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1 Introduction

This article concerns a generalization of the construction of the finite André
planes m with kernel containing GF'(¢) from Desarguesian affine planes ¥, of
order ¢", where ¢ = p", for p a prime. The first André planes constructed are
those of ‘dimension two’, that of order ¢ with kernel containing GF(q), or
equivalently, with their spreads in PG(3,q). If the spread for the Desarguesian
plane ¥~ is given by

x =0,y =xzm;m € GF(¢"),

then an ‘André partial spread’ As is defined by

(¢"~-1)
As:sy=xzm;m @D =§
0 € GF(q). As is a replaceable partial spread with n — 1 replacement nets Agi
with partial spread

i

q i (¢"-1)
Ay i qy=aTmym @D =4, .

When n = 2, the André partial spreads are reguli and the replacement partial
spread A{ is the opposite regulus to As. In this case, any translation plane
obtained from a Desarguesian plane of order ¢ by ‘deriving’ ‘multiply deriving’
a set of André partial spreads, is called an André plane (or more precisely,
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an André plane of dimension two or equivalently with spread in PG(3,q)).
More generally, any translation plane obtained by replacing a set of André
partial spreads by one of the n — 1 replacements per partial spread is called
an ‘André plane of order ¢" with kernel containing GF'(q)’ (i.e. with spread in
PG(2n —1,q)). The ‘kernel homology group’ of the Desarguesian plane ¥y, is
the group of central collineations with axis the line at infinity and center the
zero vector of the associated vector space. This group of order ¢ — 1 then will
act on each André plane but the replacement nets are now in an orbit of length

(E];:ll)) under the kernel homology group.

In the present article, we generalize the concept of an André plane as aris-
ing from a Desarguesian affine plane to analogous structures constructable from
what are called ‘Desarguesian t-spreads’. Any t-spread of a vector space pro-
duces a Sperner space as realized by Barlotti and Cofman [1]. Thus we obtain
new Sperner spaces in a similar way that André planes are produced from Desar-
guesian affine planes. In the present construction, new sn-spreads over GF'(q)
that we called ‘generalized extended André’ r — (sn,q)-spreads, in a manner
analogous to the construction of the generalized André translation planes, are
constructed by what we call ‘extended André’ and ‘generalized extended André’
replacement. In this way, we obtain a vast variety of new sn-spreads from vector
spaces of dimension r over GF(¢*"). The reader is directed to Biliotti, Jha and
Johnson [2] for additional background on André and generalized André planes.

Actually, some of our constructed r — (sn,q)-spreads, when r = s, have
been obtained by other methods. Recently, Ebert and Mellinger [3] construct
some new subgeometry partitions of projective spaces. All of these subgeometry
partitions ‘lift’ to rn-spreads. The methods that we employ look first for the
spread in the affine setting and then ask what property such spread might have
so that it is possible to ‘retract’ to a subgeometry partition. Indeed, it is this
perspective that gives rise to the generalized extended André spreads. In fact, we
note that all of the rn-spreads of Ebert and Mellinger may be constructed using
our techniques. Furthermore, many of the generalized André spreads ‘retract’
to a great variety of subgeometry partitions of projective spaces, and this work
will be reported in a companion article (see Johnson [4]).

2 r —(sn,q)-spreads

Consider a field GF(¢"*"), where ¢ = p?, for p a prime. Then GF(¢"")
is an r-dimensional vector space over GF(¢°"). More generally, let V' be the
r-dimensional vector space over GF'(¢°").

1 Definition. A ‘l-dimensional r-spread’ or ‘Desarguesian r—(sn, ¢)-spread’
is defined to be a partition of V' by set of all 1-dimensional GF'(¢*™)-subspaces,
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where ¢ is a prime power.

In this case, the vectors are represented in the form (z1,z2,...,z,), where
x; € GF(¢°").

2 Definition. Furthermore, the 1-dimensional GF'(¢*")-subspaces may be
partitioned in the following sets called ‘j-(0-sets)’. A ‘j-(0-set)’is the set of
vectors with j of the entries equal to 0. For a specific set of j zeros among the r
elements, the set of such non-zero vectors in the remaining r — j non-zero entries
is called a ‘(j—(0-subset))’.

Note that there are exactly (Tij)(qs" — 1)"7J vectors (non-zero vectors) in
sn

each j-(0-set) and exactly (g
— (0-subsets).
3 Notation. Hence, j = 0,1,...,7 — 1 and we denote the j — (0-sets) by
¥; and by specifying any particular order, we index the (Tij) j—(0-subsets) by
Yjw, forw=1,2,..., (Tij). We note that

— 1)"J vectors in each of the (Tij) disjoint

(rz )
Up=1" Zjow = 2j,

w=

a disjoint union.

4 Remark. Furthermore, the (¢"*™ — 1) non-zero vectors are partitioned in
the j—(0-sets) by

AR TED 3530 D (N IGAEEe

Ul

and the number of 1-dimensional GF(¢*")-subspaces is

D 5D 95 DA (I B Vi

Also, note that this is then also the number of sn-dimensional GF'(q)-subspaces
in a r — (sn, q)-spread.

5 Notation. Consider a vector (x1,x9,...,z,) over GF(¢*"), we use the
notation (x1,y) for this vector. Consider a j-(0-set) ¥; and let x;, denote the
first non-zero entry. Then all of the other entries are of the form x; m, for
m € GF(¢°"). For example, the elements of an element of a 0-(0-set) may be
presented in the form (x1,zymy,...,z1m,_1), for z; non-zero and m; also non-
zero in GF(¢*™). That is, y = (x1my,...,x1m,—_1). More importantly, if we vary
x1 over GF(¢°"), then

y = (xymy,...,x1my_1),
is a 1-dimensional GF(¢*")-subspace. However, we now consider this subspace
as an sn-dimensional GF(q)-subspace.
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In this notation, a Desarguesian 1-spread leads to an affine translation plane
by defining ‘lines’ to be translates of the 1-dimensional GF(¢*")-subspaces.

6 Definition. In general, for r > 2, a Desarguesian r-spread leads to a
‘Desarguesian translation Sperner space’ (simply the associated affine space)
by the same definition on lines. Every 1-dimensional GF(¢*")-space may be
considered an sn-space over GF(q). When this occurs we have what we shall
call an ‘r—(sn-spread)’ (or also a ‘r — (sn, q)-spread’).

More generally,

7 Definition. A partition of an rsn-dimensional vector space over GF(q)
by mutually disjoint sn-dimensional subspaces shall be called an ‘r — (sn,q)-
spread’. In the literature, this is often called an ‘sn-spread’ or projectively on
the associated projective space as an ‘sn — 1-spread’.

If r =2, any ‘2 — (sn, q)-spread’ is equivalent to a translation plane of order
¢*", with kernel containing GF(q).

8 Definition. Let ¥ be a r-(sn-spread). We define the ‘collineation group’
of ¥ to be the subgroup of I'L(rsn, ¢) that permutes the spread elements (hence-
forth called ‘components’).

For a Desarguesian r-spread X, the subgroup with elements

(x1,29,...,2p) — (dz1,d2s,. .., dp2y)

for all d nonzero in GF(¢*") is called the ‘sn-kernel’ subgroup of ¥. The group
fixes each Desarguesian component and acts transitively on its points. The group
K, union the zero mapping is isomorphic to GF'(¢?"). K}, has a subgroup K},
where d above is restricted to GF(¢®)*, and K} union the zero mapping is
isomorphic to GF(¢®). K} is called the ‘s-kernel’ subgroup’.

9 Definition. More generally, also for a Desarguesian spread II, we note
that the group G®™" of order (¢* — 1)" with elements

(21,22, ...,2p) —> (d1x1,d2x, ..., dy2y);d; € GF(¢*) i =1,2,...,7

also acts as a collineation group of II. We call G™" | the ‘generalized kernel
group’.

Let ¥ be a Desarguesian r-spread with vectors (z1,z2,...,2,). Consider
any set X;, and suppress the set of j zeros and write vectors in the form
(z1,25,...,2;_;), in the order of non-zero elements within (z1,...,z,) Assume
that j <r —1.

10 Definition. We consider such vectors of the following form

A

2 .
* *q1 *xq T
(271,561 mi,..., oy mr,]) .
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If z7 varies over GF'(¢°"), and consider X as a rsn-vector space over GF(q),
we then have a sn-vector subspace over GF'(q) that we call

_ (e xgr=i=1
y=\ry miy..., I my—j—1]),

where \; are integers between 0 and sn — 1.

11 Definition. We are interested in the set of Desarguesian sn-subspaces
y = (zjw1,...,x7wr—j_1)

(using the same notation) that can intersect

_ (o xq T =i=1
y=\r mi,..., Ty My—j—-1) -

We note that we have a non-zero intersection if and only if

T = Y poralli=1,2,. 0 — 5 — 1.
m;
This set of non-zero intersections of X shall be called an ‘extended André
set of type (A1, A2,..., A —j—1)". The set of all subspaces

*q)‘l *qkT*j*l
Y=\ ny,..., &y Np—j5-11),
such that N w
*qhi—1 7 . .
x —;,forallz—l,Q,...,r—j—l,
(]

has a solution is called an ‘extended André replacement’.

2.1 Examples

To get a feel for where this idea arose, we consider when r—j—1 = 1. So, we

. A1
have vectors of the basic form (2}, %) and sn-subspaces y = 29 m; that are

. A —1
covered by sets of Desarguesian sn-subspaces y = %w;, such that z7¢ =4,
1 ? 1 mi

In this setting,

@"-1) (™" —1)

(Alvsn)fl q(kl,sn)71
y = xwy;w,’ ):ml( ):5 ,

is called an ‘André set Aj’, where § € GF(q()‘l’s")). This set has replacements

sets
(¢°"-1)

(A1,sm)p g1 g
Af =Sy =at wl;wl( ):(5 ,

where 1 < p < sn/(A,sn) — 1.
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12 Example. For some examples, let r — j = 3, and consider the sn-space

Yy = (wyfqml,ﬁqmﬁ )

this space generates the corresponding André net
{y = (z7wr, 2yws)}

as follows: The intersections are
xq—1 W1 W3

T =— ==
mi ma
(@*"-1)
Let ¥ = %2 — 7 g0 that 7 @D = 1. Then, w1 = m17, and wy = mo7, and

mi mo
hence we have

(¢°"—-1)
{y= tmraimaryr &5 <1}

Now consider the kernel group K,, which fixes element of the André set and
maps

y = (27%my, 21%mg) — y = (2)%9myd" ", 2} mad 7).
Since K, is transitive on each component of the André set, it follows that we
have a replacement set

{y= (21Imyd' ™ 2} 9med ") d € GF(¢")*} .

Note that in this case, each component of the replacement set intersects each
component of the André set in a 1-dimensional GF'(g)-subspace.

13 Example. Now consider again » — 7 = 3 and the set
2
Yy = (mﬂ{qml,xﬂ{q m2) .
We would then obtain a typical Desarguesian intersection of the form

(¢°"-1)
Yy = (.%'ml’i', mQTq+1) ;7 @D =1,

The kernel group would then map
y= (miqml,qung) — oy = (:cy{qmldl_q,xffmgdl_f) ;d e GE(q¢™),
and we would have an André set
{y = (xlmlT,xlmgTqH) ;T(q(zi—;;) = 1}
with replacement set
{y = (ﬁqmlqu’ﬁquzqu?) ;d € GF(qs")*} :

Note that d'~9 = 7 implies that A= = 7971 so we obtain a cover.
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We now show that any sn-subspace of the type
A Ap_j
y = (af{q ‘g, 2 1nr_j_1) ,

generates an extended André set and an extended André replacement set.

3 The main theorem on extended André replace-
ments

14 Theorem. Let X be a Desarguesian r-spread of order ¢°". Let ;. be
any the j-(0-subset) for j =0,1,2,...,r — 1.

Choose any sn-dimensional subspace
g™ xqr i1 )
Y=\ ny,..., &y Np—j5-11);

where n; € GF(¢°")*,i=1,2,...,7r—j—1. Let d = (A1, A2, ..., A\r—j—1), where
0< X\ <sn—1.

(1) Then
Aty j1) = {y = (zjws,...,xTw,—j_1); there is an 27 such that
Ai— Wy . .
z)? 1= —, for 3112:1,2,...,7“—]—1}
n;
is a set of (61;::11)) sn-subspaces, which is covered by the set of ((q;::ll))
(AyeesAr—j—1) Al 1—gM Ar—j—1 1—g r—i—1y.
ATy = {y = (@ md e e ad T,

de GF(qS")*}.

(2) Let Cgsn_1) denote the cyclic subgroup of GF(¢*")* of order ((%271_—1)1).
(¢—1)
Then, for each ’
y = (zjw,...,xTwr—j_1),

there exists an element 7 in C(gsn_1y such that
(g—1)

(¢ri-1)
w; = ;T @b |
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(3) The
(¢°" — 1)
(q(Alwny)\rfjflvsn) — 1)

components of

A Ap—j— Ap_j—
{y = (f{q lnldlqul,...,qu ! lnr,jfldlfq ! 1) id € GF(qS")*}

(¢°"—1)
( (q(M ~~~~~ Ar—j—1)71> >

(¢°—1)
(q(>\1,>\2,...,>\7n_]'_1,8) _ 1)

are in

orbits of length

under the s-kernel homology group K.
PROOF. There exists an integer iy such that \;, = dp;,, for (p;,,sn/d) = 1.
For fixed n;, non-zero in GF(¢°")*, consider the set of all elements w;, such

(¢°"—1)
that w;,/n;, = 7o for some 7y such that @01y — 1, clearly a set of ((qqd:ll))

elements in GF(¢°")*.

. -1
There exists an element xi(q ) = 7 so that
) ; (¢i—1)
qul—l = % =T q(q_l) .
n;

This proves part (2).
Now to show that the indicated set

A Ap—j— A
{y = (xiq 17”l‘1d17q)\1 yoon ,.’BTq ! 1n7~_j_1d17q ! 1) ;d S GF(qsn)*}

covers the set

. @oy § (*r=i=1-1)
y=|xymr @O o wne_jqr @D ;7€ C@sno o

(¢—1)

First note that the following sets are equal:

{x*{innidlqui sxf,d e GF(qs")*}

= {xi‘niT(inl)/(ql); x; € GF(¢°), T € C(qsn_1)} .

(q—1)
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Assume for a fixed z7 that
:cyf(qfl)dlfq =T.

Then
(ztd~ 1)@ =1 = p@=1/(=1)

which is true if and only if

A.
X, N (¢7i—1)
z)? "nd T = xingT @0,

Therefore, as

{.%'TqT;T € C(qsn_m}
(¢—1)

{x’{dl_q; de GF(qS”)*} )

covers

it follows that

A

A B (¢"r—i-l-1)
{y — (ffan(q 1-1)/(q 1)7 L. 7xTn7‘—j—1T (a—1) )7 T € C(qsn_l) } .

(q—1)

is covered by
N A Ap_j
{y = (,’L'Tq 1n1dliq>\1 g ,$>{q ! 1nr—j—1dliq o ), d € GF(qsn)*} .

Now to determine the total number of components in the extended André net

(A1, A2, ..., Ar—j—1). Thus, the question is, when is
(ai=1)
T (¢—1) = 1
forall i =1,2,...,r —j — 1, where 7 is an arbitrary element of Csn_1). It is

(¢—1)
then clear that 7 must have order

(q(/\lv---v)\rfjfl) _ 1)
(¢—1)

In other words, there are exactly

(qsn _ 1)
(q()\lr"v)\?"—j—l) _ 1)

components of the extended André set Ay, .\, _, )
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Now consider an orbit in the replacement set under the s-kernel homology
group K.

A Ar—j—1
Yy = (qu n17"'7$>{q ’ nT—j—l)
maps to
A Ap_j Ap i
Yy = (:Ciq 1n11_qh dl_q)\1 PN 713{61 ! lnrfjfldl_q ’ 1)
for d € GF(¢®)*. This orbit clearly has the cardinality indicated. QED

15 Definition. The André planes of order ¢*" and kernel containing GF(q)
are defined as follows. We let

(qsn_l

)
A5 = {y:xm’m (a=1) :5} ,(5 S GF(Q),

called an ‘André partial spread’ of degree (%;71—1)1 ) and order q¢°". This partial

spread is replaceable by any partial spread

(¢°™—1

AgA = {y:qum;m (a=1) :5},56 GF(q),0 <A< sn—1,

called an ‘André replacement’. Hence, there are exactly sn — 1 non-trivial re-
placements and, of course, if A = 0, the partial spread has not been replaced.
There are exactly ¢ — 1 André nets each admitting sn replacements. An ‘André
plane’ is defined as any translation plane obtained with spread consisting of
q — 1 André replacement partial spreads together with x = 0,y = 0.

Therefore, there are (sn)?~! — 1 distinct André spreads obtained from a
given Desarguesian affine plane.

16 Remark. If we take y = 27 my for a fixed element of GF(¢*")*, Let
N m, define the set of components of the associated Desarguesian affine plane
which non-trivially intersect this subspace. Then the set of images under the
kernel homology group of order (¢°" — 1) is

{y = qumodl_qA} ;
and we see that we obtain a net of degree

(¢ —1)
(q()\,sn) _ 1) :
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The partial sn—spread

. @oy § (@ r=i=1-1)
A=<Sy=[xim7 @D . xin._;_7 @D ; 7 has order

o (P =1)
dividing W}

is a set of
(" -1)
(q()\h/\Q,---,)\rfjfl,Sﬂ) —1)

sn-subspaces, which is covered by the set of

(" —1)
(q()\1,>\2,...,)\r_j_1,sn) _ 1)

sn-subspaces

A

Ay Arjo1) o oxgM 1—gMt wg =31 1—g r—i—1y,
A(nl,...,nr_j_l) =1\Y= (1‘1 nid REREES] nT—j—ld )7

de GF(qS”)*}.

17 Definition. We shall call Ag,, ., _. ) an ‘extended André partial
spread’ of degree (¢*" — 1)/(q*A2Ar—i-157) _ 1) and order ¢*". So, we note
that A(Al""’/\”j, Visa replacement partial spread of the same degree and order,

(nl,...,nr_]_l)
called an ‘extended André replacement’.

3.1 Extended André replacements

Note that is more problematic to define all of the André replacements for a
given extended André partial spread. Furthermore, by purposely not trying to
make such a definition will free us to consider more general situations. However,
if we are looking for extended André partial spreads of the same degree, we take
other exponent sets {p1, p2,...,pr—j—1} so that

(pl;p?a <oy Pr—j—1, S’I’l) = ()\1) )‘25 sy )‘T*jfla STL) )
there are are exactly

(q()\1,/\2,...,AT,j,1,sn) - 1)(qsn - 1)r7j72’
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possible extended André partial spreads of degree

(" —1)
(q(/\17/\27~~~7/\r7j7175") — 1) )

Therefore, if we let p; = A\it;, for 0 < t; < sn/(A;, sn) — 1, then let

)\1))\2)'”7)‘7“*'*1’5” :5*)
( j

(p1,p2, -+ pr—j—1,5m) = (Ait1, Aata, ..., A\ej_1tr_j_1,5n)
. )\1751 )\2t2 )\T,jfltrfjfl sn
— S* ) 9. - .

g* o g* ’8*

18 Remark. Now assume that all \; =1, fori=1,2,...,7 —j — 1. Then
the extended André partial spread

A(nl,...,n),

has degree (%;":1)1 ) and we have a replacement partial spread with components

(1,...,1) o . q 1—-q .. 1—q q . 1—q
A(m,...,nrfjfl)_ y = |xinid "1, zonad ,...,fojflnr_j_ld .

As noted,

A A

(nar(@1=1/(a=1) _n. i ir@ "I =D/ (0 0))

. M- i} (Mr=i=1-1)
=qy=|xim7T @Y o xinej 7 @D ;

sno_ ]
7 has order dividing M .
(¢—1)

is a set of
(" —1)
(q(/\l,)\2,---,>\r_j_1,sn) _ 1)

sn-subspaces, which is covered by the set of

(¢*" —1)
(q(>\1,)\2,...,>\7n_]'_1,8n) _ 1)

sn—subspaces

(Ao Ar—j—1)
(N1yeesnr—j—1)

A Ap_j Ap_il
= {y = (2}7 1n1d1_qA1,...,x>{q ’ 1nr—j—1d1_q Yde GF(qS”)*} .
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19 Remark. Now consider

{(nldl_q, ngdl_q, - ,nrfjfldl_q); de GF(qsn)*} .

(@k-1) (ai—-1) , .
If @b = 7 @D for all k, i, so for example \; = A,, for all i =
1,2,...,7 — j — 1 then we would obtain that % components in this

extended André partial spread and if we vary over the cosets

@ -1, ("= (g
(¢—1) " (¢Prem —1) (¢-1)
of the cyclic group of order

(¢ —1)
(gPsm) — 1)

with respect to the group of order

(¢ —1)
(¢—1)
Therefore, we would have
gl—q L}l) _ (%Q*z)l) _ 5.
(nyd"~9) @0 =n, =0;.

Hence, we might then call this net

A517527---75'r7j717

which is then covered by

A A A
_ gl ql o« gl .
Ay Ar—j1) Y= 5301 ny, Ty Ngy... Xy nrqu)a
= (¢ —1)

n, Y =6,i=1,2,...,r—j—1.

2

A(S)

613---367"—]'—1

So that there are sn — 1 non-trivial extended André replacements for this par-
ticular extended André partial spread.
In this setting, there are

(¢" = 1) 2%(q-1),

mutually disjoint extended André partial spreads and each admit sn — 1 non-
trivial extended André replacements.
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20 Remark. To consider the analogous situation, for André planes, we note
that we can make such replacements for all j-(0-subset)’s subsets, for each j such
that r —j > 2.

Hence, we define ‘extended André r-(sn)-spreads’ to be any of the sn re-
placements for each of the (rij) j-(0-subsets), for each of the j > r—2 j-(0-sets).
This then constructs a set of

el B P O e e R VS
222 o\ )l

—J

distinct non-trivial r — (sn) — spreads, not equal to the original Desarguesian
r — (sn)—spread.

4 Multiple extended André replacement

An André plane is obtained by making replacements all of the same degree,
say (¢*" —1)/(q — 1). However, if we partition a given André partial spread in
(¢*" —1)/(q — 1) André partial spreads of degree (¢°" —1)/(¢*" — 1), where s*
divides sn, in this setting a typical subspace of a replacement has the form y =
2"'m, where h = ¢*". Normally, one would take 0 < i < sn/s* — 1. Any of these
André partial spreads may be further subdivided and André replacements of
various different degrees may be considered. Any translation plane constructed
by making André replacements of various degrees is not (always) an André plane
but is a ‘generalized André plane’, since the components of the constructed
translation plane have the general form y = qu(m)m, where m is in GF(¢*")

and A is a function from GF(¢*")* to the set of integers 0,1,...,sn — 1.

21 Definition. We say that the generalized André plane constructed using
the method above is constructed by ‘multiple André replacement’.

We now consider an analogous construction procedure using a different ap-
proach. First we note:

22 Lemma.

L, WMoy @2y § (*r=i=1-1)
y= |zt @Y JxjngT =Y oo xingjqT (@7 ;

smo_ 1
T has order dividing M} ,
q
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and

(1) (@2-1) (*r=i=1-1)

* % — * % — * % .
= {y: <x1n17— (a=1) , LMo T ) ,...,xlnr_j_lT (¢=1) >,

(¢—1)

share a component if and only if there exist elements 71 and T of order dividing

% such that

sno_ 1
T has order dividing (qi)} ,

(¢i-1)

Ak
= ~1)/(g—-1) . .
nim 7Y ——nfo(qz )/(a );z—_1,2,...,r—]—1.

PROOF. Suppose in the first listed set we have 71 in place of 7 and in the
second listed set have 7] in place of 7, such that the corresponding components

(@1-1) @2-1) (@ r=i=1-1
—1 —1 -1
y=|zimm (a=1) , TN Ty e T N j1Ty (a=1)
* AR
(q(*l;)l) <q(*2 = NG *(—1-1;—1)
— _ * ok q— * %k q— * %k q—
=y=|xnm y L1 Ty yer ey My 1T

are equal. Then we must have

(Pi-1)

niTy @ —p

PN
o T S I NN A R

Since the extended André partial spread is an orbit, we may assume that

71 = 1. So, the only way that this could occur is if (ni,...,n,—;—1) and
(ny,n3,... ,nj_j_l) are related by the set of equations above. This completes
the proof of the lemma.

4.1 Algorithm for constructing r — (sn, q)-spreads

The approach that we have taken to construct r — (sn)-spreads will be as
follows:
I. Choose a j-(0-set) then choose any of the (Tij) j—(0-subsets).
II.
(a) Within this subset choose an ordered set E; of exponents of g,

(A, A2, Ar—j—1), where 0 < \; <sn—1, foreachi=1,2,...,r—j—1.
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(b) Choose an ordered set C of coefficients (ni,n9,...,7—j_1).
(c) From (a) and (b), form the corresponding sn-dimensional
GF(q)-subspace:
A Arp—j—1
y= (2} g, 23T ).
III. Determine the minimal extended André partial spread non-trivially in-
tersecting the given subspace. This will be

A(m,---,nr—j_ﬂ
L, WMoy 2oy i (@ r=i=1o1)
=qy=|xym7T @V Jxyner b .o xingj g7 (7D ;
(1)
7 has order dividing ———= ;,
(¢—1)
which has (¢°"=1) components
<q()‘1’)‘2 »»»»» Ap—j—1,5m) _1

IV. Apply the kernel group of order (¢°" — 1) to

bN Ap_i—
Yy = (:t?}{q lnl,...,af{q ! lnr,]’,1>.
This constructs the following replacement partial spread.

A(>\la---7>\r—j—l)
(M1yeesmr—j—1)

N Ap_i Ap i

V. There are

(qsn _ 1)T—j—1 _ (qsn — 1)
(q()\l,)\g,...,)\r_j_l,sn) . 1)

sn-dimensional G F(q)-subspaces remaining in ¥; ., , and return to I and choose

another ordered set Ey of exponents (A}, A5, ..., A jfl) and another ordered

set Cy of coefficients (n],n3, ..., n_ j—l) such that the following set of equations

is not valid, for any 7y, 71" of order dividing ((f::)l )

(@i-1) @ 1)

niT (a-1) _ nle (¢—1)

i=1,2,...,7r—7— 1.

This makes the corresponding replacement partial spreads and the correspond-
ing generated extended André partial spread mutually disjoint on sn — GF(q)-
subspaces.
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Repeat II, 111, IV. There are

sn 1)7’—]'—1 . (qsn — 1) (qsn - 1)

(q(AhAQ,---yA'rfjflySn) _ 1) (q(A*,A;,...,A:_j_l,sn) _ 1)

(q

remaining sn—dimensional GF(q)-subspaces remaining.

VI. If this number at least (%::—1)1)’ go back to II and repeat II, III, IV.
Continue as long as possible.

VIL. Do this for each j and for each of the (Tij) j-(0-subsets).

Note that when the process terminates, we add to our sn-spreads whatever
left over Desarguesian 1-spaces over GF'(¢°") remain.

Let Dg, denote the set of divisors of sn (including 1 and sn). When a

replacement set of % sn-spaces is obtained for d* € Dy, let kg« denote the
number of different and mutually disjoint replacement sets of EZZZ:B sn-spaces

(kg« could be 0). Then we merely require that

qsn -1 __/.sn r—j—1
Z <W> kd* = (q — 1) J .

d*€Dgsp,

For example, if we take kg = (¢¢ — 1)k}, then we would require that

S k= (g1,

d*€Dgsn

23 Conclusion. The process above constructs r— (sn, q)-spreads by finding
replacement sets of extended André sets of (%) sn-dimensional subspaces for
d* € Dy, that we term ‘generalized extended André r — (sn, q)-spreads obtained
by multiple extended André replacement’.

5 Variations

The algorithm of the previous section, produces a vast number of new
r — (sn,q)-spreads. In this section, we give a few other constructions, using
a variation of the same theme.

5.1 Algorithm for constructing partitions of j-(0-sets)

In this setting, we partition the sets using the action of the subgroup K of
order ¢° — 1 of the kernel subgroup Ky, of order ¢°" — 1
L. Choose a j-(0-set) then choose any of the (" .) j-(0-subsets).

r—j
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[I4«: Choose any divisor of s, say s*.
(a) Within this subset choose an ordered set E; of exponents of ¢,

()\1, )\2, e 7)\7’—]'—1)7 such that ng()\l, )\2, ey )\r—j—h 8) =s*

where 0 < \; <sn—1, foreachi=1,2,...,7r—j — 1.

(b) Choose an ordered set C of coefficients (ni,n9,...,n0—j_1).
(c) From (a) and (b), form the corresponding sn-dimensional GF(q)-
subspace:
From (a) and (b), form the corresponding sn-dimensional GF(q)-subspace:

*q>‘1 *qAT*j*l
Y=\ ny,..., &y Np—j—1] -

III. Determine the minimal extended André partial spread non-trivially in-
tersecting the given subspace. This will be

A(nlv"'anr—j—l)
Lol (21 (r=icion
=<y=|zinm7 @D zingr @D .. xin,_j 7 (@D :
sno_ 1
7 has order dividing u ,
(¢—1)
which has
(qsn _ 1) B (qsn _ 1)
(q()\l’AQ""’Ar_j_l’Sn) — 1) - (q()‘1=>\27---7>\r—j—1,8n) _ 1)
components
IV. Apply the kernel group of order (¢°" — 1) to

A Ap_j_
y = (w’{q ‘ng, .t 1n,~_j_1>.
This constructs the following replacement partial spread.

A(>\la---7>\r—j—l)
(M15eesnr—j—1)

N A Ap_j—
= {y = (miq lnldliqkl go e ,Cl?){q ! lnrfjfldliq ! 1) ;d c GF(qsn)*} N

V,: Now determine the orbit lengths under the kernel subgroup of order
(¢° — 1), which will turn out to be

(¢ -1
(¢ —1)
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Noting that
s* = ng()\l, )\2, e 7)\7‘—j—17 S),

we have then partitioned the original

(" —1)
(q()\h/\Q,---,)\rfjfl,Sﬂ) _ 1)

" —1
q()\l AAAAA As—j—l’sn),l

q°—1 )
q(h,/\g ~~~~~ Ar—j—1:8)_q

In this case, we may either take the same set of exponents or compatible
sets so that the number of components is the same and partition the original

set of
(¢ —1)
(q()\ly)\Qy"w)\T‘—j—l?Sn) - 1) .

sn-subspaces into

Hence, if we take

orbits of length (¢° — 1)/(¢*" — 1), we end up with

qsn -1
(q()\l,...,)\s_j_l,sn) _ 1> Z‘S*

total sn-dimensional GF'(q)-subspaces.

qsn -1 __ (8N r—j—1
Z <W> kd* = (q — 1) J .

d*€Dsn,

For example, if let D, denote the set of divisors of s. If we take zg = (¢° —1)2%,
then we would require that

S s = (- 1y

s*€Dsn

The distinction is that now we have constructed a set of replacement partial
spreads that are orbits under a subgroup of order ¢° — 1 of the kernel homology
group of order ¢°" — 1.

If we repeat as in the previous section, we have a specific instance of the
previous algorithm, this one constructing orbits of various lengths under a
subgroup of the kernel group.
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6 Large groups

We note that the generalized kernel group Gy, of order (¢ — 1)" acts on
the Desarguesian r — (sn, ¢)-spread and the kernel group of order (¢°* — 1) also
acts on each extended André replacement partial spread, as this is the way that
the replacements are determined. Indeed, the generalized kernel group of order
(¢°™ — 1)" is transitive on 1-dimensional GF(¢*")-subspaces.

Furthermore, the group Gy, fixes each j-(0-subset) and acts transitively on
each set of (non-zero) vectors. Furthermore, if we take a given extended André
replacement set

(Ao Ar—j—1)
A(nlvmvn'rfjfl)

A Ap_j Ap_il
= {y = (,’L’Tq 17’le1_q)\l RPN ,qu ! 1nr—j—1d1_q ! 1) ,d I~ GF(qsn)*} )

the kernel group K, is transitive on the subspaces and the group Ry, of order
qsn -1

A Ap—j—1
* *, gt *, _q "I . sn
<(:C1,:c2,...,xr,j,1) — (mlmo,xlmo N ) ;mo € GF(q )>,

A1y Ar—jo1)
(nl,...,nrfjfl)'
entries that are 0 are omitted. In order that this group act on the r — (sn, q)-

spread, choose exactly one j and exactly one j — (0-subset). Then the resulting
generalized extended André sn-spread will admit a group of order (¢° — 1)" of
which there is a group of order (¢°"—1)? that acts transitively on the components
of the replaced partial spread and there is a subgroup of order (¢*® — 1)/ that
acts fixes each vector of the j — (O-subset (set)) (just take the j O-entries to have
arbitrary coefficients in GF(¢*")* and take the other coefficients to be 1). Note
that the remaining sn-dimensional GF'(q) subspaces are actually 1-dimensional
GF(q°")-subspaces and since Gy, » just maps 1-dimensional GF(¢*")-subspaces
to 1-dimensional GF(¢°™)-subspaces, therefore there is an Abelian group of
order (¢*" — 1)7*2 acting on such an sn-spread.

fixes each sn-dimensional subspace of A Note that the remaining

24 Theorem. Choose any subspace that generates

(Ao Ar—j—1)
(N1yeesnr—j—1)

A Ap_j Ap_il
= {y = (,’L’Tq 17’le1_q)\l RPN ,qu ! 1nr—j—1d1_q ! 1) ,d € GF(qsn)*} )
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that in turn generates
A(nlv---vnrfjfl)

., Wy @2 . (@ r=i=1-1)
=Sy=(ximT @V xinor =Y .. xing_j g7 (@7 ;

sno_ 1
T has order dividing ((]7) .
(¢—1)

Now in the same j-(0-subset), for each ordered set of coefficients, form the
corresponding extended André set as above. Now partition the associated j-(0-
subset) by constructing extended André sets using possibly different ordered sets
of coefficients (ni,n9,...,n.—j_1). There are exactly

(qsn - 1)T—j—2(q(>\1,)\2,...,)\7‘_]'_17571) - 1)

possible extended André sets. Now for each extended André choose either

(A, s Ar—j—1) 0r(0,0,0,...,0). Then construct the r—(sn, q)-spread obtained
A()\la---,>\r—j—1)

1y —j—1)’ Ny N —j—1)7
where the remaining sn-subspaces are the remaining uncovered 1-dimensional

GF(q°")-subspaces.
(1) Then any such extended André spread admits an Abelian group of order
(¢*™ —1)712 which is the direct product of j+2 cyclic groups of order (¢°" — 1),
andr—j>2.
(2) Let N()\L...7/\

nents

by replacing the various A, . n._ ;) by or by A

;1) denote the number of different ordered sets of expo-

( 9{9\37---7 :7]'—1)7

such that

ged(AT, A%, ALy, sm) = ged (A1, Az, oy Apj1, 8T)

There are then
r sn_q r—j—2 (A1529,500y A,ﬁ_j_l,sn)il
(r ’ j) (2<q y=i2(q ) _ 1) Nowen

proper sn-spreads that admit Abelian groups of order (¢°" — 1)772.

6.1 The Ebert-Mellinger r — (rn, ¢)-spreads

Recently, Ebert and Mellinger [3], construct new r — (rn, g)-spreads admit-
ting Abelian groups of order (¢""—1)? that may be constructed with the methods
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of the previous theorem. The construction in Ebert and Mellinger begins with
the construction of new subgeometry partitions in PG(rn—1,¢") by subgeome-
tries isomorphic to PG(rn — 1,q) and PG(n — 1,q"). They describe a ‘lifting’
procedure that constructs new classes of r— (rn, g)-spreads (in our notation). As
their method is completely different than ours, so we will describe the spreads us-
ing Theorem 24, take r = s and j = 0 and (A1, Mg, ..., A1) = (¢,¢%,...,¢"1).
Then, for any set of coefficients (n1,n2,...,n,—;_1), for n; € GF(¢"™)*, there is

a set of
olg™=1)""2(¢-1) _q

r — (rn, q)-spreads admitting an Abelian group of order (¢"™ — 1)2, which is a
direct product of cyclic groups of orders (¢"™ — 1).

These r — (rn, q)-spreads are the ones due to Ebert and Mellinger by their
lifting methods.

Now when r = 2, the corresponding 2 — (2n, ¢)-spread corresponds to a
translation plane of order ¢>*. Ebert and Mellinger point out that due to the
group action, this translation plane is a generalized André plane. However, from
Theorem 24, the plane is necessarily an André plane of order ¢?".

25 Theorem. The r — (rn,q)-spreads of Ebert and Mellinger are extended
André spreads. When r = 2, the spreads correspond to André planes of order
q2n_

26 Remark. In our constructions of generalized extended André spreads,
we have found replacements (the extended André replacements) of extended
André partial spreads of various sizes using the kernel homology group of order
q°" — 1. Hence, all of our new spreads necessarily admit the kernel group of order
q¢*" — 1. It is an open question whether is might be possible to find replacements
of the extended André partial spreads that do not admit this kernel group. Any
such sn-spreads would necessary be non-isomorphic to any of the spreads we
construct in this article.
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