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Abstract. Lie symmetries has been introduced by Sophus Lie to study differential equations.
It has been one of the most efficient way for obtaining exact analytic solution of differential
equations. Here we show how one can extend this technique to the case of differential difference
and difference equations.
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1 Introduction

Sophus Lie introduced the notion of Lie groups as a unifying tool to study
differential equations [1,2]. Lie groups have been used to solve differential equa-
tions, to classify them, and to establish properties of their solutions [3-8].

In particular, they provided one of the most efficient methods for obtaining
exact analytic solutions for partial differential equations, i.e. symmetry reduc-
tion. This method consists of a sequence of algorithmic steps the first of which
is finding the Lie group G of local point transformations:

M

Fy(x,u) = x + g€(x,u) + - - (1)
Hy(x,u) =u+ gop(x,u) + - -

<
Il

where ¢ is the set of group parameters and x € RP. Given a partial differential
equation of order k Ex(X,u, Us,, Ug, ;- - - Ua,, ;) =0, G is obtained requiring
that the transformation (1) leaves the set of solutions invariant, i.e. defining the
infinitesimal generator of the Lie point symmetry

X = &0y, + ¢0, (2)
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where summation over repeated indices is understood, and requiring that
prX Eglg,=o = 0. (3)

where by prX we mean the prolongation of X to all derivatives contained in
E,. = 0. Then we look for solutions which are invariant under a subgroup Gg of
G. The finite group transformations, obtained by integrating the infinitesimal
generators, transform solutions of Ej = 0 into solutions of the same equation.
Other classes of exact solutions can be obtained by considering conditional sym-
metries [9].

We can consider the evolutionary formalism [3], an equivalent representation
of the infinitesimal generator of the symmetry (2),

Xe = Q(X, Uy gy s - - -, U, ) O, (4)
Q = ¢ - giu:ria pTXeEk"Ek:O =0.

Let us notice that the existence of the evolutionary symmetry (4) implies

Ug :Q(Xauaum1a'--auxp)a (5)

i.e. that symmetries are equivalent to commuting flows. As (Q is linear in the first
derivatives of u eq. (5) is integrable on the characteristics being a quasilinear
partial differential equation of first order and its solution gives the corresponding
group transformations (1).

The notion of point symmetries can be extended [3] to the case of general-
ized symmetries by requiring that @ = Q(x,u, ug, , ..., Usg, .., )- In this case
eq. (b) is a partial differential equation of order s. To get the group transforma-
tion we need to solve its initial value problem starting from a generic initial data.
In general this is not possible and thus we are not able to find the correspond-
ing group transformation. However, in the case of variational symmetries, by
Noether theorem [3], generalized symmetries still can provide conservation laws
and their existence is usually associated to exactly integrable equations [10,11].

The application of Lie group theory to discrete equations, like difference
equations, differential-difference equations, or g¢-difference equations are much
more recent [12-42].

By a difference equation we mean a functional relation, linear or non-linear,
between a function calculated at different points of a lattice [43-47]. These
systems appear in many applications. First of all they can be written down as
discretizations of a differential equation when one is trying to solve it with a
computer. In such a case one reduces the differential equation to a recurrence
relation:

Z_Z = f(z,u) = vn+1)=gn,ov0)).
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On the other hand we can consider dynamical systems defined on a lattice,
i.e. systems where the real independent fields depend on a set of independent
variables which vary partly on the integers and partly on the reals. For example
we can consider

d*u(n,t)

o F(t,u(n,t),u(n —1,t),...,u(n —a,t),u(n+ 1,t),...,u(n +b,t)),

where a and b are some integer positive numbers. These kind of equations can ap-
pear in many different setting. Among them they are associated to the evolution
of many body problems, to the study of crystals, to biological and economical
systems, etc. .

As an example of possible applications we consider the problem of the trans-
mission of energy in one dimensional molecular system, problem which is of
particular relevance for understanding the functioning of physical systems of
biological interest [48]. This is a particularly hot topic as biological processes
require the transport of energy with low dispersion along essentially one di-
mensional chains, such as the spines in an « helix [49]. A mechanism for the
nondispersive transport of vibrational energy along hydrogenon bonded chains
was proposed by Davydov and its continuous limit for small lattice spacing gave
rise to a Nonlinear Schrédinger equation (NLS) which has soliton solutions [50].
If such soliton like solutions are valid also at biological temperatures is an open
problem. In the case of diatomic nonlinear lattices we can describe such systems
by the equations

Miiy, — ki(yn — xn)+k2(2n — Yn—1)—

€B1(yn — $n)2 + €B2(xy — yn71)2 =0
Mo + k1(yn — n)—k2(Tp41 — yn)+

B1(yn — xn)Q — €Ba(Tns1 — yn)2 =0

(6)

where M; and M, are the different values of the two atomic masses, € is a
small parameter while ki, ko, $1 and (o are four constants of order 1. When
ko < k1 these equation represent a molecular chain with intramolecular inter-
action stronger than the intermolecular one. This is the case, for example, of an
hydrogen-bonded polypeptide chain.

In ref. [48] this problem has been considered from two different points of
view:

(1) One has performed a molecular dynamics numerical simulation.

(2) One has performed a reductive perturbative analysis of the dynamics of
the diatomic chain.
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The numerical results (see Figs.1-3 of [48]) show clearly the relevance of the non-
linear terms in this non-dispersive energy transport. Moreover one can show that
localized initial excitations of generic form can evolve into solitonlike solutions
that travel along the chain. The numerical calculations show that such solutions
are robust with respect to thermal disorder, i.e. energy can be transported with
no appreciable dispersion even at room temperature. In the second case the
development led to a NLS equation and to a solitonlike solution that transfers
energy without dispersion.

To conclude I would like to present a result by MacKay and Aubry [51].
In a Theorem they showed that almost any Hamiltonian network of weakly
coupled oscillators has a ‘breather’ solution while the existence of breathers
for a nonlinear wave equation is rare. The results of this Theorem imply that
the discrete world can be richer of interesting solutions and thus worthwhile
studying by itself and symmetries are a simple and efficient way to do so.

2 Intrinsic Lie point symmetries for discrete equa-
tions

The first steps in the construction of Lie symmetries for difference equations
were taken by Shiguro Maeda in 1980 [12] and later extended by many authors
[13-42].

For simplicity in the following I will consider just the case of a scalar equation
in two independent variables but, equivalent results can be obtained in the case
of N independent and M dependent variables.

A discrete equation in R? is a functional relation for a field u(P) at L
different points P; in R?, i.e. E = E(x,t,u(Py),...,u(Py)) = 0. A differential
difference equation is obtained by considering the points P; uniformly spaces
in one direction, say ¢, with spacing h;, in such a way that we are allowed to
consider the continuous limit when h; goes to zero and the number of points in
this direction goes to infinity.

The points P; in R? can be labelled by two discrete indexes P; = P, which
characterize the points with respect to two independent directions, say x and ¢.
For example, in cartesian coordinates we can write:

Pn,m = (xn,ma tn,m) (7)
and the function u(P) reads
u(PZ) = u(Pn,m) = U(xn,mv tn,m) = Un,m- (8)

A difference scheme will be a set of relations among the values of {x, t, u(z,t)}
at a finite number, say L, of points in R? {Py, ..., Pr} around a reference point,
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say Pj. Some of these relations will define where the points are in R? and others
how u(P) transforms in R%. The number of relations required will depend on
the kind of initial - boundary value problem we are interested in. If the lattice is
completely defined by those relations than we need to have five equations, four
which define the two independent variables in the two independent directions
in R?, and one the dependent variable in terms of the lattice points:

Eo({Zntjmti> tnrjmtis Unyjmyi}) = 0 9)
1<a<5b; —i1 <i<iy, —j1<j<jo (i1,i2,j1,72)eZ "
11+ =N, J1+j2 =M.

System (9) must be such that, starting from {x,¢,u} in L points we are able to
calculate it in all points.

If a continuous limit of (9) exists, than one of the equations will go over
to a partial differential equation and the others will be identically satisfied
(generically 0 = 0). We can also do partial continuous limits when only one of
the independent variables become continuous while the other is still discrete. In
this case only part of the lattice equations are identically satisfied and we obtain
a differential difference equation for the dependent variable and an equation for
the lattice variable.

To clarify the ideas let us present now some examples of difference scheme.

Let as consider at first the case of the discrete heat equation on a uniform
orthogonal lattice:

Un+1,m — Unm _ Unm+2 — 2un,m+1 + Un,m (10)
thr1im — tnm (xn,erl - xn,m)Z ’

Inm+1l — Tpnm = h; tn,m+1 —tum = 0, (11)
In+lm — Tnm = 0; thrl,m - 7571,m = hy,

where h,, h; are two a priory fixed constants which define the spacing between
two neighboring points in the two directions of the orthogonal lattice. The lattice
equations (11) could be substituted by different ones which will provide different
Lie point symmetries for the difference scheme while keeping the continuous
limit. For example we can consider instead of eq. (11)

Tnm+2 — 2$n,m+1 + Tpm = 0; tnm+1 — tnm = 0 (12)
In+1i,m — Tnm = 0; tn+2,m - 2tn+1,m + tn,m =0,
or
Tnm+2 — 2xn,m+1 + Tpm = 0; 7fn,m+1 - tn,m =0, (13)

. _ 2
Tn+ilm — Tnm = 0; tn+1,m - tn,m = C(xn,erl - xn,m) )



144 D. Levi

(n,m+2)

(nm+ije P,

P P,

1
9 85—
0 1

(531 mjy (nm)  (n+1,m)

Figure 1. The set of points which are connected by the DTL (15).

or

Tnm+2 — 2$n,m+1 + Tnm = 0; byl — tn,m =0, (14)

Tn+lm — (1 + C)SUn,m =0; thrl,m —tpm = h.

Eq. (12) corresponds to a lattice scheme when the lattice spacing can be
varied in the Lie point transformation, while the lattice (13) involves only four
points as the heat equation itself and eq. (14) corresponds to an exponential
lattice, i.e. a lattice that is neither equally spaced nor orthogonal. Eq. (11) or
egs. (12, 13, 14) determine completely the lattice variable (Zy, p,tm,n) in terms
of some initial conditions.

A second example is provided by the Discrete-time Toda Lattice equation
(DTL) [52]:

e’u,(P1)—u(P3) _ eu(Pg)—u(P5) — a?{eu(P4)—u(P3) _ eu(Pg)—u(Plz)} (15)

where « is a constant parameter. The DTL is a relation between 5 points in the
two dimensional plane (see Fig. 1):

Ps = ($n,m+27 tn,m+2)§ Py = (-’Enfl,m+2a tnfl,erQ); (16>
P = (SUn,erlatn,m«H); Py = ($n+l,ma thrl,m); P = (ﬂjn,ma tn,m)-
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i.e.

eunymf’un77n+1 _ eu"’m“*u"”"+2 — a2{eun71,m+27un,m+1 _ €U7z,m+1*’un+l,m}‘ (17)

On an orthogonal uniform unchangeable lattice such that ¢, ,, =t = mh;
and zp, y, = nhy, setting v, (t) = upm and o = h%, when h; goes to zero, we get;

,Un — evnfl_vn _ 61)71_”'rz+17 (18)

the usual Toda Lattice [45].

2.1 Symmetries of a difference scheme

As we are interested in Lie point symmetries, we look for transformations of
the form:

&= Fy(x,t,u) =z +g &z, t,u) + - (19)
= Gg(x7t7u) =t+4+g T(a:,t,u)-|-...
= Hy(z,t,u) =u+g ¢(x,t,u)+---

where g is the group parameter. The transformation (19) is such that if {z, ¢, u}
satisfy the difference scheme E, = 0, {#,%,%} will be a solution of the same
scheme. Such a transformation acts on the whole space of the independent and
dependent variables {z,t,u}, at least in some neighborhood of P; including all
points up to Pr. This means that the same set of functions F,, G4 and H, will
determine the transformation in all points of the scheme. In the point P; we
define the infinitesimal generator as:

XPl = f(l’,t,u)@x +7‘(m,t,u)8t + gb(z,t,u)@u (20)

and than we prolong it to all other L — 1 points of the scheme. Since the trans-
formation is given by the same set of functions {F,, G4, Hy} at all points, the
prolongation of X p, is obtained simply by evaluating X p, at all points involved
in the scheme. So

L
prX = ZXPN (21)
i=1
and the invariance condition for the difference scheme is:

prX Eq|g,—o = 0. (22)

Eq. (22) is a set of functional equations whose solution is obtained by turning
them into differential equations by successive derivation with respect to the
independent variables {x,t,u} at the different points of the lattice [53].
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The solution of (22) provides us with the functions {(z,t,u), 7(z,t,u) and
¢(x,t,u), the infinitesimal coefficients of the local Lie point symmetry group.
The group transformation is obtained by integrating the vector field, i.e. by
solving the following system of differential equations:

dz -

% — (@, 40), il ==,

di ) )

@ =T7(Z,t,0), t\gzo =1, (23)
du -

ﬁ = ¢(i'7t7a)7 fL’g:0 = u.

In general we expect the infinitesimal coefficients £ and 7 to be determined by
the lattice equations. So according to the form of the lattice, different symme-
tries can appear.

In fact, in the case of eq. (11), by applying the infinitesimal generator (20)
to the lattice equations we get:

g(xn,m+17 tn,m+1> un,erl) = f(fEn,m, tn,ma un,m);

§($n+1,m, tn+1,ma Un+1,m) = E(xn,M7 tn,ma un,m)-

As Upmi1, Unt1,m and uy,,, are independent functions we get & = £(x,t).
tnmt+1 = tnm DUt T mi1 # Tn,m and consequently & = £(t). As Tpp1m = Tnm
but tp4+1,m # tnm we get that the only possible value for ¢ in this case is
&=constant. In a similar fashion we derive that also 7 must be a constant and
that ¢=u + s(x,t), where s(x,t) is a solution of the heat equation, the linear
superposition formula. Summarizing we get that the infinitesimal generators of
the symmetries for the heat equation are given by

Py=08; Pr=08,; W=udy S=s(z,t)0,. (24)

If we associate to the heat equation (10) the lattice (12) we have an extra
generator, D = 28, + 2t8;. See [54] for other examples.

From the results presented above we see that the symmetries of a discrete
equation depend crucially on the structure of the lattice. In the examples con-
sidered (11 - 14) the lattice is completely defined but we can also think of the
lattice as a variable which evolves together with the system. In such a way we
should need less relations to determine it. For more details on possible defini-
tions of the lattice to generate difference equations with predefined symmetries
see, for example, the results by Dorodnitzin [30-38|.
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3 Extensions

As one can see in the examples considered so far in the literature [13-15,54]
discrete equations will, in general have less symmetries than the corresponding
continuous system. In the case of discrete equations we rarely find symmetries
which involve both dependent and independent variables. The extension to a
variable lattice is not always sufficient to obtain them [38].

Research for more general symmetries requires the extension of the intrinsic
Lie point ansatz. We have various possibilities.

Let us consider the dependent variables uw(P;) (j =1,2,---,L) as indepen-
dent fields. Under such an hypothesis the difference equation is just an algebraic
relation between the fields. The discrete variables are just indices of the depen-
dent fields and the only independent variables are the continuous ones. In this
case the infinitesimal generator, for one dependent field u and one independent
continuous variable t, reads:

7

L
X =t {u(P)V)I; + 3 o, (t, {u(P)}) s, (25)
1=1

So we extend the dependence of &, 7 and ¢ from the point P; to all points P; of
the lattice and to impose the invariance condition no prolongation is necessary.
As, by Taylor expansion, u, m+1 can be expressed in term of u, ., and all of
its derivatives, this definition of the infinitesimal generator of the symmetries is
equivalent to consider a particular class of generalized symmetries. This explains
the difficulties for obtaining nontrivial results [14].

On the other hand, as was shown in [26,27] a linear difference equations
admits a symmetry group which is isomorph to the one of the continuous equa-
tion by allowing the symmetry generators to depends on various points on the
lattice. As an example, let us consider the discrete heat equation (10):

Au = Agzu (26)

where the discrete derivative A is defined in term of the shift operator T, as the
incremental ratio,

with h, the lattice spacing in the z direction. In [26,27] it was shown that
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eq. (26) admits the following symmetry group:

= Afud,, (28)
Afud,,

= udy,

2T, A u+ 2T, M) By,

1
2T, Afu+ 2T, P A+ 2u)au,

{t 1A+u—httT 2A+u+th 1T 1A+u+
_|_

o oS W @

1 2T u——h:cT 2u+ tT u}8

In a later work [55] it has been proven that the previous result can be extended
to any discrete derivative and for any linear partial differential equation by using
the following prescriptions:

e we write down the vector fields in evolutionary form

e we substitute

ur — Awu (29)
Uy, — Azu

T — 20

t — th

where (3., §; are functions of the shift operators, commuting with A, and
A¢, and such that the following commutation relation is satisfied:

Az, 208.] = 1. (30)

The same construction can be carried out also in the case when T, is a
dilation operator [56], i.e

T.f(z) = f(zh-) (31)

Equation (30) define completely the function (3, in terms of A,. If by A, we
mean 9, than 3, = 1; for A, given by eq. (27) than 8, = T, !, completely

—1
in agreement with the results presented in (28). If we choose Af = %

than 3, = 2(T, + T, *)~!. From the correspondence (29) it follows that for any

analytic solution of the linear partial differential equation we find a solution of
-1

the discrete counterpart. In the case of A, or A = ! g the continuous

case will give all solutions of the discrete one. This will not be the case for the
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more general A%, when by the correspondence (29) we obtain just a subset of

the possible solutions. Eqs. (29, 30) are a generalization of the classical umbral
calculus [57,58].

As the symmetries (28) depend on more points on the lattice, we are in
a situation similar to the case of generalized symmetries and in general we
are no more able to get the corresponding group transformations. However we
can still use the symmetries to carry out symmetry reductions and get explicit
solutions. Let us see this on the example of the heat equation (25). In the case
of the symmetry generator P; — aPy eq. (5) reads:

dUn.m 1 1 1 a
——=—|——a— n,m 7 Unm - 7 Un me 2
o <hx aht>u m+ hxu m+1 htu +1, (32)

Eq. (32) is a linear differential difference equation and to get the group trans-

formations we need the explicit solution of its initial problem. The symmetry

reduction is obtained by setting d“;g’m = 0. In this case we get:

Unm = o+ c1(1 4+ a?hy)" (1 + ahy)™ (33)

which is a discrete representation of the continuous solution.

What happens in the case of nonlinear difference equations? In general we
are no more able to obtain a symmetry group isomorphic to the continuous
one, the application of the umbral correspondence to a nonlinear equation is
questionable and research on it is in progress [59, 60].

In all cases, both for linear and nonlinear difference equations,

e we can still compute intrinsic Lie point symmetries

e generalized symmetries, i.e. symmetries depending on a finite number of
points of the lattice, are usually associated to integrable equations and
their form is usually very complicate and very difficult to predict apriori
without any further information on the structure of the system at study.
As an example let us show few symmetries of the discrete Burgers equation

[17]
1+ hgu

Ay = Az (AL T, 4
£ 1+ he(Agu + uT,u) (Ao + uTpu) (34)

i.e.
uy, = [1+ hi(Agu + uTpu)| A (35)

a time translation and
- Ao ! u
tx, = [1+ hou] x{ ty 1+ he(Agu+ uTxu)—i_

@)T—l 1
2

+(@+ T 1+ hyu
X

JED)
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a boost. In both cases they depend nonlinearly on the field u at various
points of the lattice. In the case of the time translation (35) polynomially,
but sometimes, as one can see in eq. (36), also rationally.

As a further exemplification of the complicate structure of symmetries for non-
linear discrete equations, let us present the simplest symmetries one obtains for
the Toda Lattice equation (18) and for the dANLS (45) from their integrability
properties [20]:

Y, | =0, (37)
Y, = t0, (38)
Y, = (tvn —2n)0, (39)
Xey = 0n0y, (40)
Xy = {02 4 170 gttt _ 919, (41)
X, = {02 — 20, + €170 (01 + 20) + (42)

+ evn—vn+1 ('[)n+1 + 21)”)}8””
Y, = [t{02 + U170 o evn TVt _ 2% (20 — 1), + w0y, (43)

Wp—1 — Wp20p

where (37 - 40) are intrinsic symmetries, (40 - 42) are associated to isospectral
deformation of the discrete Schrodinger spectral problem associated to the Toda
lattice while (37 - 39, 43) are associated to non isospectral deformations. Let
us notice that the coefficient of ¢ in eq. (43) is not equal to v,, as would be in
the case of the Korteweg de Vries equation, but corresponds to a higher flow
in the Toda Lattice hierarchy. The nonzero commutation relations between the
infinitesimal generators X corresponding to the isospectral deformations and Y
corresponding to the non isospectral ones are:

[Xe,, Xe;] = 0; (X, Y] = 4X,, —2X.,. (44)

In the case of the discrete Nonlinear Schrodinger equation [61-63]
2 1
iQn + 352Qn = (1 = €|Qu|*) (Qni1 + Qu-1)] = 0, (45)

where € = £1, the symmetries read

X1 = Qn0q, — Q0 (46)
X5 = (1 - €|Qu*)[Qni19q, — Q_10g:] (47)
X3 = (1—€|Qn|*)Qn-10g, — (1 — €|Qn|*)Q 190 (48)
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7= [ 320 - Q@i ~ Quir) 20 + D@00+ (49)
2
- [2 0 - Q)@ ~ Qi) + 20+ )03 0.

Xl and X = Xg + Xg are intrinsic Lie point symmetries, {Xl, XQ and Xg} are
isospectral symmetries while Y is a nonisospectral symmetry and they satisfy

commutation relations similar to eq. (44). We can use % to do a symmetry

reduction for the Nonlinear Schrédinger equation (45). In the continuous limit
this would correspond to a dilation symmetry which would give rise to elliptic
functions or Painlevé solutions. This reduces to solving the discrete NLS (45)
together with

(1= Q) (@1 — Qui) +inQu = 0.

Defining Q,, = ppe®”, under the assumption that p2 # e we get the following
nonlinear reduced equation:

nhi  pn

p2pt ., — hi p2pr_ — hich =
VPP — M+ 3 hic (50)

t 1—ep2’

Up to now we have shown that extra symmetries can be found in the case
of linear and integrable difference equations and that we can use them to get
solutions. In the following we want to provide a partial answer in the generic
case.

Let us consider the class of differential difference equations:

Up, ::F%(un+1aunaun71) (51)

defined on a uniform unchangeable orthogonal lattice and look for symmetries
depending linearly on t, as it is the case of the symmetries Y (43, 49) for the
Toda Lattice and discrete Nonlinear Schrodinger equations. To exclude the case
of integrable equations we assume symmetries of the form:

Upx = tly + Hp(Ung1, Un, Un—1). (52)

Under the assumption that the differential difference equation (51) is really
nonlinear

oF, OF,
aun—&-l’aun—l

> £(0,0) Vn (53)
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we can, by a simple transformation reduce in all generality the function H,, to

the form
H, = Hn(un—i-lyun) (54)

with 8ZH11 # 0, as we are not interested in intrinsic Lie point symmetries.
n

We can state the following theorem, proved in [24];
1 Theorem. If a nonlinear equation (51 has a symmetry of the form (53,
54) than it is equivalent, up to a Lie point transformation

t=wt, dp=dn(un); w#0, ¢, #0 YV n (55)
to an equation of the form

U, = Ay + Bp, (56)
Ap = apr1e®tt —ape’ — 1
By = ane” " —ap_1e” "t — 1

P_n’+an+p VY n,

ap,

where « and B are arbitrary constants. Than the symmetry is given by
Up,\ = LUy + Ay (57)

and the equation is linearizable.

As a consequence of Theorem 1 an equation of the form (51) can have dilation
symmetries of the form (52) only if it is equivalent to a linear equation.

4 Conclusions

We have shown how one can construct in a coherent way Lie point symme-
tries for discrete equations.

If we want to extend the symmetries to the case when they depend on more
point of the lattice than this can be done only in the case of linear, linearizable
or integrable equations. This statement is very plausible but no complete proof
of this statement has been given. In the case of linear, linearizable or integrable
equations we can find generalized symmetries from which we are not able to
construct group transformations but we can use them to get explicit solutions
via symmetry reduction.

For a generic equation we can construct intrinsic Lie point and conditional
symmetries [14] and we can use them, as for partial differential equations, to
construct group transformations, to do symmetry reduction and obtain explicit
solutions, to classify the discrete equations according to their symmetries, etc..



Lie Symmetries for Lattice Equations 153

References

[1] S. LiE: Klassifikation und Integration von Gewohnlichen Differentialgleichungen zwischen
x,y die eine Gruppe von Transformationen gestatten, Math. Ann. 32 (1888), 213.

[2] S. Lik: Theorie der Transformationgruppen, B. G. Teubner, Leipzig, 1888, 1890, 1893.

[3] P.J. OLVER: Applications of Lie Groups to Differential Equations, Springer, New York,
1993.

[4] N. H. IBRAGIMOV: Transformation Groups Applied to Mathematical Physics, Reidel,
Boston, 1985.

[5] L. V. OvSIANNIKOV: Group Analysis of Differential Equations, AP, New York, 1982.

[6] G. W. BLumaN, S. KUMEL: Symmetries and Differential Equations, Springer, Berlin,
1989.

[7] G. GAETA: Nonlinear Symmetries and Nonlinear Equations, Kluwer, Dordrecht, 1994.

[8] P. WINTERNITZ: Group theory and exact solutions of nonlinear partial differential equa-
tions, In Integrable Systems, Quantum Groups and Quantum Field Theories, 429-495,
Kluwer, Dordrecht, 1993.

[9] D. LEvI, P. WINTERNITZ: Non-classical symmetry reduction: example of the Boussinesq
equation, J. Phys. A: Math. Gen. 22 (1989), 2915-2924.

[10] A. S. Fokas: A symmetry approach to exactly solvable evolution equations, J. Math.
Physics 21 (1980), 1318-1325.

[11] N. H. IBRAGIMOV, A. B. SHABAT: Infinite Lie-Bdcklund algebras, (in Russian) Funkt-
sional. Anal. i Prilozhen. 14 (1980), 79-80.

. MAEDA: Canonical structure and symmetries for discrete systems, Math. Japan

12] S. M C ical d ies for di Math. J 25
(1980), 405-420.

[13] D. LEvi, P. WINTERNITZ: Continuous symmetries of discrete equations, Phys. Lett. A
152 (1991), 335-338.

. LEVI, P. INTERNITZ: Symmetries and conditional symmetries of differential-

14] D. L P. W S ; d ditional i f  diff jal
difference equations, J. Math. Phys. 34 (1993), 3713-3730.

[15] D. LEvI, P. WINTERNITZ: Symmetries of discrete dynamical systems, J. Math. Phys. 37
(1996), 5551-5576.

[16] D. LEvi, L. VINET, P. WINTERNITZ: Lie group formalism for difference equations, J.
Phys. A: Math. Gen. 30 (1997), 633-649.

. HERNANDEZ HEREDERO, D. LEVI, P. WINTERNITZ: Symmetries of the discrete Burgers

171 R. H H D.L P.W S ) he di B
equation, J. Phys. A: Math. Gen. 32 (1999), 2685-2695.

[18] D. GOMEZ-ULLATE, S. LAFORTUNE, P. WINTERNITZ: Symmetries of discrete dynamical
systems involving two species, J. Math. Phys. 40 (1999), 2782.

[19] S. LAFORTUNE, L. MARTINA, P. WINTERNITZ: Point symmetries of generalized Toda field
theories, J. Phys. A: Math. Gen. 33 (2000), 2419.

[20] R. HERNANDEZ HEREDERO, D. LEvI, M. A. RODRIGUEZ, P. WINTERNITZ: Lie algebra
contractions and symmetries of the Toda hierarchy, J. Phys. A: Math. Gen., 33 (2000),
5025-5040.

[21] D. LeEvl, R. YamiLov: Conditions for the existence of higher symmetries of evolutionary

equations on the lattice, J. Math. Phys. 38 (1997), 6648.



154 D. Levi

[22] D. Levi, R. YAMILOV: Non-point integrable symmetries for equations on the lattice, J.
Phys. A: Math. Gen. 33 (2000), 4809-4823.

[23] D. LeEvi, M. A. RODRIGUEZ: Symmetry group of partial differential equations and of
differential-difference equations: the Toda lattice vs the Korteweg-de Vries equations, J.
Phys. A: Math. Gen., 25 (1992), 975.

[24] D. Levli, R. YAMILOV: Dilatation symmetries and equations on the lattice, J. Phys. A:
Math. Gen. 32 (1999), 8317.

[25] D. LEvI, M. A. RODRIGUEZ: Lie symmetries for integrable equations on the lattice, J.
Phys. A: Math. Gen., 32 (1999), 8303.

[26] R. FLOREANINI, J. NEGRO, L. M. NIETO, L. VINET: Symmetries of the heat equation on
a lattice, Lett. Math. Phys. 36 (1996), 351.

[27] R. FLOREANINI, L. VINET: Lie symmetries of finite-difference equations, J. Math. Phys.,
36 (1995), 7024.

[28] G. R. W. QuisPEL, H. W. CAPEL, R. SAHADEVAN: Continuous symmetries of difference
equations; the Kac-van Moerbeke equation and Painleve reduction, Phys. Lett., A 170
(1992), 379.

[29] G. R. W. QUISPEL, R. SAHADEVAN: Lie symmetries and integration of difference equa-
tions, Phys. Lett., A 184 (1993), 64.

[30] V. A. DORODNITSYN: Transformation groups in a space of difference variables, in VINITI
Acad. Sci. USSR, Itogi Nauki i Techniki, 34 (1989), 149-190 (in Russian), see English
translation in J. Sov. Math., 55 (1991), 1490.

[31] W. F. AmES, R. L. ANDERSON, V. A. DORODNITSYN, E. V. FERAPONTOV, R. K.
Gazizov, N. H. IBRAGIMOV, S. R. SVIRSHCHEVSKIl: CRC Hand-book of Lie Group
Analysis of Differential Equations, ed. by N. H. Ibragimov, Volume I: Symmetries, Exact
Solutions and Conservation Laws, CRC Press, 1994.

[32] V. A. DORODNITSYN: Finite-difference models entirely inheriting continuous symmetry
of original differential equations. Int. J. Mod. Phys. C, (Phys. Comp.), 5 (1994), 723.

[33] V. A. DORODNITSYN: Continuous symmetries of finite-difference evolution equations and
grids, in Symmetries and Integrability of Difference Equations, eds. D. Levi, L. Vinet, and
P. Winternitz, CRM/AMS, Providence, R.1.,1996, 103-112, see also V.DORODNITSYN: In-
variant discrete model for the Korteweg-de Vries equation, Preprint CRM-2187, Montreal,
Canada, 1994.

[34] M. BAKIROVA, V. A. DORODNITSYN, R. KozLOV: Invariant difference schemes for heat
transfer equations with a source, J. Phys. A: Math.Gen., 30 (1997), 8139, see also V. A.
DoORODNITSYN, R. KozLov: The complete set of symmetry preserving discrete versions
of a heat transfer equation with a source, Preprint NTNU, NUMERICS NO. 4/1997,
Trondheim, Norway, 1997.

[35] V. A. DORODNITSYN: Finite-difference models entirely inheriting symmetry of original
differential equations Modern Group Analysis: Advanced Analytical and Computational
Methods in Mathematical Physics Kluwer, Dordrecht, 1993, 191.

[36] V. A. DORODNITSYN: Finite-difference analog of the Noether theorem, Dokl. Akad. Nauk,
328 (1993), 678 (in Russian), V. A. DORODNITSYN: Noether-type theorems for difference
equation, THES/M/98/27, Bures-sur-Yvette, France, 1998.

[37] V. A. DORODNITSYN, P. WINTERNITZ: Lie point symmetry preserving discretizations for
variable coefficient Korteweg - de Vries equations, Nonlinear Dynamics, 22 (2000), 49-59.



Lie

38)
[39)
[40]
[41]
[42)
43)
j44]

[45]
[46]

[47]
[48]

[49]

[50]
[51]

[52]
[53]

[54]

[55]
[56]

[57]
[58]

[59]
[60]

Symmetries for Lattice Equations 155

V. A. DOrRODNITSYN, R. KozLov, P. WINTERNITZ : Lie group classification of second
order ordinary difference equations, J. Math. Phys. 41 (2000), 480.

D. LEvi, L. VINET, P. WINTERNITZ (editors), Symmetries and Integrability of Difference
Equations, CRM/AMS, Providence, R.I., 1996.

P. A. CLARKSON, F. W. NUJHOFF (editors), Symmetries and Integrability of Difference
equations CUP, Cambridge, UK, 1999.

D. LEvi, O. RAGNISCO (editors), Symmetries and Integrability of Difference equations
CRM/AMS, Providence, R.I., 2000.

J. HIETARINTA, F. W. NIJHOFF, J. SATSUMA (editors) Symmetries and Integrability of
Difference equations, J. Phys. A: Math. Gen. 34 (2001), 10337-10744.

W. G. KELLEY, A. C. PETERSON: Difference equations: an introduction with applica-
tions, AP, New York 1991.

R. P. AGArRwAL: Difference equations and inequalities: theory, methods and applications,
Dekker, New York 1992.

M. TobpA: Theory of Nonlinear Lattice Springer, New York 1988.

M. J. ABLowiTz, H. SEGUR: Solitons and the Inverse Scattering Transform, STAM,
Providence, R.I., 1981.

S. N. ELAYDI: An Introduction to Difference Equations, Springer, New York, 1999.

A. CamPA, A. GIANSANTI, A. TENENBAUM, D. LEvI, O. RAGNISCO: Quasi-solitons on
a diatomic chain at room temperature, Phys. Rev. 48 (1993), 10168-10182.

A. S. DavyDoOv: Solitons in molecular systems, Phys. Scr. 20 (1979), 387-394; Biology
and Quantum Mechanics, Pergamon, New York 1982.

A. C. ScoTT: Davydov’s soliton, Phys. Rep. 217 (1992), 1-67.

R. S. MAcKAy, S. AUBRY: Proof of the existence of breathers for time reversible or
Hamiltonian networks of weakly coupled oscillators, Nonlinearity 7 (1994), 1623-1643.

D. Levi, L. MARTINA: Integrable Hierarchies of Nonlinear Difference Difference Equa-
tions and Symmetries, J. Phys. A: Math. Gen. 34 (2001), 10357-10368.

J. AcZEL: Lectures on Functional Equations and their Applications, (AP, New York 1966)
especially chapter IV and references therein included.

D. LEvi, S. TREMBLAY, P. WINTERNITZ: Lie point symmetries of difference equations and
lattices, J. Phys. A: Math. Gen. 33 (2000), 8507-8523; Lie symmetries of multidimensional
difference equations, J. Phys. A: Math. Gen. 34 (2001), 9507-9524.

D. Levi, J. NEGRO, M. DELL’OLMO: Discrete derivatives and symmetries of difference
equations, J. Phys. A: Math. Gen. 34 (2001), 2023-2030.

D. Levi, J. NEGRO, M. DELL’OLMO: Discrete g-derivatives and symmetries of g-difference
equations, J. Phys. A: Math. Gen. 37 (2004), 3459-3473.

S. RoMAN, G. C. RoTA: The umbral calculus, Adv. Math. 27 (1978), 95-188.

D. Levi, P. TEMPESTA, P. WINTERNITZ: Umbral Calculus, Difference Equations and the
Discrete Schroedinger Equation, nlin.S1/0305047, J. Math. Phys. in press.

D. Levi, O. RAGNIsCcO, P. TEMPESTA: work in progress.

B. CARL, C. SCHIEBOLD: Ein direkter Ansatz zur Untersuchung von Solitongleichunghen,
(in German), Jahresber. Deutsch. Math.-Verein. 120 (2000), 102-148.



156 D. Levi

[61] M. J. ABLowITz, J. F. LADIK: Nonlinear differential-difference equations, J. Math.
Phys. 16 (1975), 598-603.

[62] D. LEvi, G. R. W. QUISPEL: Discrete Painlevé equations for nonisospectral soliton equa-
tions, in Symmetries and Integrability of difference equations, CRM/AMS, Providence,
R.I., 2000, 363-366

[63] R. HERNANDEZ HEREDERO, D. LEVI: The Discrete Nonlinear Schridinger equation and
its Lie Symmetries, J. Non. Math. Phys. 10, Supplement 2 (2003), 77-94.



