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Abstract. This note contributes to the study of large-scale geometry. Specifically, we intro-
duce the concept of intrinsically quasi-isometric sections in metric spaces and investigate their
properties. In particular, we examine their Ahlfors-David regularity at large scales. Building
on Cheeger’s theory, we define appropriate sets that enable the determination of convexity and
establish whether these sections form a vector space over R or C. Furthermore, inspired by
Cheeger’s approach, we propose an equivalence relation for this class of sections. Throughout
the paper, we employ fundamental mathematical tools.
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1 Introduction

This paper contributes to the field of Large Scale Geometry, also known as
coarse geometry. Large Scale Geometry focuses on the study of geometric objects
from a global perspective, examining their behavior at large distances. It plays
a crucial role in geometric group theory, algebraic K-theory, non-commutative
geometry, and other related areas of analysis. The reader can see [211 6l 22].

In particular, we focus on the concept of quasi-isometric graphs in metric
spaces. Quasi-isometric maps [17), 20], 24] can be seen as large-scale analogues
of biLipschitz maps, the latter having been studied by Le Donne and the au-
thor in [14]. More specifically, in [14], Le Donne and the author introduced an
alternative notion of Lipschitz graphs, based on two simple observations:

(1) Franchi, Serapioni and Serra Cassano [16], [I5] introduced and studied the
class of intrinsically Lipschitz maps in subRiemannian Carnot groups in
order to establish a good notion of rectifiability sets in the context of
subRiemannian Carnot groups [I, [5, [7] after the negative result in [2].

(2) we consider graphs instead of maps.
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In our context we consider a section ¢ of 7 (i.e., m o ¢ = id) such that
7 : X — Y produces a foliation for X, i.e., X = [[7~'(y) and the Lipschitz
property of ¢ consists to ask that the distance between two points is comparable
with the distance between a point and a fiber. Following this idea, it is natural to
explore related notions, such as intrinsically Hélder [10] and quasi-symmetric [9]
sections, where the right-hand side term involves the distance to a fiber rather
than to a single point. In this paper, we introduce the concept of intrinsically
quasi-isometric sections. Specifically, we consider a metric space X, a topological
space Y, and a quotient map 7w : X — Y, which is assumed to be continuous,
open, and surjective. The author also studies the link between this notion and
Hopf-Lax semigroup in [13], [12].

The standard example for us is when X is a metric Lie group G (meaning
that the Lie group G is equipped with a left-invariant distance that induces the
manifold topology), for example a subRiemannian Carnot group, and Y is the
space of left cosets G/H, where H < G is a closed subgroup and 7 : G — G/H
is the projection modulo H, g — gH.

Definition 1. We say that a map ¢ : Y — X is an intrinsically (L, M)-
roughly quasi-isometric section of m or, simply, intrinsically (L, M )-quasi-iso-
metric section of 7, with L > 1 and M > 0, if

mo e =idy, (1)

and
d((y1), p(y2)) < Ld(p(y1), 7~ (y2)) + M, for all yi, 42 € Y. (2)

Here d denotes the distance on X, and, as usual, for a subset A C X and a
point z € X, we have d(z, A) := inf{d(z,a) : a € A}.

If L =1, then ¢ is called an intrinsically (L, M)-roughly isometric; on the
other hand if M = 0 the intrinsically (L, M )-roughly quasi-isometric sections are
intrinsically L-Lipschitz sections studied in [14]. Moreover, we underline that,
when M = 0 and 7 is a Lipschitz quotient or submetry [4, [3], the results trivi-
alize, since in this case being intrinsically Lipschitz is equivalent to biLipschitz
embedding, see Proposition 2.4 in [14].

It is easy to see that an intrinsically (L, M )-quasi-isometric section need not
be continuous. Moreover, by the simply fact that ¢(y) € 7~ 1(y), we have that

(), 7 w2)) = M < dlp()m (0)) < Al (), 9 (92):

for any y1,y2 € Y and so we get the left part of classical quasi-isometric defini-
tion is trivial, i.e.,

%d(so(yl)m_l(yz)) — M < d(p(1), p(y2)) < Ld(p(y1), 7 (ya)) + M,
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for any y1,y2 € Y.

The main result of this paper is the following.

Theorem 1 (Ahlfors-David regularity). Let 7 : X — Y be a quotient map
between a metric space X and a topological space Y such that there is a measure
p on'Y such that for every ro > 0 and every x,x’ € X with w(x) = w(a') there
is C' > 0 such that

p(m(B(x,1))) < Cu(n(B(2',1))), 3)

for every r > rg.

We also assume that ¢ :' Y — X is an intrinsically (L, M)-quasi-isometric
section of m such that p(Y') is, for large scale, Q-Ahlfors-David regular with
respect to the measure @.u, with Q € (0,00).

Then, for every intrinsically (L, M)-quasi-isometric section ¢ :' Y — X, the
set Y(Y') is such that

(r = M)? S en(B((y),r) Np(Y)) < (r+ M)?, (4)

for every r > rqg, with rg > M.

Namely, in Theorem [I] Ahlfors-David Q-regularity means that the measure
st is such that for each point x € ¢(Y) there exist 9 > 0 and C > 0 so that

CH9 < puu(Ber) (V) <Cr9, forallr>no. (5)

Finally, inspired by the seminal work of Cheeger [§] (see also [18, [19]) we
give an equivalent property of quasi-isometric sections which we will be the basic
point in order to obtain the following results:

(1) Proposition |4} a suitable set of this class of sections is convex one.

(2) Theorem [2| and |3} a suitable set of this class of sections is a vector space
over R or C.

(3) Theorem 4| gives an equivalence relation of this class of sections.

Regarding being vector spaces over R or C, we present two different approaches:
in Theorem [2| we used to be quasi-isometric section with respect to another
section; on the other hand, in Theorem [3| we used the finite distance between
two points belong to the same fiber.

Proposition 1. Let X be a metric space, Y a topological space, m: X —'Y
a quotient map, L > 1 and M > 0. Assume that every point x € X is contained
in the image of an intrinsic (L, M)-quasi-isometric section 1, for w. Then for
every section ¢ : Y — X of w the following are equivalent:
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(1) for all x € p(Y) the section ¢ is intrinsically (Li, M1)-quasi-isometric
with respect to ¢, at x;

(2) the section ¢ is intrinsically (Lo, M2)-quasi-isometric.

Moreover, if ¢ is intrinsically Lipschitz (i.e. M = 0), then M; = Mj.
Acknowledgements. We would like to thank Giorgio Stefani for the refer-
ence [19].

2 Intrinsically quasi-isometric sections

Definition 2 (Intrinsic quasi-isometric section). Let (X,d) be a metric
space and let Y be a topological space. We say that a map ¢ : ¥ — X is
a section of a quotient map 7 : X — Y if

mop =idy.

Moreover, we say that ¢ is an intrinsically (L, M)quasi-isometric section with
constants L > 1 and M > 0 if in addition

d(e(y1), p(y2)) < Ld(@(y1), 7 (y2)) + M, for all y1,y; €Y.

Equivalently, we are requesting that
d(x1,x9) < Ld(zy, 7 (7(22))) + M, for all 1,25 € o(Y).

We further rephrase the definition as saying that ¢(Y), which we call the
graph of ¢, avoids some particular sets (which depend on L, M and ¢ itself):

Proposition 2. Let 7 : X — Y be a quotient map between a metric space
and a topological space, ¢ :' Y — X be a section of m, L > 1 and M > 0. Then
@ 1is intrinsically (L, M)-quasi-isometric if and only if

P(Y) Ry =0, for allx € o(Y),

where
Ryp:={2 € X|Ld@',n (n(z))) + M < d(z,x)}.

Proposition [2]is a triviality, still its purpose is to stress the analogy with the
intrinsically Lipschitz sections theory introduced in [14] when M = 0 and, in
particular, the sets R, ;, are the intrinsic cones in the sense of Franchi, Serapioni
and Serra Cassano considered in subRiemannian Carnot groups when M = 0.
The reader can see [I1] for a suitable notion of intrinsic cones in metric groups.

However, we recall some examples of linear sections and intrinsically quasi-
isometric sections.
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(1)

()

2.1

Let the general linear group X = GL(n,R) or X = GL(n,C) of de-
gree n which is the set of n x n invertible matrices, together with the
operation of ordinary matrix multiplication. We consider ¥ = R* =
GL(n,R)/SL(n,R) or Y = C* = GL(n,C)/SL(n,C) where the spe-
cial linear group SL(n,R) (or SL(n,C)) is the subgroup of GL(n,R) (or
GL(n,C)) consisting of matrices with determinant of 1. Here the linear

map m = det : GL(n,R) — R* is a surjective homomorphism where
Ker(m) = SL(n,R).

Let X = GL(n,R) as above and Y = GL(n,R)/O(n,R) where O(n,R) is
the orthogonal group in dimension n. Recall that Y is diffeomorphic to the
space of upper-triangular matrices with positive entries on the diagonal,
the natural map 7 : X — Y is linear.

Let X = R? Y = R endowed with the Euclidean distance and 7 : R? — R
defined as 7((x1,72)) := x1 + xo for any (21, 22) € R% An easy example
of quasi-isometric sections of 7 is the following one: let ¢ : R — R? given
by

e(y) = by +af(y), 1 —by —af(y), VyekR,

where a,b € R and f : R — R might not be a continuous map, but it will
be bounded by a constant M.

Let X = R?*Y = R endowed with the Euclidean distance and 7 : R?* —
R defined as 7((z1, . .., Tox)) := @1+ - - + Tay, for any (z1,...,T2,) € R?*.
An easy example of quasi-isometric sections of 7 is the following one: let
¢ : R — R?" be given by

o(y) = (y + a1 f1(y), —a1 f1(y), a2 f2(y), —a2fa(y), - - -, an fu(y), —aw [ (¥)),

for all y € R, where a; € R and f; : R — R might not be continuous maps,
but they will be bounded by a constant M for any ¢ = 1,..., k.

Regarding examples of intrinsic quasi-isometric sections in the contex of
Carnot groups the reader can see [23, Example 4.58].

Intrinsic quasi-isometric with respect to families of sections

In this section we continue to fix a quotient map 7 : X — Y between a
metric space X and a topological space Y.

Definition 3 (Intrinsic quasi-isometric with respect to a section). Given
sections ¢, : Y — X of m. We say that ¢ is intrinsically (L, M)-quasi-isometric
with respect to ¥ at point &, with L > 1, M > 0 and 2 € X, if
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(1) & € p(Y)Np(Y);
(2) e(¥)nCL, =0,

where

Cfyi={o € X ¢ d(z,d(n(x))) > Ld(#,¥((2))) + M}.

Remark 1. Definition [3| can be rephrased as follows. A section ¢ is intrin-
sically (L, M)-quasi-isometric with respect to ¢ at point & if and only if there
is g € Y such that & = ¢(9) = ¥(y) and

d(z,(r(x))) < Ld(z,9(n(x))) + M,  Vz e oY),
which equivalently means

de(y),v(y) < Ld((9),¥(y)) + M,  VyeY. (6)

The proof of Proposition [1] is an immediate consequence of the following
result.

Proposition 3. Let X be a metric space, Y a topological space, and 7 :
X =Y a quotient map. Let L>1,M >0 and yo € Y. Assume ¢g: Y — X is
an intrinsically (L, M )-quasi-isometric section of w. Let ¢ : Y — X be a section
of ™ such that xo := ¢(yo) = ¢o(yo). Then the following are equivalent:

(1) For some L1 > 1 and My > 0, ¢ is intrinsically (Ly, M)-quasi-isometric
with respect to pg at xo;

(2) For some Ly > 1 and My > 0, ¢ satisfies

d(z0,¢(y)) < Lad(zo, 7~ (y)) + Ma, Vy €Y. (7)

Moreover, the constants Ly and Lo are quantitatively related in terms of L and
My and My are quantitatively related in terms of M.

Proof. (1) = (2). For every y € Y, it follows that

d(o(y), zo) < d((y), po(y)) + d(wo(y), zo)
< (L1 + Dd(eo(y), xo) + M
< L(L1 + V)d(zo, 7 (y)) + M + M,
where in the first inequality we used the triangle inequality, and in the second

one the intrinsic quasi-isometric property of . Then, in the third inequality we
used the intrinsic quasi-isometric property of ¢g.
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(2) = (1). For every y € Y, we have that
d(e(y), vo(y)) < d(e(y), wo) + d(zo, po(y))
< (L2 + 1)d(po(y), zo) + Ma,
where in the first equality we used the triangle inequality, and in the second one

we used and the fact that (g(y) belongs to the fiber 771(y). QED

Remark 2. Notice that if g in Proposition [3| is L-intrinsically Lipschitz
(i.e., M =0), then M; = M.

2.2 Convex set
We show that a class of intrinsically quasi-isometric sections with respect to
another is a convex set. We begin by considering the following set.

Definition 4 (Intrinsic quasi-isometric set with respect to ¢). Let ¢ : Y —
X a section of m. We define the set of all intrinsically quasi-isometric sections
of m with respect to ¢ at point Z as

Iys :={¢:Y — X asection of 7 : ¢ is intrinsically (L, M )-quasi-isometric
w.r.t. ¢ at point & for some L > 1 and M > 0}.

Proposition 4. Let 7 : X — Y be a linear and quotient map between
normed spaces X and Y. Assume also that ¥ : Y — X a section of m and
& € Y(Y). Then, the set Iy ; is a convex set.

Proof. Let ¢,n € I, ; and let ¢t € [0, 1]. We want to show that
w:=tp+(l—-t)ne ly;.
Notice that by linearity of « it holds
r(w(y)) = (te(y) + (1 — () = tnle(y)) + (1 - Or(n(y)) = v,

for any y € Y, i.e., w is a section of m. Moreover, w(y) = ¢(y) = n(y) = & for
some y € Y and for every y € Y we have

[w(y) — )l = [t(e(y) — ¥ (y)) + (1 =) (n(y) — L)l

and so

lw(y) =W < tllely) — @)+ 1 =)ln(y) — L)l

Hence,

d(w(y),¥(y)) < tLed(1(9),¥(y)) + My + (1 = ) Lyd((9), () + M,
= [t(Ly = Ly) + Lyld(4(9), ¥ (y)) + (M + M),

for every y € Y, as desired. QED
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2.3 Vector space: version 1

In this section we show that a ’large’ class of intrinsically quasi-isometric
sections is a vector space over R or C defined as follows. Notice that it is not
possible to obtain that Iy ; is a vector space for R since the simply observation
that if ¥(g) = & then ¥(9)+¢(g) # &. On the other hand, we have the following
result.

Theorem 2. Let m: X — Y is a linear and quotient map between normed
spaces X and Y. Assume also that 1) : Y — X is a section of m and {\& : X €
R} C X with & € Y(Y).

Then, for any a € (0,1], the set |Jycp+ Dwp,ae U{0} is a vector space over R
or C.

Proof. Let ¢,n € Uyer+ D ré and 3 € R — {0}. We want to show that
(1) w:=¢+n€Usert e

(2) By € Uner+ Drpra-
(1). If ¢ € Is,5,5 and 0 € Is,y 5,5 for some 61,02 € R it holds

w e 1(51+52)’t/17(51+52)56‘

To simplify, we choose ¢, 7 € Iy ; and so it remains to prove
w e 121/,7256.

By linear property of 7, w is a section of 1/27. On the other hand, if (y) =
&, then w(y) = o(¥) +n(y) = 2¢(y) € X. Moreover, using (6]), we deduce

lw(y) =20 (@) = lle(y) +ny) — 24|
< lle() =Wl + [In(y) =@
< 2L[[9(y) — ()l +2M
= LI12¢(y) — 2¢(y)|| + 2M,
for any y € Y, as desired.
(2). If ¢ € I5,4.5,2 then in a similar way to the point (1) it is possible to
deduce that By € Igs,4 85,4- QED

2.4 Vector space: version 2

In this section we present another vector space over R or C for a suitable class
of quasi-isometric sections of a linear map. Here we do not ask the condition
given by Definition [ but we want that the distance between two points belong
to the same fiber is finite.
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Theorem 3. Let 7 : X — Y is a linear and quotient map between normed
spaces X and Y. Assume also that the distance between two points of the same
fiber is bounded by £ < oo. Then, the set of all quasi-isometric sections of m
joint with the zero map is a vector space over R or C.

Proof. Let A € R — {0} and ¢,¢ be two quasi-isometric sections of = with
constants (L, M) and (Ly, My), respectively. We want to show that

(1) ¢ + v is a quasi-isometric section of 7.
(2) Ap is a quasi-isometric section of .

(1). The fact that ¢ + 1 is a section of 1/27 follows from the linearity of .
Moreover, for any yi,y2 € Y we consider a € 1/2771(ys) such that d(p(y1) +

(Y1), 1/20 (y2)) = d(e(y1) + ¢(11), a) and so

1
50 € 7 yo).

As a consequence, by triangle inequality,
lo(y1) + v (y1) —e(y2) — Vw2l < llelyr) +¥(y1) —all + [la — o(y2) — ()|l
< d(e(y1) +¢(y1),a) +[[1/2a — o(y2) |+

+[11/2a — ¥ (y2)||
< d(e(yr) + (1), 1/20 (1)) + 2¢,

where in the last inequality we used that the distance between two points in the
same fiber is bounded by £.

(2). The fact that \p is a section of 1/Ax is trivial using the linearity of 7.
On the other hand, for any y1,y2 € Y

IAp(y1) — Ap(2)[| < Ly|Md(e(y1), 7 (y2)) + My
= Lod(Ap(y1), (1/2m) " (y2)) + My,

i.e., the thesis holds. This fact follows by these observations:

(1) fﬁ(@(yl)aﬂl(yz)) = d(p(y1),a) then [Ad(e(y1), 7 y2)) = [[Ae(y1) —

(2) Xa € w1 \y).

3) 7 '(\y) = (1/Am) " (y).
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The second point is true because using the linearity of m we have that m(\a) =
Am(a) = Ay. Finally, the third point holds since

T ) ={z € X : w(x) =My} ={z € X : 1/An(2) =y} = (1/xm) " (y),

as desired.
QED

We stress that in the first point of the last proof we do not use the quasi-
isometric hypothesis of ¢ and 1 and so we have the following result.

Proposition 5. Let # : X — Y is a linear and quotient map between
normed spaces X and Y. Assume also that the distance between two points of
the same fiber is bounded by { < oco. Then, the sum of two sections of m is a
(1,20)-quasi isometric section of 1/n.

3 An equivalence relation

In this section X is a metric space, Y a topological space and 7 : X — Y a
quotient map (we do not ask that 7 is a linear map). We stress that Deﬁnition
does not induce an equivalence relation, because of lack of symmetry in the
right-hand side of @ As a consequence we must ask a stronger condition in
order to obtain an equivalence relation.

Definition 5 (Intrinsic quasi-isometric with respect to a section in strong
sense). Given sections ¢,v : Y — X of m. We say that ¢ is intrinsically (L, M)-
quasi-isometric with respect to ¥ at point T in strong sense, with L > 1, M >0
and ¢ € X, if

(1) 2 ey(Y)Ne(Y);
(2) it holds

d(e(y),¥(y)) < Lmin{d((9), (), d(@(9), e(y)} + M,  VyeY.
(8)
At this point, we are able to give the main theorem.

Theorem 4. Let w: X — Y be a quotient map from a metric space X to a
topological space Y. Assume also that ¢ :' Y — X is a section of m and & € X.
Then, being intrinsically quasi-isometric with respect to 1 at point T in strong
sense induces an equivalence relation. We will write the class of equivalence of
Y at point T as

={p:Y — X a section of 7 : ¢ is intrinsically (L, M )-quasi-isometric with
respect to v at point & in strong sense, for some L > 1, M > 0}.
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An interesting observation is that, considering I ;, the intrinsic constants
L and M can be change but it is fundamental that the point & is a common
one for the every section.

Proof. We need to show:
(1) reflexive property;

(2) symmetric property;

1). It is trivial that ¢ « .

2). If ¢ «~ 4, then ¥ « ¢. This follows from .

(3). We know that ¢ « @ and ¢ «~ 7. Hence, & = ¢(9) = ¥(9) = n(9).
Moreover, by , it holds

)
)
(3) transitive property;
(
(

d(e(y), ¥(y)) < d(e(y), ¥(y)) + d(¥(y), n(y))
< Lmin{d(n(9),1(y)), d(9), p(y))} + My + My, (9)
= Lmin{d(n(9). 1(y)), d(n(9), o(y))} + My + My,
for any y € Y. This means that ¢ «~ 7, as desired. QED

4 Proof of Ahlfors-David regularity

We need to a preliminary result.

Lemma 1. Let X be a metric space, Y a topological space, and w: X —'Y
a quotient map. If ¢ : Y — X is an intrinsically (L, M )-quasi-isometric section
of m with L > 1 and M > 0, then it holds

7 (B (p. 7)) € 7(Blp,r+M)N(Y)) C n(Blp,r+ M), p € p(Y),¥r >0,
(10)

Proof. Regarding the first inclusion, fix p € ¢(Y'),r > 0 and q € B(p, 7). We
need to show that w(q) € m(p(Y)NB(p,r+ M)). Actually, it is enough to prove
that

p(r(q)) € B(p,r + M), (11)
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because if we take g := ¢(m(q)), then g € p(Y') and

m(g) = m(p(7(q))) = 7(q) € w(p(Y) N B(p,r + M)).

Hence using the intrinsic quasi-isometric property of ¢ and the fact that
g and g belong to the same fiber because 7(g) = 7(q), we have that for any

p,q,9 € p(Y) with g = o(7(q)),

d(p,g) < Ld(p, 7 ' (n(9)))+M = Ld(p,w ' ((q)))+M < Ld(p,q)+M < r+M,
(12)

ie., holds, as desired. Finally, the second inclusion in follows im-

mediately noting that m(p(Y)) = Y because ¢ is a section and the proof is
complete. QED

Now we are able to prove Theorem

Proof of Theorem[I]. Let ¢ and ¢ intrinsically (L, M)-quasi-isometric sections,
with L > 1 and M > 0. Fix y € Y. By Ahlfors-David regularity of ¢(y), we
know that there are ¢y, ca, 79 > 0 such that

ar® < pun(Ble(y).r) N oY) < ear, (13)
for all r > rg. We would like to show that there is c3, ¢4 > 0 such that
ca(r = M)? < up(B(W(y), ) N (V) < ealr + M), (14)
for every r > rg. We begin noticing that, by symmetry and

O™ u(n(B(¥(y),r) < u(r(Ble(y),r))) < Cu(n(B(y),r)).  (15)

Moreover,

Yt (B((y), ) N(Y)) = (16)

and, consequently,
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where in the first inequality we used the first inclusion of with ¢ in place
of ¢, and in the second one we used . In the third inequality we used the
second inclusion of and in the fourth one we used with ¢ in place of
1. Moreover, in a similar way we have that

et (B((y), ) N(Y)) < u(m(B(y),7))) < Cu(n(B(e(y), 7))
< Cu(m(B(e(y), L(r +
= Coup(B(e(y), L(r + M))
< CLO(r + M)9.

Hence, putting together the last two inequalities we have that holds with
c3 =c1C1L79 and ¢4 = c,CLY. QED
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