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Abstract. This survey describes the study of helix (or constant angle) surfaces in different
ambient spaces equipped with a Lorentzian metric. We present the study of constant angle
surfaces in the Minkowski space, the Lorentzian Heisenberg group, the Lorentzian Berger
sphere and some new results the for the 3-dimensional anti-de Sitter space with Berger-like
metrics. In every case, we give characterization theorems which describe such surfaces.

Keywords: Helix surfaces, constant angle surfaces, Lorentzian geometry

MSC 2022 classification: 53B25, 53B30, 53C50

1 Introduction

A helix surface (or constant angle surface) is an oriented surface with the
property that the normal vector field forms a constant angle with a fixed field of
directions in the ambient space. This surfaces were defined for the first time in
this way in the work of Dillen, Fastenakels, Van der Veken and Vrancken ([4]).

The large interest towards this particular type of surfaces was motivated by
the paper of Cermelli and Di Scala (see [3]) who analyzed the case of surfaces
with constant angle in the three-dimensional Euclidean space. In their work
they deduced a crucial relationship between the Hamilton-Jacobi equation and
such a type of surfaces showing also some interesting applications in the physical
field connected to the equilibrium configuration of liquid crystals. In particular,
one must observe that their molecules present naturally a tendency to align
themselves according to a direction given by a critical field of some energy
functional.

In recent years, different ambient spaces have been considered by many au-
thors while studying helix surfaces. Several examples of the study of helix sur-
faces in Riemannian settings may be found in [3]-[6],[9],[12],[15], [17]-[19] and
references therein. Furthermore, the investigation of such surfaces also extended
to other settings. On the one hand, higher codimensional Riemannian helix sur-
faces were studied (see for example [7], [8], [22]). On the other hand, Lorentzian
ambient spaces were considered in [13], [14], [20] and [21].
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When we take into account Lorentzian settings, we are allowed to consider
more possibilities, as both spacelike and timelike surfaces can be studied. These
possibilities and other fascinating properties of this type of surfaces motivate
us in exploring further the description of helix surfaces in Lorentzian ambient
spaces. For this reason, this survey presents the study of constant angle surfaces
in the Minkowski space, the Lorentzian Heisenberg group, the Lorentzian Berger
sphere and announces some original results on the 3-dimensional anti-de Sitter
space with Berger-like metrics.

The paper is organized in the following way. In Section 2 we introduce the
problem featuring the general settings to establish in these studies, giving some
useful definitions and tools. Then, in Section 3 we treat the Minkowski space,
following the presentation in [I3]. Section 3 analyzes the case of the Lorentzian
Heisenberg group Hs(7) as it appears in [20] and in Section 5 we present the
characterization of the surfaces in the Lorentzian Berger sphere S? whose unit
normal vector field makes a constant angle with the unit Hopf vector field,
following [21]. In the conclusive part of the paper we announce some original
results towards the characterization of helix surfaces in the anti-de Sitter space
H3 endowed with some left-invariant metrics, offering a generalization to the
case proved in [14].

2 Preliminaries

Let (M, §) be a 3-dimensional Lorentzian manifold and M an oriented sur-
face immersed into M. We denote by V the Levi-Civita connection of M and
fix the convention:

R(X,Y)=[Vx,Vy] = Vixy] (2.1)

for the Riemann curvature tensor.
Let N be the unit normal to M; then, if we denote by A = g(N, N) = £1 the
causal character of the normal, we can make a distinction between two cases:

e )\ = —1, that means that the induced metric on M is Riemannian and so
M is called spacelike;

e )\ =1, that means that the induced metric on M is Lorentzian and so M
is called timelike.

At this point, we consider a Killing vector field V in order to define the angle
function 3 .
v:i=g(N,V)g(N,N) = Ag(N, V). (2.2)

Therefore, we report the following.
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Definition 1. M is called a heliz surface (or a constant angle surface) if
the angle function v is constant on M.

The well known Gauss and Weingarten formulas, for all X,Y € X(M), read:
VxY =VxY +a(X,Y), VxN=-A(X), (2.3)

where V is the Levi—Civita connection on M and « the second fundamental
form with respect to the immersion. In this way, we have

a(X,Y) = A\g(A(X),Y)N. (2.4)

In addition, we can also write, with the conventions used above, the Gauss
equation for pseudo-Riemannian surfaces:

g(AY),Y) —
g(X’X)g(Y’Y) - g(

|
E
2
s
>

(A(X),Y)
’Y)Q

QI

(2.5)

>

where

JAX), X)g(A(Y),Y) — g(A(X),Y)?
g(XvX)g(K Y) - g(X7Y)2

= detA.

Moreover, the Codazzi equation for hypersurfaces yields:

J(R(X,Y)Z,N) =g(VxA(Y) - VyAX) - AX,Y], Z). (2.6)

3 Helix surfaces in E‘;’

Let (,) be the standard flat metric in E$, the three-dimensional Minkowski
space, that is the Lorentzian metric

(,) = da? + da3 — dz3.

In E$ one can define several types of angles depending on the causality of
the two vectors considered (see [10], [II]) and, consequently, different types
of constant angle surfaces may be studied. In particular, in this survey, we
considered the notion of angle between two timelike vectors and the spacelike
surfaces obtained from this choice, following the work of Lopez and Munteanu
(IL3)).

To begin, if v, w € E‘;’ are two timelike vectors, then (v, w) # 0. In particular,
in the case that both vectors lie in the same timelike cone, there exists a unique
number 6 > 0, called the hyperbolic angle between v and w, such that

(v,w) = —|v||w]| cosh 6.



102 L. Pellegrino

Now, let M be a surface immersed into E3. Our purpose is to describe
a characterization for M to be of constant angle. It is well known that if the
immersion is spacelike, then the surface is orientable. Then, let M be an oriented
spacelike surface immersed into E$ with N its unit normal, which is clearly
timelike. Therefore, since the notion of hyperbolic angle works between timelike
vectors, let us take without loss of generality the Killing timelike vector field
es = (0,0,1). We then specify the relation defining the angle function
between N and ez by:

v:=—(N,e3) = cosh, (3.1)

where 6 is the hyperbolic angle between N and es.

In analogy with the Euclidean case (see [I7]), we can recall the Gauss and
Weingarten formulas given in using V for the Levi-Civita connection on
M and « for the second fundamental form with respect to the immersion. In
this way, one gets a(X,Y) = —g(A(X),Y) N, where g is the restriction of (,)
to M. We now consider the decomposition of ez as follows:

es3 =T + coshdN,

where T is tangent to M. It is easy to determine that ||T'|| = sinh 6.

Remark 1. If @ = 0, then ej is parallel to V and so M is a plane orthogonal
to e3. For this reason, we can assume, from now on, that € = 0.

Now, we can define a unit vector field on M, namely E7, collinear to T and
E, orthogonal to Fj such that {E}, Fs} is an orthonormal basis for 7M. From
now on, in our discussion we will always consider M a spacelike helix surface
(i.e. 6 constant on M). At this point, one is able to calculate the associated
Levi-Civita connection V for a constant angle spacelike surface in E3:

vElEl = VElEQ = 0, VE2E1 = —acoth@Eg, VEQEQ = acoth&El,
(3.2)

where a is a function. Moreover, with respect to { E1, F3}, the matrix describing
the shape operator is given by
0 O
A= .

3.1 The characterization of helix surfaces in Ezl‘

Following the scheme used in [13], one can choose now a local coordinate
system (u,v) such that:

Oy = B1, 0Oy =bE», (3.3)



Helix surfaces in Lorentzian ambient spaces 103

where b is a function on M. The condition 0 = [Jy, 0,] leads to:
b, + ba cothf = 0. (3.4)

Now, let us consider a parametrization for the helix surface M: F(u,v) =
F(z(u,v),y(u,v), z(u,v)) with the coordinate defined above.
Therefore, taking into account the relations for the Levi-Civita connection

(3.2) one gets the following:

Fuu = 0; (3.5)
by
by
Foy = =22 Fy = bby Fy + ab®N. (3.7)

Moreover, the Schwarz identity and the expressions of the partial derivatives of
N leads to an equation for a:

ay — a® coth§ = 0. (3.8)

by,
Also, combining (3.4) and (3.8)) the authors obtained a, + a - = 0, that is

(ab), = 0 and then there exists a smooth function ¢ = ¢(v), depending only on
v, such that:

ab = ¢(v). (3.9)

Our purpose is now to get a solution for a and b in order to obtain a parametriza-
tion for M.

Remark 2. We have already used that N, = 0, but this fact also implies
that the coefficients of the second fundamental form e and f vanish and so does
the Gaussian curvature. Then, M is locally flat.

Integrating the equations (3.4) and (3.8)), also using the (3.9)), one gets.

Proposition 1. [13] The functions a and b are given by the following ex-
pressions: either

{a(“av) = —comerat) (3.10)
b(u,v) = p(v)(— coth Bu + a(v)),

where a and ¢ are smooth functions on M, or
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When a = 0 leads to b, = 0 and so F}, vanishes, we have the following.

Proposition 2. [13] Let M be a spacelike heliz surface in E3 parametrized
by F = F(u,v), where (u,v) are the coordinates given in (3.3). If a(u,v) =0
on M, then F describes an affine plane.

Now we can consider the following.

Theorem 1. [13] Let M be a spacelike heliz surface in B} with constant
hyperbolic angle 0 which is not totally geodesic. Up to a rigid motion of the
ambient space, there exist local coordinates u and v such that M is given by the
parametrization

F(u,v) = (ucoshfcosv + v1(v),ucoshfsinv + y2(v), —usinh 6), (3.11)
with
v v
v() = (M (v),y2(v)) = sinh@(/ a(T)sinrdr, —/ a(T) cos TdT)
0 0
where a is a smooth function on an interval I. Conversely, a parametrization
F(u,v) as above defines a heliz surface in E3.

Proof. To begin, if we consider the parametrizations given in (3.11)), we have:

F,, = (cosh f cosv, cosh # sin v, — sinh 0);
F, = (—(ucoshf — a(v) sinh #) sin v, (ucosh @ — a(v) sinh @) cos v, 0).

Thus, the unit normal is given by:
N = (sinh # sin v, sinh 6 cos v, — cosh 6)

and hence the angle function v = —(IV, e3) = cosh 6 is constant. Conversely, we
have to prove that if M is a helix surface in IE‘Z’ then it may be parametrized as

in (E10).

Since F,, = E1, we can write eg = sinh § F;, + coshf N and so we get:
F(u,v) = (h(u,v),usinf) = (z(u,v),y(u,v), —usinf). (3.12)

Hence, in order to specify the expression for h we have to consider the expres-
sions for a and b given in Proposition [1| observing that we have already given
the characterization in the case for a = 0.At this point, the authors used the
equations given in . From they get hy, = 0 and, since E; is a unit
vector, |hy| =1 and so

hy(u,v) = cosh 0 f(v),
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™,

(a) aly) = 0 (b) a(y) = &y

Figure 1: Constant angle spacelike surfaces for some values of a.

where |f(v)| = 1. Hence, integrating one obtains:
h(u,v) = wcosh@f(v) + ~(v),
where 7 is a smooth curve in R2. In addition one finds that
F, = (hy,0) = (ucosh 0f'(v) ++'(v),0)
and from (3.6)):

cothd
Fuv = h ! /
ucoth® — a(v) (ucoshdf'(v) +~'(v),0)

Moreover, since hy,, = cosh 8 f’(v), by comparing with the latter and since we can

suppose that f is the natural parametrization of S without loss of generality,
one gets the parametrization in (3.11)). QED

At this point we are able to introduce some examples of helix surfaces (see
[13]) with the parametrization given in (I). In particular, in Fig[l] we plot some
examples for § = 1 and different values for a(v).

3.2 Helix surfaces constructed on curves

Recalling Remark [2[ and that, as in the Euclidean space (see [I7]), all flat
surfaces are characterized to be locally isometric to planes, cones, cylinders or
tangent developable surfaces, we can consider the following.
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Corollary 1. [13] Any spacelike heliz surface in E} is isometric to either a
plane, a cone, a cylinder or a tangent developable surface.

The fact that a constant angle (spacelike) surface is a ruled surface appears
clearly in Theorem [Il Exactly, the parametrization (3.11]) writes as

F(u,v) = (7(v),0) + u(cosh @ cos v, cosh f sin v, — sinh 6)

which proves that these surfaces are ruled.

Consequently it is very natural for one to ask if the wviceversa holds. In
particular, in [I3] the authors studied tangent developable surfaces, cones and
cylinders that are helix surfaces.

In the first case, call y(s) the defining curve for the tangent surfaces; then
we can express the tangent, normal and binormal vectors as follows:

T(S) = 7,(5)7
7"(s)/k(s),
B(s) = T(s) x N(s),

where r(s) = |7”(s)] > 0 is the curvature of v at s. The function 7(s) =
—(N'(s),B(s)) is called the torsion of v at s. The principal result for tangent
surface is the following.

Theorem 2. [15] Let M be a tangent developable spacelike surface generated
by . Then M is a heliz surface if and only if v is a heliz with 72 < k?. Moreover
the direction U with which M makes a constant hyperbolic angle 0 is given by

U= s (— 7()T(s) + r(s)B(s)) (3.13)

K2 —T
and the angle 0 is determined by the relation

K

COSh0 = W (314)
For the case of cones and cylinders we can report the following results.
Theorem 3. [13] The following hold.

e The only constant angle (spacelike) cylinders are planes.

e A (spacelike) cone is a helix surface if and only if the generating curve is
either a circle in a spacelike plane or a straight line (and the surface is a
plane).
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4 Helix surfaces in the Lorentzian Heisenberg group

Let H3(7) (7 # 0) denote the 3-dimensional Heisenberg group given by R?
equipped with the 1-parameter family of Lorentzian metrics

gr = da® + dy? — (dz — 7(ydx — zdy))?,

which makes the map 7 : H3(7) — R? a Riemannian submersion. Now, let us
consider the vector fields:

0 0 0 0 0
B =2 9 B= 2 29 o
! 6x+7y82’ 27 oy oy 2T oy

which form a Lorentzian orthonormal basis on H3(7). At this point, one can
gets the associated Levi-Civita connection V7:

TEIEI _ V%QEQ — VTE3E3 =0, V%2E1 =7F3 = —VTE1E27

41
Vi B = 1By = V7, Es, Vi B2 = 7B = V}, Ej. (4.1)

We may observe that F3 is a unit timelike vector field tangent to the fibers of

. By , we have
ViEs=7X ANEs VX € X(Hs(7)), (4.2)
where A is the cross product in H3(7) defined by the following relations
EsNFEs=F), E3ANFEi=EF, FiNFEy=—-FE3

Also, using the fixed convention, one gets the non zero components of the Rie-
mann curvature tensor, as follows:
R7(Ey, Ey)Ey = —37%E;, R7(Ey, E3)E) = 1°E;,
R™(Ey, Ey)Fy = 37°Ey, R (Fy, E3)F3 = 12F), (4.3)
R7(Ey, E3)E3 = 12Ey, R (Ey, F3)Ey = 72F5.
Moreover, the tensor R™ can be described as in the following result, obtained
by accurate calculations.
Proposition 3. [20] The Riemann curvature tensor R™ of H3(T) is deter-
mined by
R™(X,Y)Z =37%[9,(Y, 2)X — ¢,(X, 2)Y]
+ 47—2 [QT(Y7 E3)gT(Z7 E3)X - gT(X7 E3)g7'(27 E3)Y
+ gT(X7 ES)gT(Y7 Z)E3 - g’T(Ya E3)gT(X7 Z)E?)]J

for all vector fields X,Y ,Z on Hs(T).
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4.1 The structure equations for surfaces in H3(7)

Now, let us consider a pseudo-Riemannian oriented surface M immersed into
Hs(7) and, in analogy with previous section, we can specify the relation (2.2)
defining the angle function, or simply angle, by:

vi= gT(Nv E3)97'(N7 N)7

where N is the unit normal to M with A = g, (N, N) = £1.
Then, if we consider the decomposition F3 =T + vN we have:

g-(T,T) = —(1 4+ \/?). (4.4)
that leads to:

1By = V5T + X(v)N + vV N =
= VxT + \g: (A(X),T)N + X(v)N — vA(X),

moreover, by (4.2]) one gets:
VYE3=7X NEs=71Ag(JX,T)N —1vJX

where we called JX := N A X, the rotation of angle 7/2 in T'M, which satisfies
the relations g, (JX, JX) = —\g-(X, X) and J?°X = \X.
Comparing the two expressions one obtains:

(4.5)

VxT = v(A(X) — 7JX)
X(v) = —Ag- (A(X) — 7JX,T).

Now, using the equation (2.5)) for a pseudo-Riemannian surface and recalling
the Proposition |3] we will report the expressions of the Gauss and Codazzi
equations for a pseudo-Riemannian surface M immersed into Hz(7):

Proposition 4. [20] Let XY denote vector fields tangent to M, K the
Gaussian curvature of M and K the sectional curvature in Hs(T) of the plane
tangent to M. Then,

K = K 4+ MdetA = —7% + X [detA — 4v°7°] (4.6)

and

VxA(Y) = VyA(X) — A[X,Y] = 4w g, (X, T)Y — g, (Y, T)X].
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4.2 Spacelike helix surfaces in H3(7)

We now begin the presentation of the study of helix surfaces in Hs(7) con-
sidering firstly the spacelike case, where A = —1. Therefore, from the equation
it follows that (up to the orientation of N') we can write v = cosh ¥, where
¥ > 0 is called the hyperbolic angle function between N and FEs. Now, let us
assume that ¢ is constant.

Remark 3. We observe that 9 # 0. In fact, if ¥ = 0, then F3 would be
parallel to IV and so F; and Es would be tangent to M, which is impossible as
the horizontal distribution of 7 is not integrable.

Proposition 5. [20}] Let M denote a helixz spacelike surface in Hs(T) and
N the unit vector field normal to M. Then:

(i) with respect to the tangent basis {T, JT'}, the matriz describing the shape
operator is given by
A - < 0 —7'>
T u

for some smooth function p on M;
(i) the Levi-Civita connection V of M is described by
VT = —27 coshdJT, VrT = pcoshdJT,
VrJT = 27 cosh 9T, VrJT = —pcosh 9T
(iii) the Gaussian curvature of M is constant and is given by

K = 472 cosh? ¥;

(iv) the function p satisfies the equation
T(p) 4 p? cosh ¥ + 472 cosh® 9 = 0. (4.7)

Proof. Considering the tangent basis {T', JT'} and using (4.5)), one gets (i) and
(“)'One can now proceeds calculating the Gaussian curvature. By one finds
K = 47%0? — [detA + 2] = 472 cosh?® ¥.

Finally, one can calculate
V7 A(JT) =V 0 A(T) — AT, JT] =
= V(=71 + pJT) — Vyjp(—7JT) — A[27 cosh 9T — pcoshdJT| =
= [47% cosh ¥ + T'(p) + p* cosh 9] JT.
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By Proposition [, the authors obtained

V7 A(JT) -V AT) — AT, JT) = —472 cosh HNg- (T, T)JT — g.(JT,T)T| =
= —472 cosh ¥ sinh?9JT

and so, by comparing, one gets (4.7)). QED

As we know that ¢g-(Es, N) = —coshd and that E3 is timelike, then there
exists a smooth function ¢ on M such that N = sinh 1} cos ¢ F1 +sinh ¥ sin pFo+
coshdFEj3, then:

T = E3 — coshyN = — sinh ¥[cosh ¥ cos ¢ '] + cosh ¥ sin pEy + sinh ¥ Es],
JT = sinh ¥(sin p F — cos pE3).

Moreover, we can consider the following

A(T)=-VEN=[T(p)+ 71 cosh? 9 + 7 sinh? IJT,
A(JT) = —V'pN = JT(¢)JT — T,

and, comparing with (i) of Proposition |5, one gets:

JT(p) = p
T(p) = —27 cosh? 9,

whose compatibility is equivalent to (4.7). We now choose local coordinates
(z,y) on M such that

O, =T, 0y=al+bJT (4.8)
where a, b are smooth functions on M. The condition 0 = [9;, 9] leads to:

a; = —27bcosh ¥
b, = pb coshd.

In conclusion, integrating (4.7) one gets
wu(x,y) = 27 cosh ) tan (n(y) — 927 cosh? 1933) ;

then, since we are searching just for one solution, let us take for example

{ ( y) _ sin(n(y)—27 cosh? ¥ )

a\x, cosh ¥ ) (49)
b(x,y) = cos(n(y) — 27 cosh” ¥ x).

Therefore one gets p(z,y) = —27 cosh? ¥ x + ¢, where ¢ is a real constant.
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Theorem 4. [20] Let M be a helix spacelike surface in Hs(T) with constant
hyperbolic angle 9. Then, with respect to the local coordinates (x,y) on M defined

in (&.8) and ([&.9), the position vector F of M in R? is given by

tanhd . + AW tanh ¥
sinx —
2T 1) 27

-
Y Oy () cose + foly)sina] + f(0)),

Flay) = ( cos 7+ faly),

(4.10)

where f1, fo, f3 satisfy:
AW?+ f3(y)? =sinh®9,  fi(y) = 7(L@) i) — L) 1)

Proof. By definition of position vector F' in R? one gets
0; F =T = —sinhd[cosh ¥ cos p By | + cosh ¥ sin pEy g + sinh I B3 ]

and

OyF = aT +bJT =
= sinh J[(—a cosh ¥ cos ¢ + bsin ) By g
— (acosh ¥ sinp + bceos ) By p — asinh 9 Ey p].
Moreover, specifying the expressions for Fy, Fs and Ej3, in the equations above

one can calculate explicitly Fy, F» and F3. Therefore, using the map ¢(z) — =
one gets (4.10) and also the following conditions:

fi(y) = —sinhdsin(n(y) — o),
f5(y) = —sinh ¥ cos(n(y) — ), (4.11)
fs(y) = 7(f2() f1(y) = F1(y) f2(y))-

QED
Example 1. [20] Choosing n(y) =y + ¢ in (4.11)) one gets:

fi(y) = —sinhdsin(y), fo(y) = —sinhdcos(y), f3(y) = Tysinh? 9.

Therefore we have an explicit parametrization of helix spacelike surfaces de-

pending only on the choice of 9. In Fig. 2| we observe plots for some values of
9.
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(a) 9 = 7/3 (b) 0 = m/4 (c) ¥ =/6 (d) 0 = /8

Figure 2: Constant angle spacelike surfaces for some values of ¥.

4.3 Timelike helix surfaces in H3(T)

Following the same scheme as in the spacelike case, we now approach the
study of timelike helix surfaces in H3(7), where A = 1. In this case, from the
equation it follows that (up to the orientation of N) we can write v =
sinh ¥, where 9 > 0 is called, analogously, the hyperbolic angle function between
N and Ej3. Now, let us assume again that 1 is constant.

Remark 4. From now on we can assume, also in this case, that ¥ # 0.
In fact, if ¥ = 0, this time F3 would be tangent to M and therefore M is a
cylindrical surface.

Proceeding as in the previous section the authors proved an analogue of
Proposition [f] determining the shape operator, the connection V and the Gaus-
sian curvature.

As we know that ¢g.(E3,N) = sinh¢ and that Es is timelike, then, as
above, there exists a smooth function ¢ on M such that N = cosh cos pFq +
cosh ¥ sin pFs + sinh ¥ F.

We now choose local coordinates (x,y) on M as in then the condition
0 = [0%, 0y and the analogue of now leads to

p(z,y) = 27 sinh ¥ tan(n(y) — 27 cosh? Jx),

and

sin —27sinh? 9z
{a(x,y) _ (n(y)siihﬁ ) (412)

b(x,y) = cos(n(y) — 27 sinh? ¥ x),
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¢

9 =m/3 ¥ =m/4

I

¥ =m/8

Figure 3: Constant angle timelike surfaces for some values of ¥.

since we are searching again just for one solution for a and b. In addition, one
gets @(x,y) = 27 sinh® ¥ 2 + ¢, where ¢ € R.

Again, similarly as in Proposition [4], one gets the following.

Theorem 5. [20] Let M be a heliz timelike surface in Hs(T) with constant
hyperbolic angle 9. Then, with respect to the local coordinates (x,y) on M defined
m and , the position vector F of M in R? is given by

F(.’L’,y): (%:ihﬁsinff‘{'fl(y)vCO;:_IQQCOS:L'—i_fQ(y): ( )
2 4.13
O Y ) cosa+ fo(w) sina] + f5(w)).

where f1, fo, f3 satisfy:
F)? + f3(y)? = cosh®d,  fily) = 7(F2(9) [1(y) — [i(y) f2(y))-
Example 2. [20] Choosing n(y) =y + c in one gets:
fily) = —coshdcos(y), faly) = —sinhdsin(y), f3(y) = —Tycosh® .

Therefore we have an explicit parametrization of helix timelike surfaces depend-
ing only on the choice of 9. In Fig. |3| we observe plots for some values of 9.

5 Helix surfaces in Lorentzian Berger Spheres

The 3-dimensional Lorentzian Berger spheres are defined as follows, in terms
of the Hopf fibration. Let us consider S?(1/2) C C x R and S C C? in order to
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define the Hopf map:
PSP S§%(1/2)
9(z0) = (22, |2 — ).
Such a map is a Riemannian submersion and the vector fields:
Xi(z,w) = (iz,iw), Xo(z,w)=(—iw,iz), Xs(z,w)=(—w,2)

parallelize S3, where X is vertical and X», X3 are horizontal. In this way the
3-dimensional Lorentzian Berger spheres S2 are given by S* endowed with the
following 1-parameter family of Lorentzian metrics:

gE(Xay) = <X? Y> - (62 + 1)<X7X1><Y7X1>7

where (,) represents the canonical metric of S3. Now, {E; = ¢ Xy, Ey =
X, B3 = X3} is a pseudo-orthonormal basis for S3. Computing the Lie brackets
[Es, Ej] and using the Koszul formula, the authors obtained the description of
the Levi-Civita connection of S? with respect to {Fy, Fa, F3}:

V5, B =0, Ve By = BBy, VS By = MRy

£

V%2E1 = €E3, stQEQ = 0, VEEQEg = 6E1, (5.1)
V%BEl = —6E2, V6E3E2 = —€E1, V%3E3 =0.

We may observe that E1, called Hopf vector field, is a unit timelike vector field
tangent to the fibers of 1. By (5.1), we have

ViEl = —eXANE;, X eX(SP), (5.2)
where the cross product A is given by:

_FE, E, Fs
UNV =| uy uy  usz|, U,VE:{(S?)
V1 V2 V3

We now consider the curvature tensor, taken with the convention (2.1]) and,
using (|5.1)), one gets
R(Ey, E))Ey = —e*Fy, R°(E1,FE3)E| = —Es,
RE(E\, By)Ey = —Ey, R°(Ey, E3)E3 = —&°E\, (5.3)
R(Ey, B3)F3 = (4+3¢%)Ey, R°(FBa, E3)Ey = —(4+ 3¢?)Es.

The following result is obtained in a completely analogous way as in Proposition

Bl
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Proposition 6. [21] The Riemann curvature tensor R® of S is determined
by:
RE(X,Y)Z =(4+)[ge(Y. 2)X — ge(X, 2)Y]
+4(1+ %) [ge (Y, E1)ge(Z, B1) X — ge(X, E1)ge(Z, E1)Y
+ 9:(X, En)ge (Y, Z) By — ge(Y, E1)g-(X, Z) El,

for all vector field X, Y, Z on S2.

Now we can conclude this subsection, recalling that the isometry group of
S2 can be identified with:

0 -1 0 O
{QeO04):QJy =+J1Q} where J; = L0 0 0
0O 0 0 -1
0 0 1 o0

Moreover, in order to describe a 1-parameter family Q(y) of orthogonal matrices
4 x 4 in Iso(S?), one can use four functions: &1 = £1(y), & = &(y), & = &3(y)
and £ = {(y) and consider:

ri(y)
:|:J11'1 (y)
cosé(y)Jori(y) +sinéJsri(y) |’
Fcos{(y)Jsri(y) £sindJori(y)

Q(£1,82,83,6)(y) = (5.4)

where

ri(y) = (cos&i(y) cos&a(y), — cos &1 (y) sin&a(y), sin &y (y) cos E3(y), —sin &1 (y) sin&3(y)),

and
00 0 -1 0 0 -1 0
00 —1 0 0 0 0 1
2=101 0 ol B7|1 0 o o0
10 0 0 0 -1 0 0

5.1 The structure equations for surfaces in S?

Let us consider a pseudo-Riemannian oriented surface M immersed into
S2, and in analogy with previous cases we can specify (2.2), defining the angle
function, or simply angle, by:

v:= g-(N,N)g-(N, Ey), (5.5)
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where N is the unit normal to M.

Therefore, if we call again A := g.(N, N) = £1 and we specify the relations
found in and for this case, all of them are still true. Then, considering
the decomposition 1 =T + v N one gets:

9:(T,T) = —(1+ \v?),
that leads to:
V%EL = V5T + X(v)N +vVEN =
=VxT + Mg (A(X), T)N + X (v)N — vA(X).
Moreover, by one gets:
V& FE1 = —eX ANEy = —e)g(JX, T)N + evJX,

where we called JX := N A X, g-(JX,JY) = —A\g-(X,Y) and J?X = \X.

Comparing the two expressions one obtains:

VT = v(A(X) + JX)
X(v) = —Age(A(X) + eJ X, T).

Now, using Proposition [6] the authors obtained the expressions of the Gauss
and Codazzi equations for a pseudo-Riemannian surface M immersed into S3:

Proposition 7. [2]] Let X, Y denote vector fields tangent to M, K the
Gaussian curvature of M and K the sectional curvature in S3 of the plane
tangent to M. Then,

K = K + MdetA = —® + \[detA — 4v2(1 + £%)]
and

VxAY) - VyA(X) — A[X,Y] = 4 (1 + ) [ (X, T)Y — g.(Y,T)X].

5.2 Helix surfaces in S?

In the case of S?, we consider the expression for the angle function given in
[b.5l Then, one can study naturally helix surfaces in this ambient space.

We observe that if a helix surface M in S? is spacelike, then |v| > 1. More-
over, if M is timelike with v = 0, then F; is tangent to M and so M is an Hopf
tube. For this reason, by now, we can assume v # (0. With same reasoning as in
Proposition 5| the authors proved the following.
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Proposition 8. [21] Let M denote a heliz surface in S and N the unit
vector field normal to M. Then:

(i) with respect to the tangent basis {T, JT'}, the matriz describing the shape

operator is given by
s (0 —As)
€ p

for some smooth function pu on M;

(i) the Levi-Civita connection V of M is described by

Vil =2evJT, VT =pvJT, VpJT =2 evT, VypJT = A\uvT;

(iii) the Gaussian curvature of M is constant and is given by

K = —4\(1 + %)%

(iv) function p satisfies equation
T(p) +vp* + 4 \wB = 0, (5.6)
where we put B := 1+ M\?(1 + £2).

Remark 5. We observe that if M is a spacelike (respectively, timelike)
surface, then the constant B is negative (respectively, positive). Therefore, in
both cases, we have that AB > 0. Consequently, if a helix surface is minimal
(i.e., trA = 0), from (i) of the Proposition [§it follows that u = 0 and, so v =0
and the surface is a timelike Hopf tube.

As we know that g.(E1, N) = Av and that E; is timelike, then there ex-
ists a smooth function ¢ on M such that: N = AvE; + VA +v2cospby +
VA + v2sin pFs3, then:

T =F,—vN = (1+M?*)E; —vVA+12cospEy — v/ A+ v2sin pF3,

JT =NAT =X+ 1v2(sinpFEy — cos pE3).

Moreover, one gets the following

A(T) = —=VEN = [T (o) +e 12+ 3 (1 + \?) 4+ \er?]JT,
A(JT) = =V5pN = JT()JT — \eT
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and, comparing with (i) of Proposition |8 one obtains:

JT(p) =
T(p) = —25‘13

whose compatibility is equivalent to (5.6). We now choose local coordinates
(z,y) on M such that

8, =T, 8,=al +bJT, (5.7)

where a, b are smooth functions on M. Now, since we are searching just for one
solution, by condition 0 = [0,, d,] and integrating (5.6) one gets, for example,
w(z,y) = 2vABtan(n(y) — 2vvV/ABzx) and

in(n(y) — 2vV/ABz)

( ) — 20V ABz). (5:8)

Therefore one obtains ¢(z,y) = —2¢ ™' Bx + ¢ where ¢ € R.
Now, using the definition of position vector F' in R* and clever calculations
the authors proved the following.

Proposition 9. [2]] Let M be a helix surface in the Lorentzian Berger
sphere Sg with constant angle function v. Then, with respect to the local coordi-
nates (x,y) on M defined above, the position vector F of M in R* satisfies the
equation

oNF - O*F

—— 4+ (b? = 24) = + a*F =0, 5.9

50 T )52 T (5.9)
where & = \e2B(\ + %) and b= —2¢"'B.

Remark 6. By |F|?> =1 and the relations given in Proposition @ one gets:

<FaF> <anFx>:a7 <F7F:Jc>:07

<F$7FI$>_0 <FJ:J:7an:>:D7 <F7wa>:_da (5 10)
<anme> =-D, <Fmasz> =0, <F, me> =0, .
(F.

TTT J:wx> = E,

where we put
D =ab* -3a*, E=(*—-2a)D—a’.

The following result is then obtained integrating equation (5.9)).
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Theorem 6. [21] Let M be a heliz surface in' S? with constant angle function
v. Then, with respect to the local coordinates (x,y) defined above, the position
vector F' of M in R* is explicitly given by

F(z,y) = cos(alm)gl(y) + sin(alx)g2(y) + cos(agx)g3(y) + sin(agx)g4(y),

where

Q1o = 8_1()\3 + 8|V|v )\B)

are real constants and g'(y), i = 1,2,3,4, are mutually orthogonal vector fields
in RY, depending only on y, such that, setting g;; = (g'(y), ¢’ (y)) for all indices

1,7, we have:

e e

gi11 = g22 = ﬁaza 933 = g44 = @01-

Proof. The proof of this theorem consists in two parts. The first one is essentially
the integration of in terms of a1, the solutions of the associated char-
acteristic equation, and ¢’(y), i = 1,2, 3,4, four vector fields in R*, depending
only on y. This leads to:

F(z,y) = cos(nz)g' (y) + sin(e12)g” (y) + cos(azx)g® (y) + sin(azz)g* (y).

The second one consists in the computation of the norms g;; = (¢*(y), ¢’ (y)) for
all indices ,j by the solution of a system obtained evaluating F'(x,y) on (0,y),
in the relations found in (5.10).

5.3 The Characterization Theorem of the helix surfaces in Sg

We first observe that if F is the position vector of a helix surface in S2, we
have that:
JlF(xvy) = X1|F(x,y) = 5E1|F(x,y) = g(Fat + VN)
and thus, the conditions under which an immersion defines a helix surface in S?
are given in the following proposition.

Proposition 10. [2]] Let F : Q — S? be an immersion from an open
set R?, with local coordinates (x,y). Then F(Q) is a spacelike (respectively,
timelike) helix surface and the projection of By = e YJ1F to the tangent space
of F(2) C S¢ is F if and only if

{ga(Fx7Fz) = ga(ElvFiB) = _(1 + )\VQ) (5.11)

gz—:(nyFy) - ge(Fnyl) =0,

where A =1 ( respectively, A = —1).
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Now, we can consider the main result.

Theorem 7. [21] Let M be a heliz surface in S2. Then, locally the position
vector of M in R* with respect to the local coordinates (z,y) on M defined in

(5.7) and (5.8)), is given by
F(x,y) = Qy)B(),

where

B(x) = (/911 cos(a1x), /911 sin(a1z), \/g33 cos(aax), /933 sin(asx))

is a twisted geodesic in the torus S*(,/g11) x S'(\/g33) C R3, the constants g1,
gs3, a1 and ag are given in Theorem@ and Q(y) is a 1-parameter family of 4 x 4
orthogonal matrices such that J1Q(y) = Q(y)J1, with & constant and

cos”(1(y))&x(y) — sin®(£1(y))&5(y) = 0. (5.12)

Conversely, a parametrization F(z,y) = Q(y)5(z) as above defines a heliz sur-
face in S3.

Proof. From the Theorem [6] we recover the expression for the position vector of
M in R* with respect to the local coordinates (x,y) on M defined in (5.7) and

63):
F(z,y) = cos(a1z)g' (y) + sin(a12)g*(y) + cos(azz)g*(y) + sin(azz)g* (y)
Then, putting e;(y) = ¢*(v)/||g'(¥)|],i = 1,2, 3,4, one can write as follows:

F(z,y) = v/g11(cos(arz)er(y) + sin(arx)ea(y)) + /933 (cos(aax)es(y) + Sin(agw)egléyl);).

Now, if we consider the matrix Jij = (Jiei, e;) in [21] the authors proved that
J = X(J1)T. Then, if we fix the orthonormal basis of R* defined by:

El = (1707070)7 E2 = (Oa )‘7070)7 E3 = (0707 170)7 E4 = (070707 )\)7

there must exist a 1-parameter family of 4 x 4 orthogonal matrices such that
J1Q(y) = Q(y)J1 and that e;(y) = Q(y)E;. Consequently, from (5.13) we have

F(x,y) = Q(y)B(x)

with (z) and Q(y) as in the statement.

Now, one has to show that the condition ([5.12) is true. From (5.7]) and (5.8|)
one gets that (F,, F,) = XA + 1%, and so
d

%(Fya Fy>|x:0 = 0. (5.14)
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Moreover if we denote qi,qa, g3, qs4 the columns of Q(y) the latter leads to:

(dy, q3) =0, (g5, q)) =0

where / denotes the derivative with respect to y. Now, specifying the latter,

using (5.4) one obtains:

{ﬁ’h(y) 0
§'k(y) =0,

where h(y) and k(y) satisfy h? + k% = 4(£1)" + sin?(2&)(—¢' + &, + &4)?. Con-
sequently, two possibilities can occur:

(i) & is constant;

(ii) 4(€1)" +sin®(261) (=€ + & +€5)* = 0.

In [21I] the authors proved that (ii) cannot occur since it is equivalent to the
case of the timelike Hopf tube. So, (i) holds. Finally, in this case, the condition
(5.12)) is obtained by rewriting the second of .

For the converse, it suffices a direct calculation as follows from the Proposi-
tion

QED

Considering the parametrization with arc length of the curve f(x) the au-
thors obtained the following.

Corollary 2. [21] Let M be a heliz spacelike (respectively, timelike) surface
mn Sg’. Then, there exist local coordinates on M such that the position vector of
M in R* is given by:

F(s,y) = Q(y)B(s),

where
B(s) = \/1176# (d cos (2) ,Ad sin(%) ,cos(ds), A sin(ds)> (5.15)

is a twisted geodesic in the torus S'( 1(-i1-d2) x SY( 13—d2) C R* parametrized by

arc length, whose slope is given by

VAB —
a=E e o),
Now
where X = —1 (respectively, A\ = 1) and Q(y) as in Theorem |7}
Conversely, a parametrization F(s,y) = Q(y)B(s) as above defines a helix
surface in S2.
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Figure 4: Stereographic projection in R? of the helix surface spacelike and time-
like with v =4, e =2, s € (—4m,4n), y € (—27,27) e & (y) = v.

Remark 7. The curve § : R — S? parametrized by is a spherical

helix in S? with constant geodesic curvature and torsion given by
CV1=d? 2|y 1
kg = d - \/mv ’Tg‘ -

Recalling that a non-null curve § in a Lorentzian manifold is called a general
heliz if there exist a Killing vector field V, called azis of 8 with constant length
along 3 and such that the angle between V and /3’ is a non-zero constant along
B, a simple calculation give the following.

Proposition 11. [21] The curve B : R — S2 parametrized by , used
in Corollary[9 to characterize a constant angle spacelike (respectively, timelike)
surface M is a spacelike (respectively, timelike) general heliz in S? with axis Er,
i.e. it has a constant angle with the fibers of the Hopf fibration.

As a consequence the authors obtained the following.

Corollary 3. [21] Let M be a heliz surface in S parametrized by F(s,y) =
Q(y)B(s). Then, the hyperbolic angle between N and Ej is the same that the
one of general helix B makes with its axis F1.

Example 3. [21] Taking { = 7/2,&§ = 7/4,&(y) = &3(y), specifying (5.4)
one obtain

cosfa(y) —sinée(y) cosée(y) —sinée(y)

Qy) = 1| sinéa(y)  coséa(y)  sina(y)  coséa(y)
V2 | —costa(y) —sin&a(y) cosé&a(y)  siné(y)
sinéa(y)  —cos&e(y) —sinée(y) cos&a(y)

In Fig. EI and Fig. [5| we observe the plots of the stereographic projection in R?
of helix surfaces surfaces with Q(y) as above.

Example 4. [2I] We consider a constant angle surface F(z,y) = Q(y)5(x).
Following the proof of Theorem [7} it is easy to check that:

(Fy, Fy) = (d},d}), i=1,..4.
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VA

Figure 5: Stereographic projection in R? of the helix surface spacelike and time-
like with v =2, e =2, s € (=2m,27), y € (—2,2) e &(y) = €Y.

Figure 6: Stereographic projection in R? of the helix surface spacelike and time-
like with v = \/5, obtained for € = 1.

Then, one gets

A4 17 =€ (y)? + cos®(€1(y)) (&) + sin®(&1(y)) (& ().

Assuming that & is constant and such that cos(&;1(y)) # 0 and sin(&;(y)) # 0,
one obtains:

&(y) =tan &V A+ 12y + do, &(y) = cot &GV A+ 12y +ds

where do and ds are real constants. In particular, choosing do = 0 = d3 and the
constant & = 1/v/1 4 d?, where d is the constant given in the Corollary [2, the
immersion F'(s,y) depends only on v and \. This permits us to show in Fig. |§|
and Fig. IZI the plot of the stereographic projection in R? of helix surfaces for
some values of v and A.

6 Conclusions and announcements

This work gives a complete overview on the results present in literature on
helix surfaces in Lorentzian ambient space. In [2], the author, in a joint work
with G. Calvaruso, I. Onnis and D. Uccheddu, obtained a complete classification
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Figure 7: Stereographic projection in R? of the helix surface spacelike and time-
like with v = 2, obtained for ¢ = 1.

of helix surfaces in the anti-de Sitter space H3 endowed with a family of metrics
which naturally extends the idea of Berger metrics introduced in [21].

We consider as a starting point the results given in [I], where the authors
introduced and studied a new family of metrics gy, on the anti-de Sitter space
H3. These metrics were induced in a natural way by corresponding metrics
defined on the tangent sphere bundle TyH?(k), after describing the covering
map F from H3(x/4) to T1H?(k) in terms of paraquaternions. A crucial role in
this construction is played by the hyperbolic Hopf map:

h:H; — H2(k)
VE

(va) = T(2zw’|2’2+ ’U)|2)
and the hyperbolic Hopf vector field:
K, . .
Xi(z,w) = T(zz,zw),

that are, respectively, the hyperbolic counterparts of the Hopf map and Hopf
vector field on S3, respectively. This fact leads us to investigate the description
of surfaces whose normal vector field forms a constant angle with the hyperbolic
Hopf vector field, similarly to the discussion made in [21] for S2.

Some useful results are developed by Lucas and Ortega-Yagties on helix sur-
faces in H?, considering the canonical metric. In particular, in [14], they proved
that such surfaces are flat and exhibited the distinction between Riemannian
and Lorenztian helix surfaces giving explicit descriptions of such surfaces which
involve general helices.

In a natural way, in our work, we focus on Berger-like metrics on ]HI:I’, de-
scribed by

gT(va) = <X7Y> + (1 - 7—2)<X7X1><K X1>'
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where (,) is the canonical metric of R3. By now, we denote by HiT the Lo-
rentzian space (H3(x/4),g,). In addition, we consider a pseudo-Riemannian
oriented surface M immersed in HiT with IV its A-unit normal and we obtain
the Gauss and Codazzi equations. Requiring the constant angle property (i.e.
the angle v is constant), we obtain the the Gaussian curvature of M:

K = (1 —12)

which recovers the flatness for the standard case (72 = 1) proved in [I4]. There-
fore, once we express the shape operator with respect to a tangent basis {T, JT'},
constructed similarly as in Proposition [8] in the following way

0 ——=A
A= 2 :
K
oTH
we get
T(p) +vp? + kvB = 0, (6.1)
where B := 1v2(72 — 1) — X and then we need to make a distinction between

the cases where B is positive, null or negative. Now we choose local coordinates
(x,y) on M, such that
0, =T,
g (6.2)
Oy =aT+0bJT,

for some smooth functions a = a(z,y), b = b(x,y) on M. Then we get a differ-
ential equation for the position vector F' of M in ]R‘Ql in the different cases:

(a) if B =0,
0*F
97 0, (6.3)
(b) if B # 0,
o‘r -, __0’F
where B B
~-_FkED 2 Pl
a—472()\—|—1/), b \/E)\T.

In conclusion, after we integrate (6.3)) and (6.4) and discuss some necessary and
sufficient conditions to be satisfied in the case of helix surfaces in H‘;’,T as we
made in Proposition we give the characterization theorem.
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Theorem 8. [2] (of characterization) Let M be a heliz surface in H} | C Rj
with constant angle function v. Then, locally, the position vector of M in R2,
with respect to the local coordinates (x,y) on M defined in (6.2)), is

F(z,y) = A(y) v(z),

where v is a curve and A(y) = A(&,£1,82,83)(y) is a I-parameter family of
4 x 4 pseudo-orthogonal matrices commuting with X1. This curve ~y is explicitly
described depending on whether B >0, B=0 or B < 0.

As in the previous section, we showed that the curves  involved in the
parametrization of helix surfaces in H?}T are general helices.

Acknowledgements. The author wants to thank Prof. Giovanni Cal-
varuso and Prof. Domenico Perrone for the useful suggestions in the preparation
of the manuscript.
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