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Abstract. The present study establishes the existence and uniqueness of a solution of weak
energy for a boundary value problem within a smooth, bounded, open domain 2 in R" where
n > 3. The problem is defined by the following equation:

—div [a(z,v, DU)] + [v[PP2v = f  inQ,
v=20 on 012,

where the function f is constrained to lie within the space L* (2; R™). The proof of existence
relies on the utilization of the concept of Young measures.
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1 Introduction and presentation of findings

Let © be an open bounded subset of R™, with the smooth boundary 0.
The concept of Young measure was introduced by Norbert Hungerbiihler, who
examined it in [23] concerning the Dirichlet problem for the quasilinear elliptic
system :

—divio(z,v(2),Dv(2))]=f inQ,

(Ps) v(z) =0 on 012,
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for arbitrary right hand side f belongs to W~1#' (€2). They have proved the exis-
tence of a weak solution under classical regularity, growth and coercivity condi-
tions but with only very mild monotonicity assumptions and Young measures to
achieve the result, (see also [14, 15]). Georg Dolzmann, Norbert Hungerbiihler
and Stefan Miiller have studied in [14] the existence of a solution v for the
nonlinear elliptic system :

) { ;fg[a(z,v,m)]:u r; z;ém

where p is Radon measure on §2 with finite mass. Shulin Zhou [31] proposed the
following sign condition:

ai(z,v,h)-h; >0 fori=1,...,m,

as an alternative to the angle condition:

a(z,v,h): Nh >0,

which was assumed in [23]. This condition was utilized to establish the existence
and regularity of solutions to (Py) with f = p € M (Q;R™). For additional
findings, we suggest consulting [12, 6, 24, 25, 4] and [16, 5, 3, 2, 1, 17, 10] where
the utilization of Young measures is explored for a range of quasilinear systems.

The aim of this paper is to study the existence of weak energy solutions of
the boundary value problems for quasilinear elliptic systems of the form

) 4 div [a(z, v, Dv)] 4 [v|P®) 20 = f  in Q,
v=>0 on 0f2,

where  is a bounded open domain in R™(n > 3) with a smooth boundary 9%
and f belongs to L™ (2;R™). Here v : Q@ — R™, m € N*, is a vector-valued
function and Dwv is the Jacobian matrix of v given by

Du(z) = (D1v(z), Dav(z),...,Dpv(z))  with D; = 0/0; (%) -

We denote by M™*™ the real space of all m x n matrices equipped with the
inner product i m =3, . hy;m;; for all h,n € MM

Let us consider a function denoted as a :  x R™ x M™*"™ — M™*" which
is a Carathéodory function. This implies that for every (s,h) € R™ x M™*",
the function z — a(z,w,h) is measurable, and for almost every z € , the
function (w, h) — a(z,w, h) is continuous. Moreover, the function & — a(z, v, h)
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is continuously differentiable, satisfying the following conditions in conjunction
with a convex and C'-mapping denoted as A : Q x R™ x M™*" — R, we have

a(z,v,h) = %A(z,v, h) (1.1)
and
A(z,v,0) =0, (1.2)

for almost every z € 2 and all v € R™.
Moreover, we assume that there exist 0 < ay(z) € LP' () (Q)

la(z,w, )| < aa(2) + w]PD 71 [RPE (1.3)

for almost every z € Q and for every (w,h) € R"™ x M™*", In addition, the
mapping i — a(z,w, k) is monotone, i.e.,

(alzw,h) — alzw,m)  (h—n) >0, ¥h,n €M™, (1.4)
Finally, the following inequality holds:
|hPP®) < a(z,w, k) : h < p(2)A(z,w, k). (1.5)

In this paper, the source term in (P) is assumed to be in L (©2; R™) and a to
satisfy conditions (1.1)-(1.5). The primary goal is to demonstrate the existence
and uniqueness of a weak energy solution using the concept of Young measure
and energy functionals. Furthermore, a is assumed to be the third argument
derivative of another function A. This assumption is essential to establish an
energy functional for the problem and subsequently minimize it to obtain a weak
solution. The key outcome of the paper lies in validating the adequate assump-
tions for such minimization. An exemplary instance falling within the scope
of our assumptions (1.1) -(1.5) is illustrated by the subsequent p(z)-Laplacian
problem:

1

A(z,v,h) = o)

BPE), (2,0, h) = [RPO2h.

The rest of this document is organized as follows: Section 2 provides a concise
overview of Young measures, while Section 3 is dedicated to articulating the
existence result and its proof.
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2 Mathematical Preliminaries

We will review the necessary notations, definitions, and properties of our
function spaces, which can be found in references such as [11, 21, 27, 29, 30], as
well as provide an overview of Young measures, as explained in references such
as [9, 13, 26]. For any open bounded subset €2 of R", where n > 2, we define
C+(Q) = {p(2); p(z) € C(Q), p(z) > 1 for any 2z € Q}. For every p € C1(Q),
we denote

p~ = inf p(2) and p™ = sup p(2).
z€Q 2€Q
The Sobolev space W1r(2) (€;R™) consists of all functions v in the Lebesgue
space

LIP3 (Q;R™) = {’U : Q@ — R™ measurable : / lu(2)P®) dz < oo} ,
Q

such that Dv € LP() (Q;M"™*™). The space LP(*) (Q; R™) is endowed with the

norm
p(2)
dz <153,

it is a Banach space. Moreover, it is reflexive if and only if 1 < p~ < p™ < c0. Its

dual is defined by LP' () (Q; R™) where le)—i—wlz) = 1. For any v € LP(?) (Q; R™)

and w € LP'(*) (Q; R™), the generalized Holder inequality

Lo
Jrwds s (ot ow [0llpe) 1wl z).

holds true. The space W12() (: R™) is endowed with the norm

viz)
E

[oll o) (@rmy) = [[V]lp(z) = inf {6 > 0’/9

[0ll1p(2) = [Vllp(z) + 1D0llp(z)-

Proposition 1. (/28, 18]) We denote o(v) = / loPPdz, Vo e LPE) (Q; R™).
Q
If v, v € LP() (Q;R™) and p* < oo, then

D) [0l < L=1>1) @ o(v) < 1(=1;> 1).

. - + +
i) [0l > 1= ol < o) < ol olhe < 1= 02, < o) <
p-

iii) [Jvgll,) = 0 o (k) = 0 |lvkll,) = +o0 & o (vg) = +oc.
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Let us define Wol’p(z) (Q; R™) as the closure of C3° (Q; R™) in WhP() (Q; R™),
and its dual space as W12 (2) (Q; R™). Here, we denote

{ G if p(z) <

Pi(z):= 00 if p(z) > n.

As stated in the introduction, we use the tool of Young measures to prove
the existence result. This concept of Young measures is a nice tool to understand
and control difficulties that arises when weak convergence does not behave as
one desires with respect to nonlinear functionals and operators. For convenience
of the readers not familiar with this concept, we give an overview needed in this
paper. See [8, 17, 22| for more details.

By Cy (R™) we denote the set of functions g € C' (R™) satisfying the condi-
tion lim|y| ;o0 g(A) = 0. Its dual can be identified with the space of signed Radon
measures with finite mass denoted by M (R™). The related duality pairing is
given by

(v,g9) = /m g(Ndv(A)  forv:Q — M(R™)

Lemma 1. (See p. 19 in [19]) Assume that the sequence {w;} -, is bounded
in L (€ R™). Then there exist a subsequence {wi};~, C {w;};5, and a Borel
probability measure o, on R™ for a.e. z € Q such that for each g € C' (R™), we
have

g (wg) =% g weakly in L>(),

where g(z) := / g(v)do.(y) for a.e. z € Q. We call {0.},cq the family of
Rm
Young measure associated with {wy} -
Lemma 2. ([22]) If |Q| < oo then

Wg—W In measure < 0y = 0, for a.e. z € (L.

Lemma 3. (/5/,[13]) Suppose 2 C R™ is a Lebesgue measurable set (which
may not necessarily be bounded) and w; : Q@ — R™ is a sequence of Lebesgue
measurable functions, where j = 1,2,.... Then, there exists a subsequence wy
and a family denoted as o, of non-negative Radon measures on R™, such that

(1) ozl pq := / do.(v) <1 for almost every z € €.
Rm™m

(ii) g (wy) —* g weakly in L>=(2) for any g € Cy (R™), where g = (04, g) and
Co (R™) = {g € C(R™) : limy,| 00 |g(w)| = 0}.

(iii) If for any R >0

lim sup [{z € QN Br(0) : |w(z)| > £}| =0,
£—00 LeN
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then ||o.|| vy =1 for almost every z € Q, and for any measurable Q' C €,
we have g (wy) — § = (0., g) weakly in L* (Q') for continuous g provided
the sequence g (wy) is weakly precompact in L' ().

Lemma 3 is the fundamental theorem of the Young measure, and the fol-
lowing Fatou-type lemma can be seen as its application and it is useful for
us.

Lemma 4. ([5/,[13]) Let ¥ :Q xR™ x M™" — R be a Carathéodory
function and wg : Q@ — R™ a sequence of measurable functions such that Dwy
generates the Young measure o, with |0 ygm=ny = 1 for almost every z € Q,
then

k—00

liminf/ VU (z, wg, Dwy,) dzZ// U (z,w,y)do,(y) dz,
Q Q Mv’nxn

provided that the negative part ¥~ (z, Dwy(z)) is equiintegrable.

3 Existence and uniqueness of weak energy solution
for f € L>®(Q;R™)
Before we proceed with the main finding of this study, let’s provide the
following definition for weak energy solutions of (P).

Definition 1. A weak energy solution of (P) is a function v € Wol’p(z) (Q;R™)
such that

/Q(a(z,v,Dv) : Dy) dz + /Q l0PA) =200 dz = /Qf(z)go dz,

for all p € Wol’p(z) (;R™).
The primary outcome is as follows.

Theorem 1. Assume f € L (Q2;R™) and (1.1)-(1.5) hold. Then there
exists a unique weak energy solution of (P).

3.1 Existence

Let us define the energy functional V : VVO1 #(2) (Q;R™) - R by

V(v) :/Q.A(Z,U,DU) dz+/9p(12)]v\p(z) dz—/ﬂfv dz.
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Proposition 2. The functional V is well-defined on Wol’p(z) (Q;R™) and
Vet (Wol’p(z) (Q; R™) ,R) with the derivative given by

V.= |

(a(z,v, Dv) : Dyp) dz+/ luP&) =200 dz — / fe dz,
Q Q Q

1,p(z m
for all o € WP (Q;R™).
PROOF. For any z € Q,v € Wo?'¥) (Q;R™) and h € M™*", we have

1 1
A(z,v,h) = / %A(z,v,th) dt = / a(z,v,th) : h dt.
0 0

Using the assumption (1.3), we obtain

1
A(z,v,h) S/ (a1(2)+ o) +t”(z)_1|ﬁ\”(z)_1) Al dt (3.6)
0

1
< a1(2)|A] + [vPO-L B 4 —— |BP(),
1(2)|A] + [v| ||p(z)||

By applying the Hélder inequality, we can deduce that
1
p(2)

z z

0< /Q A(z,0, Dv)| dz < [l [l ) 1DV ]|y +HIVIED ™[ Doy +—— | DU 2

and

/Q Fol dz < 1y o lollce)

From this, we can deduce that V is well-defined on VVO1 P(2) (;R™).
Let us fix z € Q and 0 < |r| < 1. By the mean value theorem, there exists
6 € [0,1] such that

|CL(Z,’U,DU + 9D¢)\|Dgp| _ |.A(Z,U,D’U+7"DQO)—‘.A(Z,’U,D’U)l|D<p‘

(ozl(z) + |U|P z)—1 + |DU + 97“D<,0|p(z)_1) |D<,D|
(a1(z) + [v[PH 7L 4 2p()=2(| Dy P:) 1
_|_(07~)p(z)—1|DSO|p(z)—1)) IDgl.

<
<

Using Holder’s inequality, we obtain

[ Dl d < ol 1Dl
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then
[ 1o Dgl as < ([ 1Def# 19 dz 4 1) Dl
< (IDolir, + 1Dl +1) 1Delhis

and
L 1per Dl az < [ 1Dop® dz < Dol + 1D,

From these inequalities, we infer that

(a1(z) + [olP @71 4 22072 (Do o (9r) =Y D=1 ) ) [ D] € L1(9).

Thanks to the Lebesgue theorem, it can be inferred that

V.= |

a(z,v,Dv) : Dy dz +/ |U|p(z)_2vgp dz — / fo dz.
Q Q Q

Let’s assume that vy, — v in Wol’p(z) (©;R™). Consequently, (vy), forms a

bounded sequence in T/VO1 P(2) (€;R™). As mentioned in Lemma 1 there exists a
Young measure v, generated by Duy, in LP(*) (Q; M™*") satisfying the conditions
outlined in Lemma 3. By utilizing (1.4) and [5, Lemma 5.3], we can deduce that

a(z,v,Dv) : (y — Dv)
a(z,v,7v): 7h—a(z,v,Dv+ Th) : (v — Dv — Th),

0 <(a(z,v,7)—a(z,v,Dv+Th)): (v — Dv —Th)
—a(
which gives
—a(z,v,7) : Th > —a(z,v,Dv) : (v — Dv) + a(z,v, Dv + Th) : (y — Dv — Th),

for every v,h € M"™*™ and 7 € R. We have h — a(z,v,h) is continuously
differentiable, hence we can write

a(z,v,Dv+Th) : (v — Dv — Th)
=a(z,v,Dv+Th): (y — Dv) — a(z,u, Dv + Th) : Th
= a(z,v, Dv) : (v — Dv) + 7((Ca(z,v, Dv)h) : (v — Dv) — a(z,v, Dv) : h) + o(7),

where ( is the derivative of a with respect to its third variable. Therefore,

—a(z,v,7) : Th > 7((Ca(z,v, DV)h) : (v — Dv) — a(z,v, Dv) : h) + o(T),
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which implies, since 7 is arbitrary in R, that
a(z,v,7v) : h=a(z,v,Dv) : h+ (Ca(z,v, Dv)h) : (Dv — ), (3.7)

on the support of o,. Since (a (z, vk, Dvy)), is equiintegrable by (1.3) and
(k) is bounded in I/VO1 #(2) (Q;R™), it follows that its weak L!-limit @ is given
by

a(z) = /men a(z,v,v)do(7)

D ae0,00) [ ) +Gatev, Do) [ (Dot

supp o

=1 =0

L = a(z,v, Dv).

Moreover, as LP'(?) (Q; M™*") is reflexive, it follows that (a (2, vy, Dvg)), con-
verges in L' (?) (Q; M™*") and its weak LP()-limit is also a(z) = a(z,v, Dv).

This and the Holder inequality imply

[V (v) = V' (v), )| < /Q la (z, vk, Dug) — a(z,v, Dv)| |De| dz

and thus,

HV’ (vg) — V'(U)H < |la(z, vk, Dvg) — a(z,v, Dv)|| ) — 0

p'(2
as k — oo. QED

Lemma 5. The functional V is bounded from below, coercive and weakly
lower semi-continuous.

PROOF. According to (3.6) and Holder’s inequality, it is obvious that V is
bounded from below. By utilizing (1.5), we can deduce the following inequalities:

V(v) :/Q.A(Z,U,DU) dz+/Qp(1z)U|p(Z) dz—/ﬂfv dz

> 53 /Q [DPEdz — (1) [0l
Z p(1Z) Q ’D’U‘p(Z) dZ - CHUHLP(Z) — +OO’

as ||v|l1 p(z) — o0, due to the continuous embedding of Wol’p(z) (€; R™) within
LP() (Q;R™). Thus, V can be considered coercive. Let (v;) C Wol’p(z) (Q;R™)

be a sequence that weakly converges to v in VVO1 P(2) (€;R™). Consequently,
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vp — v in LPG) (€;R™) and in measure on 2 (for a subsequence indexed by
k), owing to the compact embedding of Wol’p(z) (Q; R™) in LP() (Q; R™). Since
02 = Opy(z) for almost every z € (2 by Lemma 3, Lemma 2 implies Dvg — Dv
in measure. Additionally, (A (2, vk, Dvy)), is equiintegrable by (3.6). This leads
us to conclude from Lemma 4 that

// A(z,v,7) do(y )dz<hm1nf/.,4(z,vk,ka) dz. (3.8)
Q Jmmxn

k—o0

Moreover, under assumption (1.4) and the relation a(z,v,h) = ahA(z v, h), i
follows that h+— A(z,v, h) is convex, which implies,

A(z,v,7) > A(z,v, Dv) + a(z,v,Dv) : (y — Dv), Vv €M™ ",
=Q(v) =:5(7)

Given that v — Q(7) is a C'-function by Proposition 2, for 7 € R, we have

Q(y+1th) —Q(y) _ S(y+th)—5S(v)

< for t<0
t t
and
Q('Htf? —Q0) S(’Y‘i‘ﬁ? 5 r tso0
Consequently, VQ = VS, i.e.,
A(z,v,7) = A(z,v,Dv) for all v € suppo,. (3.9)

Returning to (3.8), it follows from (3.9) that

// A(z,v,7) do.(y // A(z,v, Dv) do,(y) dz
Mmxn supp vz
—/.A(Z,’U,DU) dz
Q

§liminf/ A (z, v, Dvy) dz.
Q

k—oo

Consequently, we can infer that

V(v) < liminf V (vg) .

k—o0

This implies that V is weakly lower semi-continuous, thus completing the
proof. QED
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As V is proper, weakly semi-continuous and coercive, it follows that V' has
a minimizer which is in fact a weak energy solution of (P). Consequently, the
main result’s proof is comprehensive.

3.2 Uniqueness

Assume v; and vy are two weak solutions of the problem (P). According to
Definition 1 with v; as a weak solution, we choose ¢ = v — vy to get

/Qa(z,vl,Dvl) : D(v1 —vg)dz + /Q 01 [P =20 (0) — vg) dz
_ /Q F() (w1 — vz)dz. (3.10)
Likewise, with vo as a weak solution, we take ¢ = vy — vy, which yields
/Qa(z,vg,Dvg) : D(vg —vy)dz + /Q 02| =209 (vg — v1) dz
= /Qf(z)(vg —wv1)dz. (3.11)
By summing equations (3.10) and (3.11), we arrive at
/Q (a(z,vl, Duy) — a(z,vg, D’U2)> : D(vy —v2)dz
+/Q <|U1|p(z)_2vl - v2|p(z)_2vg> (v] —v2)dz=0. (3.12)

Using relation (1.4), we can deduce from equation (3.12) that

/ (\v1<z>\p<z>-2v1<z> - rv2<z>|p<z>-%z<z>) (01(2) —val(2)) dz = 0. (3.13)
Q

Since p~ > 1, the following relation is true for any £,n € R™, £ # n (See p. 4 in
[20])

(IgPe =2 — ol 2y) (¢ =) > 0. (3.14)

Consequently, from equation (3.13), we have

<|U1(z)\p<Z>%1(z) — |va(2) |P(Z>2U2(z)> (v1(2) — va(2))dz =0, ae. z € Q.
(3.15)
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Employing relation (3.14), we conclude that
v1(2) = va(2) a.e. z € Q. (3.16)

Thus, this demonstrates the uniqueness of the solution.
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