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1 Introduction and statement of the result

In this paper we study the behaviour near the boundary of the solution
of the Dirichlet problem in a bounded domain Q C R,,n > 2, with smooth
boundary 0Q for an elliptic second-order equation

=) (aij(@)ue,)e, + Y bi(@)ug, + clx)u = f(z) —divF(z),z € Q; (1)
i=1

ij=1
ulaq = uo, (2)

where ug € Lo(0Q); the functions f and F' = (f1,..., fn) belong to Lajoc(Q),
the symmetric matrix A(x) = (a;j(z)), whose elements are real measurable
functions, satisfies the condition

n

NIEP <D ay(@)€g; = (& A@)€) < l¢f (3)

4,j=1

for all £ = (&1,...,&) € Ry, and = € @, with positive constants v and 79, the
real coefficients B(z) and c¢(x) are measurable and bounded functions on each
strong inner subdomain of the domain Q.

The aim of this paper is to obtain conditions on the coefficients of the lower-
order terms of the equation for which the solution of the given problem has
the property of (n — 1)-dimensional continuity. The concept of s-dimensional
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continuity, which is a natural generalization of continuity on several variables,
was introduced by A. K. Gushchin in [1] and means the following.

Let p and v be probability measures on R,, with supports in @ satisfying
the condition:

there exist a constant C such that for all » > 0 and 2° € @ the
measure of the ball B,o(r) with radius r and centre ¥ is less or
equal to Cr®, where 0 < s < n; the smallest of such constants C'
will be called the norm of the measure and denoted by ||| (or ||v||,
respectively).

Let ¢ be a measure on Ry, with support in Q x @ such that u(G) = ¢(G x
R,),v(G) = ¢(R,, x G) for all Borel sets G C Q.

Following [1], a function v will be called s-dimensionally continuous if for
any positive number € there exists a number § > 0, such that

S (A
||“||+|VHR/[ () —v(y)]"dé(z,y) <e

(the distance between values of the function v on these measures along ¢ is less
than ) as only

/ & — yldé(,y) < §
Ron

(the distance between the measures p and v along ¢ is less than 0).

Note, that if arbitrary measures are taken in the definition, i.e. s = 0, then
one gets the classical defintion of uniform continuity on Q.

The set of all s-dimensionally continuous functions on ) forms the Banach

space Cs(Q), which is the completion of the space C(Q) w.r. to the norm gen-
erated by the functional

(v) = /Ms({m €O @) > Ad\, ve @),
0

where
M(E) = inf {Z ri, |JB(r) o E} :
i=1 1=1

and the infimum is taken over all coverings of the £ by means of balls B(r;) of

radius 7;; for s = 0 and s = n we have the special cases Cp(Q) = C(Q) and

Cn(Q) = L2(Q), see [1]. The (n—1)-dimensional continuity of the solution of the
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Dirichlet problem with boundary function ug in Ly (9Q) for the equation without
lower-order terms (i.e. b; = 0, ¢ = 0) and with right-hand side f € W, ' (F = 0)
was established in paper [1]. There it was assumed that the unit inner normal
7 to the boundary 9@ satisfies Dini’s condition

7(x) = v(y)| < w(lz —yl) (4)

for all z and y in 0Q), where w is a monotone function such that

O/@dt<oo

and the coefficients are continous on the boundary in the sense of Dini:

|aij(x) = aij(y)] < w(lz —yl) ()

for all z € 0Q,y € Q and 7,j = 1,...,n; without loss of generality, of course
one can always assume that the function w is the same in (4) and (5). In [2] the
above mentioned result was generalized for a wider class of right-hand sides. In
this paper it was shown that the theorem holds for right-hand sides with

()(1 + | Inr(z)])
()(1 + | Inr(z)])

r

[F(z)] € L2(Q) (6)
[ (z)] € L2(Q) (7)

[STUCRENTE
NN

r

where r(z) is the distance of a point z € @ from the boundary 9Q. In the sequel
we will in the same way assume that the conditions (4)—(7) are satisfied. By a
solution of problem (1), (2) we understand a function u in W21,loc satisfying the

equation (1) in the sense of generalized functions, i.e. for all n € C°°(Q) the
integral identity

/(A(x)Vu, Vn)dz + /((B(:z:), Vu) + c(z)u)ndr = /(fn + (F,Vn))dx (8)
Q Q Q

is satisfied, and satisfying condition (2) in the following sense:
each point z° € Q has a neighborhood V0 C 9Q such that

/(u(x + 67(2°)) — ug(z))*ds — 0 as § — +0. 9)
V.0

T
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The concept of a solution in W, . was introduced by V. P. Mikhailov in [3],
[8] for the case of a domain with twice smooth boundary, see also [5], [9], and [10].
Hereby, a solution attains its boundary value in the following sense

/(u(g@g(m)) —up(x))?ds — 0 as § — +0
oQ

where ps(x) = x + 6v(x).

In [3], [8] it was shown that in the case of an equation with smooth coeffi-
cients (a;;(z),b(z) € C1(Q),4,7 = 1,...,n,c(x) € C(Q)) the problem (1), (2)
in the above mentioned framework is Fredholm and has the same spectrum as
the problem in the W3 (Q)-framework; if the number zero does not belong to the
spectrum, then the problem is solvable for any boundary function ug in L2(0Q)
and for any right-hand side f(F = 0) such that

/re(x)fz(x)dx < oo with some © < 3.
Q

A generalization of this result for domains with Lyapunov boundary was ob-
tained in [6] and [7]; in this context, the boundary condition (2) was formulated
in local terms - it was required that the condition (9) is satisfied. In this way
it could be shown that the map © — ps(x),z € 0Q), attributing to the points
of the boundary points on a “parallel” surface, enables to get away from the
chosen before direction (i.e. “orthogonal” to the boundary) and take instead
the normal at a fixed point in a neighborhood under consideration.

The property of (n — 1)-dimensional continuity shows that the chosen direc-
tion of the normal can be abandoned completely: the values of the boundary
function ug can be compared to the values of the solution v not only on surfaces
“parallel” to the boundary or near to such surfaces, but also on the images
of 0Q under mappings in a fairly large class. In particular, the surface 0Q)
can be partitioned into sufficiently small parts, each of which can be moved
and turned (without leaving Q) so that the points are relocated “not too far”;
hereby, different points of the boundary may be mapped onto the same point,
but it cannot be allowed that there are “too many” such points. Furthermore,
this property allows to define a solution of the Dirichlet problem with square
summable boundary function, where the smoothness of the boundary is not
required (see [1] for more details).

In this paper we shall establish when a solution in Wibc of the Dirichlet

problem for a general second-order equation belongs to C),—1(Q). We assume,
that the coefficients B(z) and ¢(z) satisfy the conditions
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there exist a constant X > 0 such that

K
B(z)| < 7
He r(z)(1 4 [Inr(z)])s

z € Q, (10)
there exist a monotone function C(t) such that

e(2)] < C(r(2)), 7 € Q, and /t3| mtiC2()dt < 0. (11)
0

Now we exhibit the main result of the article.

Theorem. Assume that the conditons (3) - (7), (10) and (11) are satisfied.
Then any solution in Wy, . of the Dirichlet problem (1), (2) belongs to the

Gushchin space Cp,_1(Q).

2 Proof of the Theorem

The proof of the theorem is based on the following

Lemma. Under the assumptions of the theorem, let u be a solution in VV21710 .
of the Dirichlet problem (1), (2). Then the function r(x)|Vu(x)|? is integrable
over @, i.e.

/r(w)|Vu(af)]2dx < 0. (12)
Q

This result is well known in the case of an equation with smooth coeflicients
and Lyapunov domain, see [3]-[10]. In [1] this result was established for an
equation without lower-order terms (b; = 0,¢ = 0) and under the assumption
that the conditions (3) - (5) are satisfied. Moreover, the condition (12) is not
only necessary but also sufficient for any solution of the equation (1) to be a
solution of the Dirichlet problem with some boundary function ug in L2 (0Q),
see [4], [2].

Proor oF THE LEMMA. We will follow the scheme of the proof of lemma
1 of the article [1].

Let 2° € 0Q be an arbitrary point of the boundary 9Q of the domain Q
and (2/,7,) is a local coordinate system with the origin z° and the z,-axis is
directed along the inner normal v(2°) to dQ at the point x°. Since AQ is of the
class C, there exist a positive number r,0 > 0 and a function p,0 € C1(R,_1)
with

1
©0,0(0) =0,Vp,0(0) =0 and |Vp,o(z')| < 3 for all 2/ € R,_1
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such that the intersection of the domain @ with the ball U(Qw(’) ={z:|r—2° <

rg0} of radius r,0 about z¥ has the form ’
(7"10) _ (Tzo) / . /
QNU,™ =Uy N{(@' 2n) : Tn > pp0(2')}
Then, of course,
(ry0) _ y7(r;0) ’ R /
0QNU ™" =U " N{(2",2n) : n = @ro(2')}.

We assume that r 0 be such that 9Q N Ui’gz“ belongs to the neighbourhood
Vo0 in condition (9) (this can be achived by decreasing r,0). Then

/ [u(xlv Pa0 (xl) + 5) - UO(xla Pz0 (ml))]zdx/ — 0asd — +0.

{x’ERn,1:\$’|<%r10}

Let £,0 = r,0/v/2; from the covering {Uﬂ%xo), 2% € 0Q} of the boundary 0Q
select a finite subcovering U:gf;fm), m =1,...,p; following [1], for brevity denote
the balls Ug,fm),m =1,...,p, by Up, rom by 7, zm by £y, and @zm by ©p,.
Set
1/ 2 2
h= —(— — £) min(1,7y,...,7p);

N

Then, each of the curvilinear cylinders
ol = {(2 2, ¢ |2] < by + By o (27) < 2 < o (27) + D}

lies in the corresponding ball U,,, and also in U, N @ (recall that (2/,x,) are
here the coordinates of a point in a local system of coordinates with origin at
™). Let £y € (0,h/4) be such that the complement of the domain Q3, = {z €
Q :r(z) = dist(x,0Q) > 3lp} in Q lies in the union of the “cylinders”

an’”’h = {2, zn) 12| <l om(@') < xp < @m(2) +h},m=1,....p;

p
Q* = {z € Q:r(z) = dist(x,0Q) < 3ly} C U I,

m=1

Put

", = i toh ¢ Mt € U, N Q, Q= (Q\ Q) UTIl,
Q= (Q\ Q™) UL,
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It is easily seen that for all z = (2/,z,) €I, m=1,...,p
4
r(z) < xp — pm(a’) < ?r(m) < gr(x) (13)

We fix an index m, 1 < m < p, and take a local coordinate system with
origin at z"; in the sequel the dependence of the function ¢,, on the number
m will not be indicated: ¢ = @y,.

We define a mapping £ of the space R, onto itself by the relation L£(z) =
(2,20 — (@), where & = (¢, 2,); L-1(y) = (s + 0(¥)).

The image of a set under the mapping £ will be denoted by the same letter

with ~ on top; in particular £(Q) = Q, L(Qm) = Qm, L(I11) = ﬁﬁl, £(H,€T’h) =

1lm ,h
L.

Let u(x) be a solution in Wy, of the problem (1), (2). We take an arbitrary
function 7 in W (Q) with support in Q. Then, the function n(z) = n(a', z, —
©0(2"), x = (2, 1,) € Q, belongs to W} (Q) and its support is contained in Q.

Denoting u(y/, yn + (') by @(y). f(y',yn +¢(y)) by f(y) and ey, yn +
©(y')) by ¢(y), we get from the integral identity (8)

/ > )i (0, Wy + [ (Zb + ey
Q

1,7=1

Q~ Q~ =1
where the matrix 4( ) = (aij(y)) and the vectors B(y) = (b1(y), ..., ba(y)),
( ) = (fl( )y, fn(y)) have the form:
aij(y) = aij (¥, yn + @(y')) for i <n,j <mn,
Gni(y) = @ de(y) . .
anl(y) = azn(y) = anz(y Yn + 90 Zakl y UYn + y )) ayk for 1 < n,
n—1
; Op(y') / m 92(Y)
Gnn = em (Y Yn +
(v) kgl Gy G+ )5
n—1
8 /
=2 an(y yn + w(y/))% + anmn (Y, yn + 0(¥)),
k=1
Bz(y) =b;(y,yn + @) for i <n,
n—1
Ba®) = ba(s v+ 2) — 3 et/ v + (1)) g;zh

k=1
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fi) = iy yn + 0(y")) for i < n,

n—1

Fas) = 56+ ) = el + ) 25,
k=1

This means, that the function @(y) (in W3,..(Q)) is a solution of the equation

— div(A(y), Va(y)) + (B(y). Valy)) + éy)aly) = fly) — divF(y). (1)

The matrix fl(y) is positive-definite uniformly with respect to y € Q and the
coefficient a,,,(y) satisfies the inequalities

i 5
1 <N HIVeW)) < annly) < %01+ Ve)*) < 7.

Denote by Ay(y) = (a%(y)) the matrix, the elements of which are defined
on 11" and have the following form:

1
= ain(&,0)dE for i < n,
mesn_1{€ € Rt < 6] < ] / (€,0)d¢
{€€Rn—1:|€—Y |<yn}

a?m(y) = dnn(?/? O)

It was established in [1] that in II"

N

[Z lag, (y) — dm(y)|2] < W (yn), (14)
=1

and

0 ~
’aazn(y>’§ w(yn),zzl’,n_la (15)

0y;

where w(t) = Cw(2v2t) (w(t) comes from the conditions (4) and (5)); the
constant C' depends only on n and .

Let 69 < %0 be a fixed positive number; in the sequel the dependence on the
chosen and fixed numbers p, 7y, €y, m =1,...,p, o, n, V1, Y2, 0o Will not be
indicated in the notation.
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For an arbitrary 6 € (0,5q) we define the function gs(y) on the domain Q,,
by
0 for |y/| < €pm + 4,0 < yp, <,
05(y) = Yn—0 for|y| <lm 44,6 < yn < 400,
469 — 6 for the remaining points y in Q.

The function gg satisfies the inequalities

rs(x) < os(L(x)) < o7

Q| W~

%5(33) for all x € Qum, (16)
where 75(x) = min{3dg, max{0,r(x)—0}}, see [1]. Moreover |||V95|||L00(Qm) <1

We fix a function ¢ € C1(Q) such that ¢(x) = 1 for z € Q/,,9» = 0 for

1
T € ngo \ Hf,;"+2€0’h, and 0 < ¢(x) <1 for all z € Q; it will also be assumed

that for |y/| < €m + £o and 0 < y,, < 2{o the function ¥ (y) = (L_1(y)) does
not depend on y,.
Taking in the integral identity (8) the function 7(y) as 0s(y)¥(y)u(y) we get

/ 0s9(Va, AVi)dy + / 05(V), AVa)dy

QT"/ Qm
+ [ Ga(Ves, AVay + [ esba(B vy + [ osicitdy
Qm

Qm Qm
_ / osPifdy + / 0s9(F, Vi) dy

Sm 6
+ / osii(E, Vid)dy + / Ja(F, Vos)dy (17)

Qm Qm

In view of (13)

i (6) = / 05 (0)d () (Vii(y), A(y)Vi(y))dy

Qm
> / (@) (Vau(z), A(z)Va(z))dz > 7 / ()| V() 2dz.
o o

we are going to obtain upper estimates for the remaining terms of equality (17).
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The estimation of the integral

() = / 05 a() (Vi (), Ay) Vii(y))dy.

Qm

Again in view of (13)
E70) < 5 [ ras@lu@]|(Vo(e), Ale) Vu(w)da

< 5Wla@n [ rs@mEIvu@id
Qm

1

{g / |Vu(a:)|2dx+2/r5(x)Vu(x)\de}z

(anmJQQ,hOQ%a)\Q;[a Q

< 6/7”5(56)|Vu( )| da:—}-% / \Vu(z)|*dx
¢ (i #0g % ) 0¥

C/

L&

€

r(z)u’(z)dz,
Q

where 0 < € < 1 is to be chosen later.
Since the estimate is valid for solutions of the elliptic equation (1) (see [11])

1 Bl
/\Vu(x)l%l:c < Co(n,72) {(ﬂ + f” + ||Byiw(G)> /u2(ac)dx
G’ G
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+02/f2(3:)d:v+/|F(1:)|2d:U+/|c(3:)\u2(x)dm (18)
G G G

where G C G and o = dist(G’,9G), then in view of (10) and (11) it follows
that

0 / |Vu(z)|*dx
(Hzm+%0,h 56) 35

nR1TNQT

< Cpd

16 4
— +-|B _ B||? _ :

/ W2 () da + % / P(2)de

Lm+2g,h 38 s L +Lo,h - 38 s
(o nQ T )\Q2 (o rnQ T )\Q2

+ / |F(z)|*dx + / |c(33)]u2(1:)d9:]

(ot ng ¥ )\o3 (ot ¥ )0

35
1 1 /
1+ -+ 3+5/C(t)dt :
(I+|Ind))s (14 |Ind|)2

35

<oy

8

max / @y yn)dy'

S <yn<26
|yl‘<£m+€0

; Tgﬂf nr\xr %2317 T
e A @)1+ lr(@) (e

(it otng ¥ )03

- o e
+(1+|lngay)% / (@)(L + [Inr(z)])2 [F( )yd]

(mtmttonnQ ¥ )\@3

We introduce the notation

~2/ /
Mzogagh / a“(y', yn)dy',
| <tmtbo

I£11* = /7"3(1‘)(1 + [enr(@)))? £ (w)da,
Q
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1F)|* = /r(x)(l + [enr(@)])? |F(2)*de.

Q
Since by (11) ¢ f3 t)dt < ﬁ, then we have
6 / Vu(@)|?dz < Co[M + || f|I* + | F %] (19)

(i #0g % )\ %
Consequently, the estimate is valid
M) < e / 1) Vu(z) Pz + 1),
Q
where Iz( ™ (e fQ z)dz + e[M + || f|I* + || F||*]).

The estimation of the integral

o=/ [ .
3 |y'|<lm~+Lo
(Vos(yn), (AW yn) — Ao, yn) )V Ay, yn))dy dyn

~ 0
by )E (', yn)Z%Ziy")dy’dyn

=1

460

2
0 |y |<lm—+Lo
460

n—1 7
1 . oy
- 5 / u2 (y/v yn) Z a?n(ylv yn) a; )dy,dyn
5 1y |<bm+to =1
1 5 -
+3 / ann(y', 0)(y) a2y, 460)dy’
‘y/|<€7n+60
1 5 -
- / Gn () YD ()2 (/, 6)dy
|y/‘<£m+£0

= I8V (0) + 157(8) + I3V (8) + I3 (60) + I3 (5).
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111
In view of (13) and (14)

460
157 (6)] < D) i(y) | Vily)|@(yn)dy' dyn < IS (5)+
0 |y’|<fm+ﬁo
460
5(46) / / B W) IV aw)|dy dya,
do |y |<lm—+Lo
where
i S ETAPRY
m)’ 7 ~ w n
15 (6) = ( / / ¢<y’>yn\w<y>|2dy/dyn> (M / )y >
9 ‘y/|<€7n+£0 0
1
2 ~ 2
< (? / r($)|Vu(m)|2d:B> (M/wy(y”>d n)
aner%O hﬂQ 25
NG
1
. (

dyn.-
Yn
anm+é70 h 0
Next, in view of (19)
¢ / rs5(2)| Vu(a) e
anm+[70,h
€ld 9 9
< 313 |Vu(x)|*dx 4+ 2 | rs(z)|Vu(x)|*dx
(i 2 gt Q¥ ¢

< [ rs(@)IVu(e)Pde + SCoM + 1717 + 1FIPL
Q
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Thus

7 (6)] < e / ro(@) | Vu(a) 2z + 157 (6o, €),
Q

where

o
" e 8v/5 &2 (yn
17 (80,0) = SColM + 117 + |1FIP) + 22 M / ) g

)

5(460) / / S IVly)|dy dya.

60 |y ‘ <Zm +€0

In view of (15)

)

~(m (:; n
@) < W)E( )2 dy iy,
0 |y'[<lm~+Lo
1 460 ~( )
n — w yn m
< MT/ L A
45° = 00y
I35 (0)] < 5 / / >y, yn) a?n(y',yn)Ty’y dy dy, = I3 (60)
|y ‘<€m+€0 i=1
F(m 5 m
500 < oM = I,
Thus, we get

where

1" (€) = I (Go, €) + 1557 (80) + 13" (30) + " (6) + 153",
The estimation of the integral

QI / 05 (1) W)w) (B(y), Va(y))dy.
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In view of (16)

4
I _
| 4 3 /

§<2 T(fv)w(w)UQ(w)!B(m)\Qdfv>< / ¢(x)7‘ga(x)lw(w)l2dm>

anQ%(; Qme%(;

2,,2
<5 [ memepest [ KR,
2( B ooty T+ [Inr(z))
Q\Q Ul 7 1

(@)[|B(z)[|Vu(z)|dz

AIO«

1
2

< [ rs(@)Vu(e)de+ SCald + 17 + |1 FIP+

Q
K? u?(z) N )
al / A+ @Dt / r<x><1+|1nr<x>r>3d)

¢
L +-% h
Iy," " 2 ﬂQS&

2
/ 2)|Vu(@)de + ZColM + || £ + | FI*) + Monuniﬂw

dy’dyn

Q
h

V5 K? w*(y)

sz

Yn(1+ | Iny,|)?

37 Y| <lm +fo

/ )| Vau(z)2dz + 1™ (e),
Q

where

h
m € ~ K2 V5 K2 dyn,
176 = O+ IFIP+ o Nl + 5~ M / —

€ 1+ |tny,)?

The estimation of the integral
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In view of (11)

10125 [ rasevle@ll @)z

< %( / r(x)C(200)u*(z)dx + / r(:c)C(r(:z))u2(x)d$)
Q\Q20 T 0" Q

h

< §<c<2eo> [rar@azs [ ] ync(%yn)a%y',yn)dy'dyn)
Q

30 Jy'[<tm+Lo

§C’5</r( Ju ( )dx+M/yn \/gyn)dyn> :]5(7”).

Q

The estimation of the integral

I (6) = / 05 (1) P (W)(w) F(y)dy
Qm

00 < 5 [ ru s
Qm

dyn m
<cﬁ(uuuLQ +||f||2+M/ o D%> _pm
Yn nYn

The estimation of the integral

i (6) = / 0s(0)P(v) (F(y), Vi(y))dy.
Qm
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Analogously to the estimations of fém)(é) and T im)(é)

(m 4
EM@) <5 [ rag(@)lP@)|Vu(o)lds

Qm

16
<5 [ v@ry@Va@Pds+ 5 |FIP
Qm
~ 16

e / 73(@) V() Pdz + SColM + |1 + | FI7) + oo [ FIP

IN

rs(z)|Vu(z)|2dz + 1™ (e).

H
@\ Q

The estimation of the integral

i (o) = / 05 (1) () (F (), Vi(y))dy.

Q’VVL

V0125 [ ras@u@IP@ITs@)da

4 m

And finally, the estimation of the integral

im(s /w F(y), Vos(y))dy.

)] < / ()| F (2) e

Qm
u?(x)dx
< / A IF)?
r@)(1+ [lnr(2)))?
gi/ 2(z >d:c+— / L L— e )
26 Yn(L+ [ Inyn|)2

Q
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Substituting the above obtained estimates in the equality (17) we get

9 ~
" /Ta(x)IVU( 2w < T™(5) < 7™

Qs k=2

< 4 / ro(@)| V() [2dz + T (e),
Q

where 1™ (¢) = Zk 2I(m)
Next, summing over all m with 1 < m < p we get

/()\Vu |d:n<712/ )| Vu(z)|*de
m=1
Q/

Q

p
< 4ep/ rs(x)|Vu(z)|Pde + Z 1) (€)
m=1

Q

Choosing € < & , we get

/ s(2)|Vu(x)Pde < = Z 10m) (e (20)

Q

Since the right-hand side of the last inequality (20) does not depend on ¢, it
obviously follows that the function r(x)|Vu(z)|? is integrable over Q. The lemma,
is proved. QED

PROOF OF THE THEOREM. Let u(z) be a solution in W3, _ of the problem
(1), (2). Then, by lemma, the integral (10) is bounded. On the other hand, it
is clear, that the function u(z) will be also a solution in W . of the Dirichlet
problem: ’

—div(A(z), Vu(x)) = f(z) — (B(x), Vu(z)) — c(z)u(x) — div F(z),
v‘aQ = Uuo, (1,)

Therefore, as follows from the results of the article [2], for obtaining (n —1)-
dimentional continuity (i.e. the belonging to C,,—1(Q)) of the solution v(z) =
u(z) of the problem (1), it is sufficient to show that the function g(x) = f(x)—
(B(z), Vu(zr)) — c(z)u(z) satisfies an analogous condition to (7), that is

r2(z)(1 + |Inr(z)|)1g(z) € La(Q) (7))
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(the function F'(z) satisfies the conditon (6)).
In view of the lemma and conditions (7), (10) it immediately follows that

r2(2)(1+ | lnr(x))T (f(2) — (B(z), Vu(z))) € La(Q).
In view of (11)

/rg(ac)(l (@) (@) (@)de
Q

< C2(20)) / B + | nr(@)]) () de

Qa2
p
£ [ @0 )i @)@
m_lﬂfnm’h
< Ol + 3 / Y2(1+ [0 ) C2 ()25 )y
> 2 n n n y Yn n
= NG NG

< oQ.

Thus, the function g(z) satisfies the condition (7') and consequently u €

Cn—l(Q)-

The theorem is proved. QED
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