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Abstract. We show that the Bessel capacities can be characterized in terms of maximal
function. The boundedness of maximal function associated with Radon-Nikodym type Bessel
capacities will also be addressed.
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1 Introduction and Statements of Main Results

Let n € N and Z(R") be the power set of R™. A set function C : Z(R") —
[0, 00] is called a capacity provided that

(1) C(®) =0.
(2) Monotonicity. For any A, B € Z(R"), if A C B, then C(A) < C(B).
(3) Finitely Subadditivity. For any A, B € &(R"), it holds that

C(AU B) < C(A) +C(B).

Given a capacity C, we can define the associated Choquet integrals, as the fol-
lowing shown. Let F € Z(R") and f : R™ — [—00, 00| be an arbitrary function,
where the Lebesgue measurability is not assumed. We define the Choquet inte-
gral of f on E by

/ | fldC = /OOC({:L“ € E:|f(x)] > t})dt.
E 0

The monotonicity property (2) ensures that the Choquet integrals exist in [0, co].
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The concrete capacities that primarily addressed in the present paper are the
Bessel capacities Cap,, 4(-) defined as follows. Let 0 < a < oo and 1 < s <n/a.
Define

Cap, s(E) = inf{||@[[}sgny : ¢ 2 0, Gaxp 2 xp}, ECR",

where G () = F (14472 ||*)~2](x), © € R", is the Bessel kernel, and F ! is
the inverse distributional Fourier transform on R™. According to [2, Proposition
2.3.9], Cap, <(-) can be equivalently defined as

Cap,,s(E) = Inf{[|¢[|7:@n) : ¢ 2 0, Ga * ¢ > Xp quasi-everywhere},
where we say that a property P(-) holds quasi-everywhere provided that the set
N = {x € R" : P(x) is false}

satisfies that Cap, (V) = 0.

The main result in [4] gives a functional generalization of Cap,, (). More
precisely, given any function f : R™ — [—00,00], which is not necessarily
Lebesgue measurable, one can consider the functional C that

C(f)= inf{||<pHSLS(Rn) >0, Guxp > |f|% quasi-everywhere}.

As noted before, Cap,, ((E) = C(xg), £ € R". Moreover, it is proved in [4
Proposition 2.1] that C is subadditive, i.e.,

C(f+g) <C(f)+C(g)

holds for any functions f, g : R" — [—o0, oo]. Further, [4, Theorem 2.8] gives

c(h)= [ 1fldCap,...

Here, A ~ B abbreviates for C 1B < A < CB for a positive constant C
independent of the main parameters in A, B.

The present paper gives a characterization of C in terms of a maximal func-
tion. To this end, for any function f : R"™ — [—00, o], define Mlcoc(f) by

1
Mg“ f(z) = — / dCap,, = €R",
@) = S o Br@) Sy 1P

where the supremum is taken over all balls B, (x) centered at x with radii r < 1.
Such a maximal function MICOC is also considered in [5], where its boundedness
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on function spaces is tackled therein. Now we consider two functionals % and €
defined by

¢(f) = inf{|lell7:(cap, ) 19 =0, Mo > \fﬁ quasi-everywhere},
and
¢(f) = {5 # = 0, ME(Ga ) > ||} quasi-everywhere}.

Our first result is the following.
Theorem 1. Let C, &, and € be the functionals defined as above. Then

holds for every function f : R™ — [—o00, 00|, where the implicit constants depend
only on n, o, and s. In particular, it holds that

Cap,, (F) = C(xe) = €(xr) ~ €(xr)

for arbitrary set E C R".

There are various characterizations of C in terms of other functionals in [6].
On the other hand, we note that [Il Section 4, Lemma 3] also gives a maximal
characterization of the functional associated with Hausdorff content.

As an application of Theorem [I| we consider the boundedness of maximal
function Mg’c on the Choquet integral spaces associated to Radon-Nikodym
type capacities w - Cap, 4(-), where w : R" — [0,00]. To this end, for any
0<g<ooand f:R" — [—00, 0], denote by

1

q
||f||Lq(w~Capays) = </]R |f|qucapa,s>

To be more specific, the above quantity is interpreted as

=

q

11 oo, ) = < /0 Cap, ({2 € R : | f(2)|w(x) > t})dt)

The second result reads as the following.

Theorem 2. For 0 < g < s, there is a positive constant Cy, o s..q such that
the estimate

IME® | agocape ) < CinasinglFlle(Cap) (1)
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holds for every function f : R™ — [—o00,00] if and only if

In which case, it holds that
d R~
n7a787w7q

where the implicit constants depend only on n, «, s, and q.

Needless to say, the w in Theorem [2|needs not to be Lebesgue measurable, it
is merely a nonnegative function defined on R". However, in the end point case
q = s, we need to restrict w to be a weight which belongs to the Muckenhoupt Ay
class. By a weight w, we mean that w is Lebesgue measurable, locally integrable
on R™ and w > 0 almost everywhere. Further, we say that w € A; provided
that

ey =sup (g [ (o) 7y <

where the supremum is taken over all balls B in R"™. Given such a weight w, we
define the weighted Bessel capacities Capy, 4(-) by

Capy s(E) = nf{[|pl|7s () 1 ¢ 2 0, Gax ¢ > xp},

where, as usual, we denote by

el = ([ |@<x>sw<x>dx>;

for measurable functions ¢ : R" — [—o00, oo]. The weighted capacities are greatly
studied in the literature [7]. The Choquet integrals associated to Cap (-) are
then given by

q
I lusicars = ( [ Iracar,)”.

equivalently,

1

1 liacaps ) = ( | covtta e rs s > t})dt)q ,

where f : R™ — [—o00,00|. The end point case of Theorem [2 reads as the
following.
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Theorem 3. Let w € Ay. There is a positive constant Cy, s depending
onn, «, s, and the Ay constant of w such that

IV ) < sl o )

holds for every function f : R™ — [—o00, 00].

In view of Theorems [2|and 3} the Radon-Nikodym type w-Cap,, () and the
weighted capacities Cap‘c‘éys(-) are not directly comparable, where [I, Theorem
15] gives a set of highly technical sufficient conditions for the comparison of
those two capacities. It seems that there has been no further discussion on this
topic in the literature to date.

2 Proof of Main Results

Let C be either Cap, 4(-) or Capf ;(-). The monotonicity and C(#) = 0
that mentioned in the first section are valid. Moreover, the following two extra
properties about C also hold (see [2, Section 2.3] and [7), Section 3.2]).

(1) Fatou’s property. If {Ex}3_; is an increasing sequence of arbitrary sets
in R™, then

C ( U EN> = sup C(EN)

NeEN NeN

(2) Countably Subaddivity. If { Ex}3_; is a sequence of arbitrary sets in R",
then

c ( U EN) <Y ).
NeN NeN

Below we collect some elementary facts regarding the Choquet integrals.
Readers can easily derive the facts by using the aforementioned properties of
capacities. Suppose that f,g: R" — [—00, 00].

(1) If f = g C-quasi-everywhere, then

/ flde = / Jgldc.
R» R7

(2) The following monotonicity holds. If | f| < |g|, then

[ islae < [ glac
]Rn Rn
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(3) For every A € R, it holds that

[ wslae = [ iriac.

(4) The following quasi-subadditive holds.

[rsgac<a ([ e [ ).

(5) The following monotonicity holds. If {fx}3_; is an increasing sequence
of nonnegative functions on R™, then

/ <Sup fN> dC = sup/ fndC.
n \NeN NeN JR?

We will frequently use the following capacitary strong type inequality (CSI)
in the sequel.

n

/ (G % 9[*dCaDE , < Cr o / (@) Pw(z)de
]Rn

holds for any function ¢ : R™ — [—00, 00| and w € Aj. The unweighted version
of CSI can be found in [2, Theorem 7.1.1], where the weighted version is recorded
in [3, Proposition 2.4].

On the other hand, we have the strong type estimate that

HM}?C«}CHL‘Z(Capa’S) < Cn,a»sy(IHfHLq(Capa’s)» 1 <g<oo, (4)

where f : R" — [—00,00] is arbitrary (see [5, (1.5) of Theorem 1.1]). By using
Lebesgue differentiation theorem, one has

|f(x)] < MECf(x) quasi-everywhere (5)

whenever f is quasi-continuous on R™ (see [5], Proposition 1.6]). The definition
of quasi-continuity is given as follows.

(1) f is defined quasi-everywhere on R”, i.e., f : R\ N — [—00, 0], where
Cap, s(N) = 0 for some N C R".

(2) f is finite quasi-everywhere.

(3) Given any € > 0, there is an open set G C R" such that Cap, ((G) < ¢
and the restriction function f|ge is continuous on G°¢.
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Observe that G, * ¢ is quasi-continuous whenever ¢ € L*(R") (see [2, Proposi-
tion 6.1.2]).

Remark 1. Let f : R" — [—00, 00] be given. We claim that if || f|[ 1) = 0,
then f = 0 quasi-everywhere. Indeed, for every 0 < t < oo, we have

C{z e R : |f(z)| > t}) = /{|f>t} tdc < /{|f>t} IfldC < /R | f|dC

By letting t =1/N, N =1,2,..., we have

C({z €R™: |f(z)| > 0}) = NLEJNC<{:UGR”:|f(:E)I>i,}>
<ye ({eerv@i> 5 })
=0,

where the first inequality follows by the countably subadditivity of C and hence
f = 0 quasi-everywhere.

Moreover, if || f||Lac) = 0, 0 < g < oo, then [||f|?]|z1(cy = 0, and the above
argument applied to |f|? shows again that f = 0 quasi-everywhere.

Proof of Theorem[1 Let f:R™ — [—o0, 0] be given. First, we show that
C(f) < ChasE(f) (6)

Let ¢ : R™ — [0, 00] be such that M°p > | f|'/* quasi-everywhere. Recall that
C(f) = [fl21(cap, ,)- Using (4)) yields

C(f) < Cnasllflln(cap, )
< CTLQSH(MIOC )sHLl(Capa,s)
= nas”MlOC(pHiS(Capa,s)

S 07/1704,8 H SDHLS (Capa’s) .
Taking infimum to all such ¢ gives (@ Now we show that
C(f) < Cna,s€(f)- (7)

Suppose that ¢ : R" — [0,00] is such that MES(G, * ) > |f|Y/* quasi-
everywhere. Using CSI, one has

C(f) <1Ga* @lLs(Cap, ,) < CnasllellLsgn):
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Taking infimum to all such ¢ gives . Finally we show that
¢(f) <c(f). (8)

If ¢ : R — [0,00] is such that Gy * ¢ > |f|"/* quasi-everywhere, then by
considering ¢y = min(p, N)xpy), N = 1,2,..., one has ¢y T ¢ pointwise
everywhere, and hence

Go x¢(x) = sup Go * pn(z), z€R"
NeN

On the other hand, it is clear that ¢n € L*(R™), hence G, * ¢n is quasi-
continuous (see [2, Proposition 6.1.2]). Using (5], we have

Go ¥ on(z) < MES(Gy * on)(z)  quasi-everywhere,
say,
Gao * on() SM?C(GQ*SDN)(:L‘) x € R"\ Ey,

where Ey C R" is such that Cap, ;(En) = 0. By letting

E = UEN.

NeN

Then the countably subadditivity of Cap, 4(-) entails

Capa,s(E> < Z Capa,s(EN) =0.
NeN

Taking supremum over all N € N, we conclude that
Go* @(z) < MB(Go * @)(z), = €R"\E.
which yields
G * @(z) < MB(Gq % @)(z) quasi-everywhere.

Then €(f) < [l¢]l7+(gny, which gives . QED

The following Hdélder’s type inequality will be used in the sequel.
Lemma 1. Let ¢, ;R™ = [0,00], ¢ =q/(q—1), and 1 < ¢ < oco. Then

| dCapay < 2l ¥ cap, 9)
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Proof. Recall the standard Young’s inequality that

/

a e
<+ ab>0
q

If either of ||¢[| La(cap, ,)s ‘WHLq’(Cap ) is zero, then ¢ or ¢ is zero quasi-everywhere,
and @ follows immediately. Assume that

0< HQDHL‘J(Capa’S)a HwHLq/(Capms) < 0.

Then we have

/ 14 4 dCapa’S
R

n H‘P”L‘I(Capms) ||¢||Lq/(capays)

!

q q
1 1
S/ S I += v dCap,, ,
n g ”SDHLZZ(Capa,S) q ||w||Lq’(Capa’s) y

q q
1 1
o[ (e Vacmas [ ) .,
» @ \ el VS @ \ Tl cop ,
1 1
(-}
q g
= 2,
which gives the Holder’s inequality. QED

Proof of Theorem[4 Assume that holds for all such f. Let ¢ : R™ — [0, 00]
be such that My > (w¥/(5=9)1/5 quasi-everywhere. This gives

172, gy = TR,

/ e -wdCap,,
/ (M¥<p) )iwdCap,,

Cna sw,qH(p”Ls Cap )
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Using Theorem [1], we obtain

s

€ (ws—a )%

s
s—q
[

< Cn,mscq
Ls—a(Cap,

n7a7s7w7q

a,s)

S 4q
s

< Cn,oz,s,ch C(wsj-{)

n’a787w7q
/ q
S Cn7a7s7qc

n?a7s7w7q ’

s 4
— S
we HLl(Capa,s)
9
wl[ "4
Ls—a(Cap

e

n7a7s7q n7a7s7w7q’

oz,s)
We conclude that

!
Hw”Lﬁ(CapM) = Yn,a,s5,q gz,ms,wﬂ’

which gives . For the converse, we use Lemma [1| with the exponents s/q and

s/(s — q), which satisfy
s\ s \*
() (=) -
q §—4q

As a consequence, we have

IME Ao, ) = [, (MES)dCa

<2/ (Mg<f)?| ]

Lg(Capa,s) LS%‘?(Capa,s)

= 2] IME L

Lﬁ(Cap%S
S Cn,a,S,q ||wHLﬁ(Cap ) ||f”qs(Rn)7
a,s

where the last inequality is due to . Now it is easy to see that follows.

QED
Proof of Theorem[3. We first prove that

021<p t- Capg ,({zx e R": MICOC((Ga *9)°) > t}) < Cn,a,S,w”SOHSLS(w) (10)

for every ¢ : R™ — [—00,00]. Fix a 0 < ¢t < co. Denote by
E; = {z € R" : M¥((Gq % ©)®) > t}.

Suppose that zg € Ey;. Let 7 = ry, € (0,1] be such that

/ (Ga x ¢)°dCap,, ; > t.
Br(z0)
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We decompose ¢ = ¢ + 1, where ¢(x) = 0 for |z — zo| > 4r, and ¢(x) = p(z)
for |z — xg| < 4r. Then

Cap, s(Br(z0)) - t < / (Ga * )*dCap,
Br(z0)

< / 251 (G §)° + (Ga *1)°) dCap,,
B»,«(Z‘o)

<o / (Go * 6)°dCap, , + / (G #1)*dCap,, | -
By (z0) Br(z0)

Therefore, we have either

1
| (Gax 6 dCapy, > i Cay o (Brlan) . (11)
Br(zo) ) 2 }
or
1
/ (Go % 9)°dCap,., > —Capy o(By(10)) - 1. (12)
Br(zo) ’ 2 }

Assume that holds at the moment. We have by CSI that

/ (Ga x ¢)°dCap, s < Cpoa,s o(x)’dr = Cn,a,s/ o(z)’dz,
n Rn B

4r(20)

which yields

/ o(z)°dr > C’nya,SCapmS(BT(:co)) - t. (13)
Byr(z0)

On the other hand, if holds, then we claim that
1
Ga * (P(xO) > Cn,a,st;' (14)

In fact, for any x1,z2 € Br(z0) and y ¢ Ba,(x0), we have
1
g’fm =yl < |z =yl < 3wz -yl

If |21 — y| < 3, then |x2 — y| <9, and hence

1

Ga(r1 —y) < Cn,aW =

n,aW < CnaGalz2 — 9).
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Furthermore, if |21 — y| > 3, then
Ga(r1 —y) < CraGalrr —y + 22 — 11) = Cp o Galx2 — y),
where we have used the fact that |zo — x1| < 2 and
Go(u) < CpoGa(u+wv), |ul >3, |v]<2
(see [2, (1.2.24) of Section 1.2.4]). Therefore, for any =1 € B, (o),

Gox¥(x1) <Cha Inf Gouxv(x) <Cho Inf Ggoxo(x).
P(z1) @, nf | Y () o o(x)

Hence, implies that

ts < Chas Inf  Guo*xp(x),
2€Byr(x0)

which yields . Let U be the set of all z € E; such that holds, i.e.,
[ el 2 CrnaCap (B () .
B47‘z (:B)
Then, by , G xp(x) > C’ma,stl/s everywhere on E; \ U. As a result,

1
Cap:,s(Et \ U) < Cn,a,sg”sonis(w)'
Note that

Uc |J B,

zeFEy

Let W be an arbitrarily bounded subset of U. By Besicovitch covering theorem,
there are collections of balls

Ay =By, (¥h,)}, - Ay = (B, (e, )}

such that each A; is disjoint,

and

/ o(@)de > CrosCapy o(Byy (21,)) 1.
B4’V‘ki (mkl ) i
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Using [7, Lemma 3.3.12], one has

Capg,s(BTki (xkz)) < Cn,a,S,wT];asw(Brki (xkz))

i TL*C&Sw(BTki (xkz))
- nzavsvwrki rn
k;
W(B4Tk- (a?kz))
S C;L,a,s,wcapa,s (Brkl (ajkz )) T‘;L .
k,

k3

Since w € Aj, we have

W(B4Tki (‘,rkz))
————— < Cylw]a,w(z) almost everywhere x € By, (7g,).
T, i
Then
w(Bur, (k) 1 w(Bar,, (k)
Capg (B, (a1)) 2 < Gy [ ol S
Tkl' t B47‘ki ($k ) Tki
1
< C'n,w/ o(x)’w(z)dr
t Bary,, (zk,)
As a result, we obtain
Capa (W) <D > Cap,i(B)
i=1 BEA;
= Cn,a,s Z Z Capa,s(BTki (xkz))
i=1 k;
1 &
<Choasws Z Z/ o(z)’w(z)dx
ti3 k; * Bary, (@r;)

1
S Cn7a7svwz ||s0HiS(w)’

87

Now we let W = U N By(0) for N =1,2,..., the Fatou’s property of Capg, ((-)

entails
. 1
Capg o(U) = lim Capg ((UN BN(0)) < Craswl10l7s ()
’ N—o0 ’ t

Since Cap,, (E:) < Capy ((E: \ U) + Capy, ((U), the claim (10) follows.
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Now we are ready to prove . Assume first that |f| < 1 quasi-everywhere.
Then for every z € R", it holds that

Mlcocf(x) = sup B(JC))/B ( )‘f‘dcapa,s

0<r<1 Capog,s

< sup

1dCap,, 4

—~| = | =

oA

0<r<1 Capog,s
=1.

Let ¢ : R™ — [0, 00] be such that Gy * ¢ > | f|'/* quasi-everywhere. Using ,
we have

/ (Mlcocf)stapz’S = / Cap‘g,s({x cR": Mlcocf(x)s > t})dt
n 0
1 1
= [ ot (o € B M) > 4
0
1 1
< [ Capt ({0 € B ME(Ga s )2 > 1
0

1
1
< Cn,a,s,w/ T”SOHis(w)dt
0 ts
= C;z,a,s,wHSOHSLS(w)‘

By considering the weighted version of C, taking infimum over all such ¢, one
obtains (see 3 Proposition 2.5]). Denote by

[ £l oo (cape ) = inf{a@ > 0 : |f| < a quasi-everywhere with respect to Capj, ()}
One easily obtains [|f||re(capy,) = 0 if and only if f = 0 Capg ,(-)-quasi-
everywhere, and |f| < || f|| oo (cape ,) Capg s(-)-quasi-everywhere. Assume at the

moment that

Capy, 5(-)-quasi-everywhere entails Cap,, ,(-)-quasi-everywhere, i.e,
Cap, ;(F) = 0 entails Cap,, ((F) =0, E CR". (15)

Denote by M = || f|| oo (Capx ,) and assume first that M < oco. Then f/(M+1) <
1 Cap, s(+)-quasi-everywhere. By the result just proved, we have

loc f ° w f ° w
< .
/n <MC (M T 1>> dCapms =~ Cn,a,s,w An <M T 1> dCap%S
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Canceling both sides by the factor 1/(M + 1)%, then the estimate follows.
For general f : R" — [—00, 0], by considering fy = min(f,N), N =1,2,...,
we have || fx || zoo(cape ) < 00. The previous result yields

/ (Mg fn)*dCaps , < Cpasw | fidCapy,.
n Rn

Taking N — oo, we have fy 1T f everywhere, and follows by the Fatou’s
property of Choquet integrals.

To complete the proof of this theorem, it remains to justify . To this
end, since Cap, 4(-) is countably subadditive, we may assume that £ C B for
some ball B with radius 1/2. Since E C Bj(x) for all z € E, we have

1
MIOCXE x) > / xedCap,
CXED 2 Gap B S ’
. Capa,s(E N Bl(m))
B Capa,s(Bl (l‘))
_ Cap, (E)
B Capa,s(Bl(x))
_ Cap, ,(E)
B Capa,s(Bl (0))’
where we have used the simple fact that Cap,, ,(-) is translation invariant in the
last equality. Suppose the contrary that Cap, ((£) > 0. We obtain by that
1 Cap, ((£)
2 Capa,s(Bl (0))
1 Cap,((E) ({ I 1 Cap,((E) })
< ————F———Capy | ¢z eR" : M@xg(z) > - —FF—
= 2ap,., (B:(0) X S Cap, (B2 (0)
< Cn,a,s,wcap(&),s(E)
= 0.

Capg 4(B)

Since Capy ((B) > 0 (see [7, Lemma 3.3.12]), we deduce that Cap, ,(F) = 0,
a contradiction. Therefore, the assertion holds, which finishes the proof of
this theorem. QED

3 Final Remarks
The main results are all valid for Riesz capacities cap,, 4(-) defined by

cap, s(E) = nf{[|@l|7s@ny : ¢ 20, In x> x5}, ECR",
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where I,,(-) = H_("_O‘) are the Riesz kernels. The corresponding functionals are

C(F) = Wi (ol 3mqany : @ 2 0, Toxp > |f]} quasi-everywhere),
: s 1 :
C(f) = mf{”‘P”LS(capw) 1 >0, Mcp > |f|5 quasi-everywhere},
€(f) = inf{||1a * ol }s@ny 1 ¢ 2 0, Mc(la * @) > If|* quasi-everywhere},

where

1
MC T)=8up ————=— < / dcapa s
SO( ) >0 Capa,s(BT‘(x)) Br(z) ’(‘0‘ 7

The weighted Riesz capacities are defined in a canonical way and we have

”MC.]C”LS(capg’S) < Cn,a781w|’f”Ls(cap‘&”S)v

the proofs are almost verbatim to the arguments given in the previous section.
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