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Abstract. In this paper, we give the rate of convergence of the conjugate Fourier integral
of functions of bounded variation over (—oo, c0). Further, we give the rate of convergence of
Norlund means of the conjugate Fourier integral of f, where f is of bounded variation over
every finite interval [a,b], —0o < a < b < co. Also, in particular as corollary, we get the rate
of convergence of (C, 1) means of the conjugate Fourier integral.
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Introduction

The Dirichlet-Jordan theorem (see, e.g., [IT, p. 57, Theorem 8.1]) asserts that
the Fourier series of 27-periodic function f of bounded variation on [—,7]
converges at each point and the convergence is uniform on closed intervals of
continuity of f. The conjugate analogue of the Dirichlet-Jordan theorem for
Fourier series was given by W. H. Young [I0]. Then, S. M. Mazhar and A. Al-
Budaiwi [6] quantified the result of W. H. Young [I0] by estimating the rate
of convergence of the conjugate Fourier series at that point, which is also the
conjugate analogue of the result of R. Bojanié [3]. Further, S. M. Mazhar [5] also
gave the rate of convergence for Fourier-stieltjes series. Also, for non-periodic
functions, the Dirichlet-Jordan theorem for Fourier integrals was given in (see,
e.g., [9 p. 13, Theorem 3]). In our earlier work [2], we have quantified this
result by estimating the rate of convergence of the Fourier integral of functions
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of bounded variation over R := (—00,00) at that point. Furthermore, we have
also established the rate of convergence of the Norlund means of the Fourier
integral of f, where f is of bounded variation over every finite interval [a, ],
—00 < a < b < co. Here, we give the conjugate analogue of our results by giving
the rate of convergence of the conjugate Fourier integral of functions of bounded
variation over R and giving the rate of convergence of Norlund means of the
conjugate Fourier integral of f, where f is of bounded variation over every finite
interval [a,b], —00 < a < b < 0.

1 Notations and Definitions

First, we recall the definition of (IV, p,,) summability of the series > a,,. Let {p,}
be a sequence of constants, real or complex and let {P,} denote the sequence
of partial sums of Y >°  p,. We assume that P, # 0 for all n € N U {0},

P_y=p_1=0, Py =p_y=0. For an arbitrary sequence {S,}, we put
tn prn kSk, n=0,1,2,.
" k=0

and call {t,,} the Norlund transform of {S,}. The sequence {S,} is said to be
summable (N, p,,) (or Nérlund summable with respect to {p,}) to s, if lim ¢, =
n—oo

s. The series > a, with the sequence of partial sums S, is said to be summable
(N, pp) if the sequence {5, } is summable (N, p,).

Next, we recall the definition of Norlund summability of the integral fo u)du.
Let ¢ be a real valued locally integrable function on [0,00). If f is a locally
integrable function in R* := (0, 00), then the Nérlund transform T'(y) of f with
respect to ¢ is defined as

1 /y 1 Yy
— Qy —u)f(u)du or T(y:/qy—uSu)du,

y)o( )f(u) )Q(y)o( )S(
where Q y) = fo u)du # 0, for each y > 0 and S(u fo t)dt. The inte-
gral [° f(u)du is sald to be Norlund summable to s Wlth respect to q(y) (or
summable (N, q(y)) to s) if li_>m T(y) exists and is equal to s. In the special

Y—00

case, if q(u) = BuP~1(B > 0) then the Norlund transform reduces to the (C, )
transform (see [9, p. 26]) defined as

= /Oy(y — u)ﬁf(u)du, y > 0.

T(y) = yﬁ
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Remark 1. Note that, if ¢(y) = 1 for y € [0, 1] and ¢(y) = 0 for y > 1,
then Q( ) 1 for all y > 1 and hence T(y) = [) f(u)du, y > 1 and T(y) =
e fo u)du, 0 < y < 1. Therefore the integral

/ f(u)du is (N,q(y)) summable <= ILm T(y) < oo
0 Yoo

y
— lim f(u)du < 0o
Y—00 0

<:>/ f(u)du converges.
0

So, the summability (N,q(y)) of the integral fo u)du is equivalent to its
ordinary convergence in this case.

For a function f € L'[—m, n], its Fourier series is defined as

1 o]
540 + Z(an cosnt + by, sinnt)

n=1

and its conjugate Fourier series is defined as
[e.e]
E (an sinnt — by, cosnt),
n=1

where a, and b, are given by the usual Euler-Fourier formulae. Their k-th
partial sums are

k

Sk(f;w) == Sp(x) = %ao + Z:l(an cos nt + by, sin nt)
3 ) k
and Sip(fiz) = Sk(z) = Z(ansinnt— by, cosnt).
n=1

The Fourier integral of a function f € L'(R), is given by (see [11, Vol. 2, p.
244))

/ (a(u) cos ux + b(u) sinuz)du ::/ A(u, z)du, say,
0 0

and conjugate Fourier integral of a function f € L'(R), is given by (see [11], Vol.
2, p. 244])

/ (a(u) sinuz — b(u) cos uz)du ::/ B(u, z)du, say,
0 0
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where
a(u) = i/ f(t)cosutdt and b(u) = i/f(t) sin utdt.
R R

Their k-th partial integrals are

S(f;y,z) = S(y,x) = /Oy A(u, z)du

- . Y
and S(f;y,z):=S(y,x) —/0 B(u, z)du.

A function f : [a,b] — R is of bounded variation over the interval [a,b], in

symbols: f € BV][a,b], if

V(fifat) = 317 - o)l <.
k=1

where supremum is taken over all partitions a = z¢g < 21 < ... < x, = b of [a, b].
A function f : R — R is said to be of bounded variation over R, in symbols:
f € BV(R), if

VUR) = s { S 1 m) - f(xn)l} < oo,

where T is a finite collection of non-overlapping subintervals [z, y,] in R. Equiv-
alently, a function f : R — R is of bounded variation if f € BV]a,b] for all
—00 < a < b < oo and sup{V(f,[a,b]) : —00 < a < b < oo} is finite. Fur-
thermore, if this is the case, then the total variation V(f) := V(f,R) is given
by

V(f) =sup{V(f,[a,b]) : —00 < a < b < c0}.

Similarly, we can define functions of bounded variation over [a,c0), for any
a € R.
For x € R, we define

Yelt) = 5(Flz +6) — fw — 1), t € [0,00),
F(z) = lim f(z,h) = lim {_1/;0 %(t)dt},

h—04 h—04 T t
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and

_ - (=2 [T u(t

- s - (2 220

Throughout this paper, A is an absolute constant, which may not have the same
value at each occurrence. We note that if f € L'(R), then f(z) exists for almost
all x € R (see, e.g., [9, p. 132, Theorem 100]).

Jordan proved that if f is a 27-periodic function of bounded variation on
[—m, 7], then its Fourier series converges to 1[f(z +0) + f(z — 0)] at each point
of x (see, e.g., [11, p. 57, Theorem 8.1]). W. H. Young ([I0] or see, e.g., [6]) gave
the conjugate analogue of Jordan’s theorem for Fourier series as the following
theorem.

Theorem 1. If f is a 2m—periodic function and is of bounded variation
on [—m, |, then a necessary and sufficient condition for the convergence of the
conjugate Fourier series of f(x) at x is the existence of the integral

=2 [T ¥at) dt = lim fi(z,h),

T Jo 2tan% h—0+

which represents then the sum of the series.

S. M. Mazhar and A. Al-budaiwi [6] quantified the above result as the fol-
lowing theorem.

Theorem 2. If f is a 2m—periodic function and is of bounded variation on
[—m, 7], then for x € [—m, 7] and n € N we have

o)~ (n 7)| s T2 (v o )

where S’n(:n) is the n-th partial sum of the conjugate Fourier series of f.

For non-periodic functions, Jordan’s theorem states that if f € L'(R) N
BV (R), then its Fourier integral converges to 3[f(z + 0) + f(z — 0)] at each
point of z (see, e.g., [0 p. 13, Theorem 3]). We quantified this result as the
following theorem [2, Theorem 3.1].

Theorem 3. Let f € L'(R) N BV (R). Then for any a,y € RT with n <
y<n+1;neNU{0} and for any x € R, we have

Stoa) 311t 400+ £ 01| < 2 S0 (o [o 5] ) 4

where S(y, ) is the y-th partial integral of the Fourier integral of f.
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We have also give the rate of convergence of Norlund means of the Fourier
integral as the following theorem [2, Theorem 3.2].

Theorem 4. Let q(y) be a non-negative and non-increasing function for
y > 0 such that Q(y) — oo as y — oo. Further, let f € L'(R), ¢”’T(t) € LYRY),
and © € R. Suppose f is of bounded variation in every finite interval [a,b],
—o0 <a<b<oo. If T,(y) is a Norlund transform of Fourier integral of f for
y > 0, then for any fized a € RT and for anyy > 1 withn <y <n+1;n €N,
we have

Toly) - Lfa+0) + f(o - o>]]

TR M

N

In this paper, we give the conjugate analogues of Theorem [3]and Theorem [4]
Also, as a corollary, we get the Dirichlet-Jordan theorem for conjugate Fourier
integrals, as well as the rate of convergence of (C, 1) means of Fourier integrals of
functions of bounded variation over every finite interval [a, b], —0o0 < a < b < 0.

2 Results

In this section, we state our main theorems on the rate of convergence of
conjugate Fourier integrals and their Norlund means. We first consider the par-
tial integrals of the conjugate Fourier integral of a function of bounded variation
over R. The following theorem establishes their rate of convergence and is the
conjugate analogue of Theorem

Theorem 5. Let f € L'(R) N BV (R). Then for any a,y € R with n <
y<n+1;neNU{0} and for any x € R, we have

~ ~ a a4y 4 0 a A
o R b) 4 o

where S’(y, x) is the y-th partial integral of the conjugate Fourier integral of f .

Next, we investigate the Norlund means of conjugate Fourier integrals. For
functions of bounded variation on every finite interval [a,b], —c0 < a < b <
00, we derive the rate of convergence of these means. This result provides the
conjugate analogue of Theorem

Theorem 6. Let q(y) be a non-negative and non-increasing function for

y > 0 such that Q(y) — 0o as y — oo and % is bounded for y > 1. Further,
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let f € L'(R) and x € R. Suppose f is of bounded variation in every finite
interval [a,b], —oco < a < b < oo. If Tu(y) is a Nérlund transform of the
conjugate Fourier integral of f fory > 0, then for any fized a € Rt and for any
y>1lwithn <y<n+1;neN, we have

ot [ on (e )

Remark 2 By Remark [I} it follows that the Norlund summability of the
integral fo x)dx is equivalent to its ordinary convergence when we put ¢(y) =
1for0<y<1andq( ) =0 for y > 1. In this case, Q(y) =y for 0 <y < 1
and Q(y) = 1 for y > 1. Therefore, Q(y) — 1 as y — oo and % =y fory > 1.
So, all the conditions of Theorem [0] are not satisfied in this case and hence we
cannot derive Theorem [f] from Theorem [G

Remark 3. Although Theorem [5] cannot derived from Theorem [6] but we
critically observe here that we obtained a result concerning the rate of conver-
gence of Norlund means of conjugate Fourier intergals by taking weaker condi-
tion “f is of bounded variation in every finite interval [a,b], —0o0 < a < b < c0”
instead of “f € BV(R)” which is used in Theorem [5| to obtain the rate of
convergence of the partial integrals of conjugate Fourier integrals.

Putting ¢(y) = 1 in Theorem @ we get the following corollary concerning
the (C,1) summability of conjugate Fourier integrals.

Corollary 1. Let f € L'(R) and x € R. Suppose f is of bounded variation
in every finite interval [a,b], —oco < a < b < co. If 6,(y) is a (C,1) transform
of the conjugate Fourier integral of f for y > 0, then for any fized a € R* and
foranyy>1 withn <y<n+1;neN, we have

&x(y)—f<x n+1>‘ ZV(% [ D afy. (3)

Note that, 1, (¢) is continuous at ¢t = 0 for z € R whenever f(z) is continuous
at x. Also, continuity of ¢,(t) at ¢ = 0 implies that

V(1)z,[0,0]) =0 as 6 — 0.

Hence, the right hand side of , , and tend to 0 as y — oo whenever
f(z) is continuous at x. Since the set of discontinuties of functions of bounded
varition is countable and f (x) exists for almost all x € R, we get the following
corollaries from above results.
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Corollary 2. Let f € L'(R) N BV (R). Then the conjugate Fourier integral
of f converges to f(x), for almost all x € R.

Above corollary is the conjugate analogue of the Dirichlet-Jordan theorem
for Fourier integrals (see, e.g., [9, p. 13, Theorem 3]).

Corollary 3. Let q(y) be a non-negative and non-increasing function for
y > 0 such that Q(y) — o0 as y — oo and % is bounded. Further, let f €
LY(R) and x € R. Suppose f is of bounded variation in every finite interval

[a,b], —oc0 < a < b < oo. Then the conjugate Fourier integral of f is summable
(N,q(y)) to f(x), for almost all x € R.

Corollary 4. Let f € LY(R) and x € R. Suppose f is of bounded variation
in every finite interval |a,b], —oo < a < b < oco. Then the conjugate Fourier
integral of f is summable (C,1) to f(x), for almost all x € R.

Remark 4. We note that, if an integral is summable (C,a); a > 0, it is
summable (C, ) for > «, to the same value (see, [, p. 27]). So, we can

extend above corollary to (C, f) summability of the conjugate Fourier integral
of f where g > 1.

3 Proof Of The Results

We need the following lemmas to prove our theorems.

Lemma 1. Let A(z,a,y) = Jees ytdt wzth a € R™ be any fived constant,
0<z<a, andy > 0. Then |)\(;U,a,y)\ < 2 -

Proof. Let x,a,y > 0 be fixed and 0 < x < a. Since % is non-negative and
non-increasing for ¢t > 0, using second mean value theorem (see, e.g., [I, p. 3])

there exists ) € [z, a] such that

/a cosytdt _ 1/77 cos ytdt — 1 [sinyn B sinyx]‘
a T g Ty Y

Therefore, we get

t 2
M(wayr—\/ Cosydt\_

$y
QED
Lemma 2. Let K(y,t) = fo qly — u) Cosutdu where q(y) is non-
negative and non-increasing for y > > 0 and Q(y fO uw)du. Then |K(y, t)] <

29(0)
7r Q(y)t2 ’

for any y,t > 0.
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Proof. Observe that

K (y.t)| =

1 Y
i -0

7TQ ‘/ ) cos(y — u)tdul.

Since ¢(y) is non-negative and non-increasing, using second mean value theorem
(see, e.g., [, p. 3]) there exists n; € [0,y] such that

(4)

y m
/ q(u) cos(y — u)tdu| = ¢(0) / cos(y — w)tdu|. (5)
0 0
Using in , we get
- 0 U 0 y
|K(y,t)| = ﬂ'é((y))t‘/(; cos(y — u)tdu| = ﬂg;(gj)t cos utdu
y=m
~q(0) |sinyt sin(y —n)t
St t ‘
29(0) 1
= TrQwe
QED

Lemma 3 Let q(y ) be a non-negative and non-increasing function fory >0
such that Q(y fo t)dt. Define

5\1(33,(1,]/) = /a K(y7t)dt = /a (7TQ1(y> /Oy q(y - U)%Utdu)dt,

where 0 < x < a and y > 0. Then |\ (z,a,y)| < 2q7$0) : le(y).

Proof. Let y > 0 and 0 < x < a. Using Lemma [2| we have

(2,0, y)| = ‘/x <7TQl(y) /qu(y—u)costmdu)dt’

a9 1
S/ q(0) it

T Qy)t?
SO Pl PR O
oo (y)lz a T zQ(y)

QED

Proof of Theorem |5l Let z € R and a,y € R be fixed. Using the formulas
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of a(u) and b(u), we have

S(y,z) = /Oy B(u,x)du = /Oy[a(u) sinuzx — b(u) cos uz|du

= /y (71r /OO f(t) cos utdt) sin ux — <71T /OO f(t)sin utdt) cos ux] du
o L oo .

- /y 71r/°° f(t)sin(z — t)udt] du
0 L —00

:/y 71T/OO f(x—t)sinutdt]du
0o L —o0

= /Oy 71T /Ooo f(z —t)sinutdt — 71r/000 flo+1) sinutdt] du

:_/Oy [1/Ooo[f(a:—i—t)—f(a:—t)]sinutdt}du.

Since

I [1 JRCEU RN t>|smut|dt} "

T
y[rq [o°
< [']5 [T 10~ @ = olit]au < an,
o L™ Jo
using Tonelli-Hobson Theorem (see, e.g., [4, p. 3]) in above equality, we have
. 1 [® y
Sy, z) = —/ [f(z+1t)— f(z—1)] [/ sinutdu]dt
0
t
_ _/ balt Cosy ST (6)

Since y € RT, there exists n € NU {0} such that n <y < n + 1. Now, using @
we have

cosyt / ¢x

—— [
:‘i/omwx(f)lcwdw / ot Coiytdt
= [

t
1 1- t t 1 [ t
- ) dt+/ Do) Y gt 1 / ba(t) L gt
T t TJ e t T Ja t
= S1(y,z) + Sa(y, ) + S3(y, 2), say. (7)



Rate of Convergence 65

Since |sint| <t for t > 0, we have

g 1 [wit 1 —cosyt 1 [t 2sin? ¥
S < 2 [T O = L ) ) P
mJo t T Jo t
1 [w+1 2t
< [TV b)Y
T Jo 2t

IA

Yy a a
7TV<¢I7 [07n—|—1]>n—|—1
a

uprt]) o

. . a cosyt . : a
Since cos yt and t are continuous over [7714—1 N CL], 7 1S 1ntegrable over [n+1 s CL]

and hence [ ‘. Coi,ytl dt is absolutely continuous over [#—17 a]. Therefore, using
n+1
relation between Lebesgue-Stieltjes integral and Lebesgue integral (see, e.g., [8,

p. 127]), we have

[ w0~ [ o [, o)

IN

—+ n+1 n+1
a @ cosyx’ e cosyx’
= wx(t)d(/ ?/J da:’—/ ZI/ dx’
_a_ a0 ¢ T
n+1 1

Using integration by parts in above equality, we get

@ cosyt a ~ a ~
[ e = ()3 aw) — vel@)iaa)

n+1

+ [ Atadn (o

n+1

()M e + [ Ao

n+1
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Using above equality and Lemma [1|in So(y, x), we get

x(nil>5\<nil,a,y> —i—/a X(t,a,y)dzﬁx(t)‘

n+1

() -0 [ 2 v .0

n+1

< v (a0 )2 [ 2avien .

n+1

77‘52(?/7:1:)‘ =

Now using integration by parts, we get

alSeta)] <V (w005 [ ) 2D 2y o,a)

o] vl

) 2 (% V(i [0,6) "
= vnl0a)+ [ At

n+1

5 9 n+1 a
= Zvinla)+ 2 [T v (0 )

:;w%mw+ééﬁwv@”hﬂyt
jyv(% 0.a]) + Qy;v@ {0’ kD
(G

Since f € BV(R), ¢5(t) € BV][0,00). Therefore, there exist two non-
increasing bounded functions a,(t) and $,(t) on [0,00) such that ,(t) =
ag(t) — By (t) for t € [0,00) (see, e.g., [T, p. 239]). Hence, we get

~ cos t
Satw) = |+ [ utt) y‘
/ ot )cosytdt‘ ‘1 / ﬁx(t)cosytdt
a m a

IN

IN

™

IN

t
= lim / Ba(t Cosytdt‘ (10)

T b—oo

1 b t
== lim [ a.t) Y

T b—oo J,

i ]
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Since %T(t) is non-increasing, by second mean value theorem (see, e.g., [1l p. 3])

there exists n, in [a, b]; for every b > a such that

/b )28 g 0200 /

Therefore, using and since a,(t) and S;(t) are bounded, we have

b b
t p K z(b
lim ag(t )cosy dt| = | lim L@‘) cos ytdt + —— % (b) cos ytdt
t b—o0 a b 77b

b—oo J,
u b
< lim ‘ / cosytdt‘ / cosytdt]
U

b—oo |

b
oz (b) / cos ytdt. (11)
b Jn,

. sinynp — sinya Alsinyb — sin ymn, ]
= lim _— _—
b—oc _a Y b Y
(24  2A A
< lim |— + } < —, (12)
b—oo @Y ay ay

where A is an upper bound for a,(t) and S;(t). Similarly, we can prove that

A
lim / Balt Cosytdt' < (13)
ay’
Using (12)) and ((13) in (10)), we get
~ A
S, < . 14
|553(y, z)| < = (14)

Using f@ and , we get
~ ~ a
a

e | A T R

>H®

Observe that

(on ) =R (e o) 3 (o )
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Using in , we get

QED

Proof of Theorem |§|. Let € R, a € RT, and y > 1 be fixed. Let T,(y) be
the Nérlund transform of B(u,z) with respect to ¢(y). Then using (6]), we have

- = Q(1)
1 Y ~ 1 [ U (t)
— 7@) /0 q(y — u)S(u, x)du + - /Q??ffl)a — dt

1 Y 1 [ 1 — cosut
~ g | atr=w (=2 [T = ) au

() y ’
+ g0 | aw-wf? / o P
“qw (s Ogm)awxu)l_iwdt
+% :’(1) =0 COStUtdt> du
Q(n+D)

Q)

= [ ([T w0 =
+ g [t [L, w0 )

QntD
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Since f € L'(R), we have

CIEay |1 — cos ut| >
2 (t) | —————dt |du
ARl WA

Q)

(

= 7TQ(:'J)/0 Q(y—u)</0Q(n+l) %(t)‘l%ini(?)!dt)du
(
(

Q1)

[T ot )

Q)

2 m)\dt) du

Hence, using Tonelli-Hobson Theorem (see, e.g., [4, p. 3]) in I (y,x), we get

Q?<<1k>l)a 1 y 1 —cosut
I Y, T :/ z/zzt< / qly —u du)dt.
1y, 7) 0 ) mQ(y) Jo ( ) t
Since |sint| < ¢ for t > 0 and % is bounded for y > 1, we get
Q1) .
~ Qn+D)? 1 Yy ‘2 sin® “—t’
I (y,x S/ Yy (t ( / qly —u 2 du>dt
hwol< [T ol g [ -0=S
At 1y
< Pz (t) — ¥z (0 </ uqy—udu)dt
L5 a0 = 0200 5 [ watw =
Q(nJrl)
<! / V(s )

[0,
SﬂQn—i-l (%n,[

<o (o ’Qéi%aD : AQS”V(% g re])

where A is an upper bound for % Again, since f € L'(R), we have

wa /Iq (/Q(l) |¢x()|‘cosuﬂdt>d

QD ®

Q(n+1) Y oo
< amQ(l)Q(y)/o Q(y—u)</Q(l) |¢x(t)|dt>du < AQ(y).

Qn+D?
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Hence, using Tonelli-Hobson Theorem (see, e.g., [4, p. 3]) in fg(y,m), we get

Bnr) = [ (g [ atn =0 o

Qn+tn?

= [ g 0 <wc21<y> [ o= Coimd“> i

Q(n+1)
00 Yy
+/ %(ﬂ(ﬂc;(y)/o q(y—u)coiuth>dt

= In(y,2) + Inn(y, z), say. (19)
Using Lemma and the fact that, f € L'(R) in Ipo(y, z), we have

|f22<y,x>|=\ [ (g [ ato- 0t )dt‘
)

0 24(0) 24(0) [ 424(0)
< / \w)\w(y)tzdts ot | ol < 2 o

Since K (y,t) q(y—u) COsutdu is continuous over [ ?Tfi)l)a,

. Q) i Ndt' i .
y > 0, it is 1ntegrable over [Q(n+1)a,a] and hence fQ(Qn(i)l)aK(y’t )dt’ is abso

a] for fixed

lutely continuous over [Qc(gﬂa, a] . Therefore, using relation between Lebesgue-

n+1)
Stieljes integral and Lebesgue integral (see, e.g., [8, p. 127]) in Is1(y, x), we get

a

Iy, ) = / by R0t

Q¥ ?
a t
o > N,
- / o e0( [ aK(y,wdt)
Q¥ @ Q(n+1)
- / . ¢$(t)d< [ Elwtsat = [ Rtytrar
Q(n +1) Q(n+1)
= _/ Q1) (/ K y7 dt) / o) waT(t)dS\l(t? a7y)'
77,+1) Q(’ﬂ“rl)

Now, using integration by parts, we get
; _ QM) \; (_QQ)
nlt0) =~ 0.0,0) + 0 o s 2 (o gy )
+ / M (t, a,y)diy (t)

Q)
QD¢

_ %(Qg(fl)a) . <Q(Ci(_1'_)1)a,a,y> ¥ / o Rl y)din()

QD¢
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Further, using Lemma [3| and integration by parts in Io;(y, ), we get

( Q) ) 0| 2200)Q0 1)

’1:21(% 90)‘

Qi+ 1) raQ(Q()

o, V(. [0.1) 21)

—235)[@%(85? (e o grn]) + L i 00)
<= o (= o D+ s e 0

(e o2 9 gV 1004(3)

- w0 g [ ”dt} &

Now, observe that

/‘;( . (¢xt,2[0at])dt = an(l) /chl()nﬂ) V<¢a;, [0, Qil)aDdt

Qntn®

n

an(l) ;/QTSH) V(wx, [0, @) Ddt

(
— t
i 2ot + 1 - @y (v 0. 5]
i V(% {03(“})

Saczlmi/k: iV (v o, gga] )«
Using in (21)), we get

1
nfy) < 20 s [ty (v 0.

a@(licz(y)ki/ itV (v 0. 3] )

s )

=1

I

Q
Ol —
=
=1
_—
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Using and ( @ in (| E, we get

e R S ARG CAL -
(25)

Using and in , we get

) (20| < A2 (o, o, Q0]

00 1 [, Y | 2440)
anQ() <y>;/k ot (v 0. Gda] ) + 23005 @

Since q(y) is non-negative and non-increasing, f q(u)du < (b—a)q(a)

and Q(y fq )du > (b— a)q(b)foranyb>a>0 Hence, for 0 < z <1 and
y>1wehave

Qs L
Qly) IS aw)du " yq(y)

Using , we have

(e Paer]) = a6 (= [P o)

<2 (27)

7.0~ I (0 s )‘

Q(n+1)
A20()a  4q(0) | 1 <~ f* ‘ QM) 1Y, 244(0)
<[5 +an(1)]@@>; [ atnanv (v 0. gse] )+ ey
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