) (3)
As usual we identify
T,(G2/SU(2) x SU(2)) = mq, & mg & my & ms (4)

where o denote the class in the quotient of the identity element of the group.
Due to the natural inclusion of the algebra su(3) into go, we have

su(3) = b, Bmy, BmsEmy, (5)

and therefore we see SU(3) as the analytic subgroup of G2 corresponding to
this subalgebra.

The action of the Weyl group W (G2) on go,, gives rise to exactly the following
copies of the algebra given in (3)

(RiHy ®my) ® (RiH,, ®my,) and (RiHg® mg)® (RiHs ® my).

Since for our purposes these two different ways to look at su(2) @ su(2) inside
g2, are essentially the same, we consider

[= (RiHqa, ® My,) @ (RiH, & my) (6)

and denote by L the corresponding analytic subgroup; so L & SU(2) x SU(2).

Since the ambient space N = G2/SU(2) x SU(2) is a Riemannian symmetric
space, there exists an involutive automorphism o of G5 such that the connected
component of the identity of its fixed point set is SU(2) x SU(2).



Homogeneous hypersurfaces in quaternionic subalgebras of the Cayley algebra 123

The totally geodesic submanifolds of N are also Riemannian symmetric
spaces and, as Chen and Nagano showed in [5, Prop. 6.1], the maximal ones
with maximal rank are constructed from the restriction of o to the maximal
subgroups of maximal rank in Go. It is known that these subgroups are (up to
conjugation) SU(3) and SU(2) x SU(2) (see for instance [14, p. 281]).

Since b, ® my, ® my, and m,, & mg & m, O ms are the eigenspaces of doe
corresponding to eigenvalues 1 and —1 respectively, then

su(3) = (hy ®@my) © (Mg, & mg) (7)

and
[= (RiH,, ®RiH,) @ (mq, © m,)

are the decompositions into eigenspaces of the restrictions of do. which give
rise to the inclusions of the corresponding symmetric spaces as maximal totally
geodesic submanifolds of maximal rank in our ambient space. So we have

SU(3)/S(U(2) x U(1)) = CP?>c Gy/SU(2) x SU(2) (8)
L/T = 5§%x8%cGy/SU(2) x SU(2)

where T is the maximal torus of G given by T = exp b,,.

The preceeding argument corresponds to the proof of Proposition 6.1 given
by Chen and Nagano in [5] for the symmetric space G2/SU(2) x SU(2), hence
they actually obtained these two submanifolds, although in table V appears
AI(3) instead of CP?. As usual we identify

T,CP?* = m,, @ms and (T,CP?)* =mzem, (9)
To(S*x S%) = mu, @m, and (T,(S? x $?))* =mg @ mg

where o denote the class of the identity element of the group in each quotient.

2 Homogeneous Tubes in G5/SU(2) x SU(2)

Our goal in this section is to study the homogeneity of tubes in the symmetric
space G/SU(2) x SU(2) centered at CP? and S? x S? which are the maximal
totally geodesic submanifolds of maximal rank.

On the ambient space Go/SU(2) x SU(2) we consider the G2 -invariant
metric induced by the opposite of the Killing form of gg,,. This metric determines
invariant metrics on CP? and S? x S? making the above inclusions isometric
imbeddings.

It is well known that the tubes centered at CP? and S? x S? are globally
defined for suficiently small radii (see for instance [9]).
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Note that G2 acts transitively on Go/SU(2) x SU(2) by isometries and that
the action of SU(3) on CP? is the restriction of this one. Moreover SU(3) acts
on the tube of radius r around CP? by

g-(exp, rX) = expy , 7gup X (10)

where p € CP? and X € (T,CP?)* with || X|| = 1. This observation is also true
when we replace SU(3) by L = SU(2) x SU(2) and CP? by S? x S2.

Our next objective is to study the natural action of S(U(2) x U(1)) (the
isotropy group of SU(3) at the point o € CP?) on the normal space (T,CP?)*.

To this end we need to use the structure of simple Lie algebra of go. Let us
introduce some extra notation.

Let € and p be elements of AT such that e — p € A. We define

1 ife—peAT
9E=P =1 1 ifp_ceat

and N
o _Je—p ife—peA
e p’_{p—s if p—ee AT,

From [6], for €, p € AT and ¢ # p we have the following formulae

[U57 U—E] == iHe
[Ue, Up] = %{Ne,pUs—kp +sg9(p — 5)N57_pU‘5,p|} (11)

U, U—p] = %{N&pr(sﬁo) + NS,—prlsfpl}-

Here we understand that if e—p or e+p are not roots then the terms N _, Uy .
or Ne pUy(cyp) vanish.

Keeping the notation given in (1) for the positive roots of the algebra ga, we
compute the constants N, , (see [11] III, 5.5) which are written in the following
table where the e-th row and the p-th column meet.

ag | B v 0 |p|l-a| =B |—v| -0 | —u
a1 | V3[]2]—=v3] 0 |0] 0 | /3] -2 V3 0
as 0 0 |=vV3]0 N 0 V3
6 -3 0 |0 2 0 V3
y 0 |0 —V3 | —V/3
5 0 —V3

The relations N., = —N,. , N.y = —N_._, and N; 1. = 0 allow to
complete the information about the constants N, , for ¢,p € A.
Now we are in condition to prove the following Lemma.
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1 Lemma. The natural action of S(U(2) x U(1)) on the unit sphere of
(T,CP*)* is transitive.
PROOF. Let us consider the element Us € (T,CP?)* and let O be the orbit

of Ug under the natural action of the group S(U(2) x U(1)). Since this group
acts by isometries on the ambient space and preserves T,CP? we have

O = Ad(S(U(2) x U(1)))Us C (T,CP?)* (12)

and by (7) and (8) we obtain Ty, (O) = [hy, © my, Ug].
Since

[ZHoz]?U,B] \/_{ﬁ( aj) B8 (_ﬁ(Haj))X*ﬁ} = /B(Haj)Ufﬁ (13)

it is easy to conclude that

[Bu, Up] = RU-5. (14)
From (11) and the table after formulae (11) we have
U Usl = —/3U,  and  [U_,,Us) = /30,
and hence
[my, Up] = m,. (15)
Then we get
Ty,(0) =RU_g & m, (16)

and so dim O = 3. Further, since O is compact and hence closed in the unitary
sphere S3 C (T,CP?)* it follows that O = S3.

For the natural action of the isotropy group of L at the point 0o € L/T =
S? x S2 on the normal space (T,(S? x S?))* we have the following result.

2 Lemma. The natural action of a mazimal torus T in SU(2) x SU(2) on
the unit sphere of (T,(S? x S§2))* is not transitive.

PRrROOF. Tt follows because dim(7,(S? x S2))* = 4 and the T -orbit of an
element in the unit sphere of (7, (S? x S$?))* has dimension at most two.

Denote by (M), the tube of radius r > 0 in Go/SU(2) x SU(2) around the
submanifold M.

3 Theorem. For small enough positive radiir the tubes (CP?), in Ga/SU(2)
xSU(2) around CP? are homogeneous real hypersurfaces. Moreover, there exist
an element Y in the Lie algebra b, of a mazximal torus in SU(3), such that

(CP?), = SU(3)/S*
where St = {exptY :t € R}.
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PrROOF. From Lemma 1 and formula (10) it follows that, for each radius r,
the natural action of the group SU(3) on the tube (CP?), is transitive. Let us
denote by H the isotropy group of this action at the point exp,rUg.

If g € SU(3) then

g€ H<<=go=o0 and g¢.,Ug=Ad(g)Us=Us.

Consequently, we can write the orbit O given in (12) as O = S(U(2) xU(1))/H.
Since O = S3, H is connected and its Lie algebra is given by {X € b, @ my, :
[X,Ug] = 0}. From (15) adUp is an isomorphism of m, onto m, and by (14)
adUg : b, — RU_g is onto. Then there exist Y € b, such that RY is the Lie
algebra of H and so H is included into S(U(2) x U(1)) as the one dimensional
torus {exptY :t € R}. QED

Our next purpose is to compute the spectral decomposition of the Jacobi
operator Ry for suitable Z € T,(G3/SU(2) x SU(2)) in order to study the
homogeneity of the tube (S? x S?),.

If R is the curvature tensor of a Riemannian manifold NV, the Jacobi operator
in the Z-direction is defined by Rz := R(.,Z)Z.

It is known and easy to see that for a Riemannian symmetric space N = G/ K
the Jacobi operator Ry, for Z € T,N, is given by

Rz = —(adZ)?

where ad is the adjoint representation of the Lie algebra of G.
Set Z = Ug. From (11) and the table after formulae (11) we have

[UB7 al] = \/>U +\/>Ua2 [Uﬁ’Uaz] = - %Ual
Us Uy) = —\/3Uu+ V2o [UsUs] =0
U5, U, \f U,
Then
[U [Uﬁ7 Uaz“ = Uaz + \/—U
[Us, [Us, Uy]] = fUag -3
[Us, [Ug, Us]] = 0

In an analogous way we obtain

[Uﬂv [Uﬁa U_a,]] = _%U—OQ - \/gU—’Y
(Us (U, Uof] = —V/3U g — 30,
{Uﬁv {Uﬁ, 5]l =0

U
Us, (U, U-pl] = [Up, iHp] = =2U_
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(the last equality is obtained in a similar way as (13) and using that § has
length v/2).

The above calculations are summarized in the following proposition.

4 Proposition. The spectral decomposition of the Jacobi operator Ry, of
the symmetric space Go/SU(2) x SU(2) is given by the following table in which
¢ denote its eigenvalues and V. the corresponding eigenspaces.

V.
RUsg @ RUs ® RU_;
RU_;
R(YEU,, + LU,) @ R(EU_,, — U )
R( — $Un, + 2U,) @ R(3U_o, + LU_).

oM N OO

5 Remark. Note that from (9) and the eigenspaces decomposition in the
preceeding proposition it follows that T,(S? x S?) is invariant by Ry, whereas
T,CP? is not. Consequently the submanifold S? x S? is curvature adapted and
CP? is not curvature adapted.

6 Theorem. The tubes (S x S2), in G2/SU(2) x SU(2) around S? x S?
are non-homogeneous real hypersurfaces.

PROOF. From (9) Uz and Us are in (T,(S% x S2))1. By (11) and the table
below (11) we obtain

[Us, [Us, U = /3 U, Uaa) = —3T,

and so
Ry, (U,) = 3U,. (17)

We consider now ¢ and 1 geodesics in G2/SU(2) x SU(2) emanating from o
with velocities Ug and Uys respectively.

Since G2/SU(2) x SU(2) is a Riemannian symmetric space, the Jacobi op-
erators Ry and R b() have constant eigenvalues along ¢ and ¥ respectively.
Thus, by Proposition 4 the spectrum of Ry, is {0,2, 1.9} and formula (17)
shows that % belongs to the spectrum of R b This says that both spectra are
different.

It is known that if a subgroup of the isometry group of Go/SU(2) x SU(2)
acts transitively on the tube (S? x S?), then (Ryz,),, and (Rz,)p, have the same
eigenvalues for p; € (S? x S?), and Z; € (T,(S? x §%),)4, |1 Zi|| = 1,i = 1,2.
This fact completes the proof.



128 A. N. Garcia, E. G. Hulett

3 CP%-centered tubes in G5/SU(2) x SU(2)

In this paragraph we shall make use of the spectral decomposition of the
Jacobi operator Ry, obtained in Proposition 4 to determine the focal set of
CP? in Gy/SU(2) x SU(2) and to obtain information of the geometry of the
family of CP? -centered tubes.

Let M be a submanifold of a complete Riemannian manifold N and let
Z € T,M L a unit normal vector at some point p € M. Let ¢ be the geodesic
in N with ¢z(0) = p and ¥z (0) = Z. We recall from [7] that the point ¢y (to)
(to > 0) is said to be a focal point of M along ¢ if the differential of the normal
exponential map of M is singular at toZ. Equivalently ¢ () is a focal point of
M along ¢y if there exist a Jacobi vector field J(t) along ¢z satisfying

(i) J(0) € T,M
(i4) J'(0) + Az(J(0)) € T,M~ (18)
(i41) J(to) =0

where Az is the shape operator of M in the direction of Z. If there are focal
points along ¢z, define

tz :=min{tg > 0: pz(ty) is a focal point of M along ¢, }

and call pz(tz) the first focal point of M along ¢z. By the focal set of M we
mean the set F'M consisting of first focal points of M along all the geodesics
pz departing from M with Z normal unit vectors to M.

In our situation M = CP? C Go/SU(2) x SU(2) and from (9) we know that
Us € (T,CP?)L. Proposition 4 provides the following ordered orthonormal basis
of eigenvectors of Ry,

{EyW=Ug,Ey =U_p, B3 =Us, By = U_s, F1, F3, Fp, Fy} (19)
where
F = U, + iU, B=U_,, - iU,
Py = —LU,, + 22U, Fy=1u_,,+¥%U,

Note that Eq, By € (TO(C]P’Q)L, E3, E4 € T,CP? and the vectors Fj, 1 <i < 4
are not tangent neither normal to CP2. In particular this shows that the totally
geodesic submanifold CP? is not curvature-adapted, as we already mentioned in
Remark 5.

If E(t) and Fy(t) denote the parallel transport along the geodesic ¢(t) =
YU, (t) of Ey and F} respectively, then it is not difficult to see that the most
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general Jacobi vector field along ¢(t) satisfying conditions (i) and (ii) of (18) is
given by

J(t) = pitEi(t) + psin(v2t) Ex(t) + p3Es(t) + paBa(t)+
+V/3(=ps COS(f) + 6 sm(%))Fl(t) +V3(p7 cos(J5) — pssin(J5)) Fa(t)+
(ps cos(35) + psin(35)) () + (pr cos(3) + ps sin(3L)) Fi(0).

(20)
where p; are arbitrary real constants (note that since CP? is totally geodesic in
Go/SU(2) x SU(2) condition (ii) of (18) becomes J'(0) € (T,CP?)L).

After some calculations we conclude that the smallest t, > 0 for which there

exist a Jacobi field J of the form (20) with J(¢,) =0 is 2\’}5 and so

T
tU,@ — m

At the same time we obtain that the most general Jacobi vector field satisfying
(18) for t, = 2”% is given by

) — sin( ) Ea(t)+
3))Fa(t)

)

(0 = VBps(—cos(fg) 4 sin() 1 (0) + VIps(eos(
po(cos(25) + sin(25)) (1) + ps (cos(2L) + sin
(21)
where pg and pg are arbitrary real constants.
Hence the first focal point of CP? along ¢ = ¢u, is precisely gp(ﬁ)

7 Theorem. Any tube (CP?), of radius 0 < r < 2”% around CP? is an em-
bedded isoparametric real hypersurface of Go/SU(2) x SU(2) with four distinct
principal curvatures. The principal curvatures k; of (CIP’2)T, with respect to the
outward unit normal field Z, and the corresponding space of principal directions
Vi are listed in the following table

_ 2(30‘6(\/57’) RE,(r)
0 RE3(r) ® RE4(r)
2 cot(2v/2r) + \/ 2cot?(2v2r) + § | RF;4(r) @ RE;,(r)
Zoot(2v2r) = \/2c0t?(2v/2r) + § | RFY(r) & R, (1)

where Fjg+2< r) = Fj(r) + (—1)j+1(cos(2\/§r)i \/%052(2\/§T)+3)F}'+2(T) . Bj(r)

and Fj(r) are the parallel transport along the geodesic ¢ = @y, of the vectors
Ey and Fy, defined in (19).
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PROOF. Let A” denote the shape operator of the tube (CP?), for 0 < r <

T~ with respect to the outward unit normal field. Since the action (by isome-

2v2
tries of ambient space) of SU(3) on (CP?), is transitive, A" has the same eigen-

values every point of (CP?),..

Fix the geodesic ¢ = ¢y, in G2/SU(2) x SU(2) and denote by Jx the Jacobi
field along ¢ with initial conditions Jx (0) = 0 and J%(0) = X if X € (T,CP?)*
and with Jx(0) = X and J%(0) = 0 if X € T,CP2.

Recall that By = Ug, By = U_g, E3 = Us, B4 = U_s and set E5 = Ul,,,
E¢ = U_q,, E7r = Uy, Eg = U_,. From (9) these vectors form a basis of
T,(G2/SU(2) x SU(2)) such that E3, Ey, E5, Eg € T,CP? and Ey, s, F7, Fg €
(T,CP?)L. Let Ej(t) denote the parallel transport along () of Ej.

Since the fields Jx satisfy the two first conditions of (18), they are of the
form given in (20) for adecuate constants. Then, from that expression and some
calculation it is not difficult to conclude that

Jp, (t) = tE(¢) Jg, () = L cos(L5) Fi() — § cos(35) Fy (1)
Jg,(t) = % sin(v/2t) B (t) Jgs(t) = ? cos(é)Fg(t) + %1008(3_%t>F4(t)
JE,(t) = E3(t) JEg. (1) = 7% Sln(ﬁ)Fl(t) + 7z sin(5) F3(t)
JE4<t) = E4(t) JEs(t) = —% Sil’l(%)FQ(t) + % Sin(%)ﬁh(i).
(22)
It is well known that, for Jx (r)tangent to the tube (CP?),., the operator A" is

given by the following formula
AT Tx(r) = =[Tx ()"

where W7 indicates the projection of W onto the tangent space of (CP?),.. Then

A"Jg,(r) = —cos(v2r)Es(r)
A"Jg,(r)=A"Jg,(r)=0

AT (r) = 355 sin(25)Fu(r) — 525 sin(35) Fy(r)
ATy (r) = 355 sin(25) Fa(r) + 525 sin(35) Fy(r)
ArJpg,(r) = -1 cos(%)Fl(r) — 3 cos(g—g)Fg(T)
A" g (r) = %COS(%)FQ(T) — 3 COS(%)E;(T)

From (22) we obtain

FLr) = gy (5 sin(25) T, (1) + V2 cos(25).7, (1)}
F3(r) = m{—2 sim(%)JE5 (r)+ \/écos(%)t]&(r)}
By(r) = Sm(; @n){% sin(55) JE, () — V2 cos(Z5) T, (r)}
Fy(r) = Sm(;\/ﬁ”{Q sin(%)JEG(T) + \/écos(%)JEg(r)}
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and thus, in the ordered basis { Ea(r), E5(r), E4(r), Fi(r), F3(r), Fa(r), F4(r)} of
Tw(r)((CIP‘Q)T, A" is given by the matrix in block form

—V/2cot(v2r) I
0l
M,
M,

where I; denotes the identity j x j-matrix and

~ - cot(2v2r) (~1)7/3(sin(2v2r)) !

M; =
T i EsinevEn) Tt~ cot(2vEr)

From this the proof easily follows. QED

It is difficult in general to determine the nature of the focal set of a sub-
manifold. However, in our case, by using the root space structure associated to
G2/SU(2) x SU(2) and geometric facts, we obtain the following result which
we feel that may be found interesting.

8 Theorem. (i) The focal set FCP? of CP? consists of those points in
G2/SU(2) x SU(2) which are at distance ﬁ from CP%. Furthermore, SU(3)
acts on FCP? transitively by g.ng(Q“W) = cpg*z(;rﬁ) where @z is the geodesic
starting at p € CP? with initial unitary speed Z € (TPCIPZ)l.

(i) The universal covering space of FCP? is the sphere S°.

PrOOF. We already know that the first focal point of CP? along ¢ = YU,
is @(ﬁ) Let J(t) be a Jacobi vector field of the form (21) then for any g €
SU(3), g«J(t) is a Jacobi vector field along the geodesic wg,u,(t) = g.pu,(t)
which satisfies also conditions (i), (ii) and (iii) of (18) with ¢ty = Q\L@ Then
SOQ*UB(;W) is a focal point of CP? along ¢g.Us and by an analogous argument
we have that gog*Uﬁ(ﬁ) is the first one.

We conclude the proof of (i) considering that SU(3) acts transitively on CP?
by isometries of Go/SU(2) x SU(2) and that the natural action of S(U(2)xU(1))
on the unit sphere of (T,CP?)L is transitive (see Lemma 1).

Fix r* = YN and consider the displacement map f of the tube (CP?),« in

direction of the outward normal unit vector field Z given by
f 1 (CP?),. — FCP?, g+ ty(r*)

where 1, denotes the geodesic in Go/SU(2) x SU(2) with 1,(0) = ¢ and 1),(0) =
Z,. This map is SU(3) -equivariant, i.e., f(g.q) = g.f(q) for ¢ € (CP?),« and
g€ SU(3).
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It is known that df,(X) = Jx (r*) where Jx is the Jacobi vector field along
1, determined by Jx(0) = X and J4(0) = —A"" X
Denote by p* = ¢y, (r*) € (CP?),+. It easy to see that if 2 < k < 8

dfp-(JE, (7)) = JE, (2r7)

where the vectors JEk( r*) are given by (22). Since {Jg, (r*) : 2 < k < 8}
is a basis of T)(CP? )T* we can conclude that the Ker(df,-) is generated by

Jg,(r \/7 Jg, (r*) and Jg,(r*) + \/> JEg(r*). Then it has dimension 2.
On the other hand, we know that the focal set FCP? is a quotient space
U(3)/K where K is the isotropy group at p, = @Uﬁ(ﬁ) = exp(Q\L@Ug).o
and that the canonical projection m of SU(3) onto SU(3)/K is a Riemannian
submersion. Then, given a smooth curve § in FCP? with B(0) = p, there is a
unique smooth horizontal lift « such that «(0) is the identity of SU(3) (see [4,
p. 65-66]). If 71 denotes the canonical projection of SU(3) onto SU(3)/S! =
(CP?),+ we have the smooth curve §(t) = 7 o a(t) = a(t).p*. Then f(4(t)) =
flat).p*) = a(t).f(p*) = at).po = m(a(t)) = [(t) and it follows that dfp-
is onto. Hence FCP? = SU(3)/K is a five dimensional compact homogeneous
manifold and so, dim K = 3.

Our next purpose is to determine the connected component of the identity
of the compact group K. It easy to see that K = g,(SU(2) x SU(2))g, ' NSU(3)
where g, = exp ;WUB and therefore the Lie algebra of K is ¢ = Ad(g,)(su(2) ®
su(2)) Nsu(3).

Using formulae (11) we can see that there exist real constants a;, b;, ¢; and
d; satisfying

Ad(gg)zH = (iHa, + 5iHp) + J5U_g
(go)ZH,@ - \/_U—
(gO)Ua1 = aanl + ban2 + ClU + dlU
(go)Uu = QQUal + b2Ua2 + CQU + dQU
(gO)U_al = CL3U_Q1 + bgU_a2 =+ CgU_,y + d3U—H
(go)U_u =aqU_q, +04U_q, + caU_ o + d4U_M

From this, (3), (5) and the fact that dim ¢ = 3 it is not difficult to conclude
that there is a real number b # 0 such that ¢ is the algebra generated by {Z; =
iHo, +5iHg, Zo = bUa, + U, Z3 = [Z1, Zo]}. Now, with some extra calculations
we can obtain that [¢, €] = . It is well known that (up to isomorphism) the only
compact three dimensional real Lie algebra with this property is su(2). Then
the connected component of the identity of the compact group K is SU(2) and
so SU(3)/SU(2) = S° is the universal covering space of FCP?.
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