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Abstract. In this note we present a complete proof of the fact that all the submanifolds
of a one parameter family of compact symplectic submanifolds inside a compact symplectic
manifold are Hamiltonian isotopic.
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1 Introduction

In this paper we give a detailed proof of the following statement that is known
as a folklore within the symplectic community.

Theorem 1. Let (M,w) be a compact symplectic manifold with a smooth
family {St}te[o,l] of closed symplectic submanifolds. Then there is a smooth
Hamiltonian isotopy (pt)ieo,1) such that pi(So) = S, t € [0, 1].

This result is part of the lore of the symplectic community, with partial
proofs scattered in some places, see for instance [2| [I [6]. More details on the
bibliography will be given in Section [4] The scope of this short note is to present
a complete proof, filling eventually all the details.

Acknowledgements It is a pleasure to thank N. Ciccoli, E. Meinranken and
G. Dimitroglou Rizell for some useful discussions.

http://siba-ese.unisalento.it/|(C) 2023 Universita del Salento


http://siba-ese.unisalento.it/

14 P. Antonini, F. Cavalletti and A. Lerario

Notations

Below are some notations that we are going to use.

We shall consider time dependent objects (vector fields, differential forms,
etc.) that depend on a second parameter usually called s € [0, 1]. For instance,
a time dependent vector field, depending on s is a section ¢ € I'([0, 1] x [0, 1] x
M, q*(TM)), where ¢ : [0,1] x [0,1] x M — M is the projection. We also write
this section as ¢ : [0,1]; x [0,1]s x M — T'M and put ¢ = ((t,s) € I'(M,TM)
for its values. Similar notations will be adopted for other objects as differential
forms.

Given a manifold X, a submanifold Y (or a subset), a fiber bundle E over
X and amap f: F — Z (e.g. a form or a differential), the symbol f | Y will
be used to denote the restriction of f to El|y. The symbol ‘ is used to denote
the classical restriction to subsets.

2 Preliminaries: vector fields, isotopies and Thom
Isotopy Lemma

Let M be a smooth manifold; an (ambient) isotopy is a smooth map p : M x
[0,1] — M such that py = Idps and p; is a diffeomorphism for every ¢ € [0, 1].
An isotopy is a curve starting from the identity inside Diff (M ). Differentiating
it we get a time dependent vector field (; satisfying:

d
&pt = Ct © Pt te [Oa 1] (21)

Viceversa, given a time dependent vector field (; with ¢ € [0,1], it is possible,
under the usual assumptions on the existence of flows, to find a unique isotopy
pt satisfying equation . This is called the flow E] of (;. If ¢ is compactly
supported (i.e. (; is compactly supported for every ¢ € [0,1]) then the flow
exists.

It is worth to give few details on the construction of p; given (; as it will
be used later to construct the Hamiltonian isotopy. We assume (;, ¢t € [0,1] is
compactly supported and put

M:=Mx[0,1 C M xR.

This is an auxiliary submanifold with boundary; M will be also used next. We
have projections m : M x R — R and 73y : M X R — M and embeddings
et : M — M x R defined by e;(z) = (z,1t).

lsomewhere called the reduced flow of ¢ to distinguish with the full flow as a time dependent
vector field
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Now we extend (; (keeping the same name) to a vector field ¢, € I'(M x
R, 7*(T'M)) with the property that there is a fixed € > 0 such that ¢, = 0 for
t ¢ [—e,1+ ¢]. Then we convert it into the standard (autonomous) vector field

o~

C(z,t) :=((z) + 0 e (M x R, T(M x R)).

It is clear that ¢ has an ordinary flow (it is bounded) @ : (M xR)xR — M xR
such that

-~

T0,((2,1) = {(@u(@. 1), @0 = Tdurx -

Since the second component of Z is 0y, it follows that ®, has to be in the form
dy(x,t) = (®M(x,t,5),5+1) for a smooth family of maps & : (M XR) xR —
M. In particular the restriction of the flow to [0, 1] preserves M. Therefore

defining p; := ®M(-,0,¢) for t € [0,1] we get the flow of ¢;. In other words the
flow is defined by the commutative diagram

M-t M

T l

M —— M
for t € [0, 1].

2.1 Thom isotopy Lemma

This section is a brief reminder on families of submanifolds and the Thom
isotopy Lemma. The material is standard and we are following the lecture notes
[3].

Definition 1. A family {Si},c(o,1) of submanifolds of a manifold M is
smooth when we can find a smooth map F : M x [0,1] — L with L a smooth
manifold and a submanifold A < L having the following properties.

(1) For every t € [0,1] the map f; := F(-,t) : M — L is transverse to A. This
means that

dfy(Te M) + T,y A = Ty,(2)L, at every pointx € M such that f;(z) € A.

(2) Sy = f;1(A) for every t € [0,1].

The transversality assumption in (1) implies that every f; '(A) is a smooth
submanifold.
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Lemma 1 (Thom isotopy Lemma - basic version). Let M be a smooth
manifold equipped with a smooth function F : M x [0,1] — R such that:

(1) for every t € [0,1], zero is a reqular value of the function fi == F(-,1) :
M — R.

(2) Bvery submanifold Sy = f;*(0) is compact.
Then there exists an isotopy py : M — M, t € [0, 1] such that for everyt € [0, 1]:

pt(So0) = St.

The same is true for the manifolds with boundary f; ([0, 00)).

Proof. We don’t give the full proof but a somewhat detailed sketch paying
attention to the parts that will be used later. Define

~

Z:=F0) c M,

then S; = f;1(0) = Z N (M x {t}). Notice that Z is compact. We prove the
thesis by constructing a time dependent vector field (; on M such that the
corresponding autonomous vector field Z on M is tangent to Z. Indeed in this
case, the flow ®; of ( preserves Z while mapping the slice Sy = Zn (M x {0})
to the t-slice Sy =2 Z N (M x {t}). Therefore

pt =1 o Py 0 e,

as defined before is the desired isotopy (with the inverse diffeomorphism pro-
vided by the opposite vector field —().

We are left with the construction of (;; the condition ensuing that Z is tangent
to 7 is equivalent to the equation:

oF oF

@ 0G() + S

t) = 2.2
- 7,t) =0, (22)

5 OF
at every point (x,t) € Z. Since the partial differential a—(m, t) is surjective at
x

every point (zg,tg) € A , this equation can be locally solved. Every point zg =
(z0,t0) € Z has a neighborhood U, and a vector field v,, € I'(U,, m3,;(TM))
such that holds in U,,.

Finally the compactness of Z implies that we find a finite cover {Usy, ..Uz, }
of Z with corresponding vector fields v, , ..., v,, . If we define A := M \ Z , then
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{A4,U,,,...,U,, } is a cover of the whole M. Let {pa, Pz s Pz, } be a subordi-
nated partition of unity; one easily checks that the vector field

n
¢:= Z PzjVz;
j=1

is a well defined time dependent vector field on the whole of M (i.e. is a vector

field on M without theA(?t - component) and has the desired property that the
associated vector field ( stays tangent to Z. QED

Remark 1. We have presented the result in the case of a family of hyper-
surfaces i.e. the map F' is real valued. The conclusion remains valid, with the
same proof for a smooth family in the sense of Definition

3 The Moser trick

We follow the book [2], 5] for basic facts in symplectic geometry. A symplec-
tic manifold is a couple (M,w) where M is a smooth manifold and w € Q?(M)
is a closed, non-degenerate 2-form. Non-degenerateness means that there is an
induced isomorphism of vector bundles TM — T*M by v +— w(v, ). In partic-
ular M is even dimensional: dim M = 2k and oriented (by w) because w”/(k!)
is a volume form.

Example 1. A standard example is the cotangent bundle T*M of every
manifold. In this case, the symplectic structure is exact: w = —da where a €
Q(T*M) is a specific 1-form, the canonical Liouville form

a(v) = p(dym(v)), veT,(T"M), ¢eT*M,

with 7 : T*M — M the projection. In local coordinates (x1, ..., zp, &1, ..., &) :
T*U — R?" induced by coordinates (1, ..., x,) : U — R™ on the base, we have:
a =), &dz; so that

The previous example is in some local sense universal. Indeed by the Darboux
Theorem [2, Theorem 8.1}, every symplectic manifold is locally equivalent to the
cotangent bundle of an open set in the euclidean space. The equivalence here is
given by symplectomorphisms. A symplectomorphism ¢ : (M7, w;) — (M2, w2)
between two symplectic manifolds is a diffeomorphism ¢ : My — M5 such that
¢*(w2) = wi. A standard way to produce symplectomorphisms is via symplectic
or Hamiltonian isotopies.
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Now we recall the Moser trick. This admits several versions and can be
regarded more as a method than a single result. Here we follow closely [5]
presenting the general procedure in the form of a lemma. In Section [4] we will
prove the parameter dependent relative form.

Lemma 2 (Moser trick). Let M be a manifold with a family w; € Q*(M),
of symplectic forms, defined for t € [0, 1] such that

d
%wt = dUt,

for every t € [0, 1], where oy is a smooth family of one forms. Then there is a
unique time dependent vector field ¢y, t € [0,1] satisfying The Moser equation

ot + t(Qw: = 0. (3.4)
The flow p; of (¢ has the property that at every time t for which it exists:
P Wt = wo.
In particular if M is compact py : (M,wy) — (M,w1) is a symplectomorphism.

Proof. The equation (3.4]) is solved by the nondegenerateness of any w;. Let p;
be the flow of the unique solution (;; we have

d. . (d
St =i (G + s+ (G )

= pj;(dO't + dL(Ct)wt))
= dpj (o¢ + (G )we) = 0.

QED

Remark 2. We have presented the proof in a somewhat reversed order.
Often one first looks for an isotopy such that pfw; = wq, then by differentiation,
Moser equation appears. Moreover note that the main assumption on the differ-

d
ential forms can be written as @[wt] = 0 (de Rham cohomology class). In this

case a smooth family of potentials o; can be found. A quick proof, as indicated
in [B, Theorem 3.2.4], uses basic Hodge theory.

The next results are the parameter versions of two consequences of the Moser
method. Again we follow closely [5] checking that all their proofs remain valid
with an extra parameter.
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We begin with the trivial observation that the Moser trick can be performed
with a parameter. Let M be a (non necessarily compact) manifold and w; for
(t,s) € [0,1] x [0,1] a family of symplectic forms with exact t-derivative:

d
awf =doj, t,s€]l0,1], (3.5)
for a smooth family (07 )s+ of time dependent 1-forms. Non degenerateness im-
plies that there is a unique s-family of time dependent vector fields solving The
Moser equation:

(¢ )wi + o = 0.

If M is compact we can find a smooth, two parameters family of diffeomorphisms
1y such that

vy =1d, (¥))'wy=wi, t,se€][0,1].
In general, the result holds for all the values of s such that the time dependent

vector field ((t, s) admits a (local) flow.
The next result is the parametric version of [5, Lemma 3.2.1].

Proposition 1 (Moser isotopy with parameter, [5]). Let M be a 2n-dimensional
manifold with a compact submanifold X. Assume that (w§)sejo]> (Wi)sefo,] are
two s-families of closed 2-forms such that for every s € [0,1] :

(1) w | X =wi | X as differential forms (i.e. on the whole Tx M)
(2) wi | X and wi | X are non degenerate on Tx M.

Then there exists a meighborhood Uy of X, a family of open neighborhoods
{Us}se[o,l] of X and a family of diffeomorphisms ° : Uy — Us = ¢*(Uy)
such that

Yy =ldx, wi=(¥")'ws s€l0,1].

Moreover choices can be made in a way that dip® | X = Idr,ar for every s €
[0,1].

Proof. The result follows from Moser method once we find a neighborhood Uy
of X and a smooth family (0°)¢(o,1) of 1-forms on Up such that

wi —wy=do*onUy and o°[X =0 onTxM,

for every s € [0,1].
This granted, the family

wy = wq + tdo®
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is symplectic on X for every s, t. It remains symplectic, for every s,t on an open
set Up D X where we can find a vector field ¢; such that +((})w; + 0® = 0 for
t,s € [0, 1]. Moreover the crucial property:

Vilx =0

for every t, s holds. Shrinking Uy if required, we can apply The Moser method
(smooth in s) around X.

Finally the construction of ¢° is performed exactly in the same way as in
loc. cit. using the homotopy operator on a tubular neighborhood. Since the
difference w] — w{ vanishes identically on X, we can find ¢® such that all its
coefficients with their first partial derivatives vanish on X on every coordinate
chart (see [4, Appendix 1.]). Such a property implies dy)® | X = Idr, ur. QED

Now comes the Weinstein symplectic neighborhood Theorem, the parametric
version of [5, Theorem 3.4.10].

Proposition 2 (Weinstein symplectic neighborhood Theorem with param-
eter). For j = 0,1 let (M;,w;) symplectic manifolds with compact symplectic
submanifolds S;. Let ®° : vg, — vg,, s € [0,1] be a family of isomorphisms
of the corresponding symplectic normal bundles covering a family of symplecto-
morphisms ¢° : (So,wp) —> (S1,w1). There is a neighborhood Uy of Sy and a
family of symplectomorphisms

Y° : Uy — ¢°(Up)

such that: ¥*(Uy) is an open neighborhood of S1, 1° extends ¢* and di®
o5,

|VSO

Proof. Choose Riemannian metrics and open neighborhoods V; of S; such that
the exponential maps induce diffeomorphisms: exp; : vg; — Vj. Let ¥* be the
family of diffeos defined by the diagram:

exp,
Vs, —%5

q% i\y

Vs, W %
Then the ¥* constitute a family of diffeomorphisms that extend ¢° and induce
®% (via the normal derivative). In this way, we may apply the Moser Isotopy
Theorem, Proposition (1| to V equipped with the forms wy and (¥*)*w;. Such
forms are equal on the whole T's, M. Of course to preserve the normal data the
diffeomorphism provided by the Moser isotopy should be chosen with differential
equal to the identity on the submanifold. QED



Hamiltonian Thom isotopy Lemma 21

4 Hamiltonian Thom isotopy

Let (M, w) be a symplectic manifold. For every function f € C°°(M), the Hamil-
tonian vector field associated to f is defined uniquely by the equation:

v(Vy)w = df.

The flow of an Hamiltonian vector field preserves the symplectic structure. A
vector field is said Hamiltonian if arises from a function in this way.

Let now p : M x[0,1] — M be an isotopy; if every p; is a symplectomorphism
then p is called a symplectic isotopy. A special class of symplectic isotopies are
the Hamiltonian isotopies, the ones with (; Hamiltonian for every t. In this
case a smooth time dependent Hamiltonian H : M x [0,1] — R such that
1(¢)w = dH(-,t) can be found. Of course if H'(M,R) = 0, every symplectic
isotopy is Hamiltonian.

Here we prove Theorem [I] We state it again for ease of reading.

Theorem 2. Let (M,w) be a compact symplectic manifold with a smooth
family {Si}iecpo,1) of closed symplectic submanifolds. Then there is a smooth
Hamiltonian isotopy (pt)ie(o,1) such that pi(So) = S, t € [0, 1].

As said in the introduction this is part of the lore of the symplectic community.
Let’s list shortly the main references.

- C. Da Silva [2] states the result without the Hamiltonian property of the
isotopy i.e. p; is a symplectic isotopy.

- Auroux [I], Proposition 4] shows that there is a continuous family of sym-
plectomorphisms (p;); such that pp = Id and p:(Sp) = S, t € [0,1]. By
checking that the Moser method and its consequences, as the Weinstein
symplectic neighborhood, can be performed with respect to a parameter,
the same proof shows that the family of symplectomorphisms is smooth.
(Actually it seems that this proof requires such smoothness.)

- Siebert and Tian [6, Proposition 0.3] prove Theorem (1| in dimension 4.
Their proof uses complex coordinates, a fact that can be replaced by the
existence, a priori, of a symplectic isotopy p; mapping Sy to S;.

We will prove Theorem [I] with the following steps:

(1) we first show that the proof of Auroux includes smooth dependence in
time;

(2) adapt Siebert—Tian proof given a smooth symplectic isotopy p; for granted.

We are ready to add smoothness to the proof of Auroux [I, Proposition 4].
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Proposition 3. Let (M,w) a compact symplectic manifold with a smooth
family {St}iejo,1) of closed symplectic submanifolds. Then there is a smooth sym-
plectic isotopy (pt)efo,1) such that pi(So) = St, t € [0, 1].

Proof. Denote with ¢y : S < M the inclusions. By the Thom isotopy Lemma
there is a smooth isotopy ¢ : M x [0, 1] — M with ¢(Sp) = S¢ that combined
with Moser stability (with smooth parameter) produces a smooth family of
symplectomorphisms

' (So, thw) — (S, Liw).

Such a family is covered by a smooth family NSy — NS, of isomorphisms
between the symplectic normal bundles of the submanifolds S;. Indeed one first
considers the principal bundle P — Sy x [0, 1] of the normal symplectic frames
of the submanifolds; the structure group being the symplectic group. Parallel
transport with respect to a connection on P gives a family of isomorphisms
of principal bundles P ’ so P! S, This induces isomorphisms on all the as-
sociated bundles such as the symplectic normal bundles. By proposition [2| we
end up with a smooth family 1 : Uy — U; of symplectomorphisms between
tubular neighborhoods Uy D S;. Let now py : M — M be any smooth family
of diffeomorphisms of the ambient extending ¢! and, following closely [1], put:

Assume we can find a vector field ¢; such that:
- the forms ay := ¢({;)w; satisty day = Q,
- Ct’So is tangent to Sy for every t.

Then the proof is completed for if o, denotes the flow of (;, let p; := s 0 oy; we
have L¢,w; = Q; by the Cartan formula so that:

d , d, . L[ d
prid £(at wy) = (o) <dtwt + Ectwt> =0.

This means that p; is a family of symplectomorphisms mapping Sp to St.

Let us show how to find (; or equivalently cy. By construction wy is constant
on Uy so that the condition: Ct}so € I'(T'Sy) means exactly that N“Sy C Ker ay.
Now all the w; are cohomologous, which implies [€;] = 0 in H?(M,R). A smooth
family of potentials 3; € Q'(M) on the entire M, such that df; = ; can be
found. The smoothness following exactly by the argument in the proof of [5]
Theorem 3.17]. On Uy we have df; = Q; = 0 i.e. the forms f; define classes
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in H'(Uy,R). Now, let 7 : Uy — Sp the projection of a tubular neighborhood
satisfying T,7~1(x) = N¥Sy at every point 2 € Sy and define:

VYt = (L() o W)*ﬁt c Ql(Uo)

with ¢ : Sp < M the inclusion. Since (19 o 7)* is the identity in cohomology
we have [y] = [’Bt‘Uo] in H'(Up,R). It follows that there is a smooth family
of functions f; € C*°(Uy,R) with v = B + dfy in Uy. Let gy be any family
of functions on the whole M extending f; and put a; := B; + dg:. We have
found our «y. Indeed day = df; = € and from oy [ Uy = 4 it follows that
NZSo C ker (aq [ z) at every point x in Sp. QED

We finally prove Theorem [1] following the idea of the proof of [6, Proposition
0.3].

Proof of Theorem[1 Following the proof of lemma [I} it is enough to construct
a Hamiltonian function H : M x I — R such that, with h; := H(-,t) : M — R,
the vector field R

Vi, = Vi, + 0%

is tangent to S = {(x,t) € M x [0,1] : = € S;}. To this end, for every z =
(po,to) € M x I we will find a neighborhood U, = U,, x U, and a local
Hamiltonian function H, : U, — R such that, again denoting by h, ¢ :== H,(-,t) :
Uy, — R, two conditions are satisfied:

(1) Vh,, + O is tangent to U, N S,
(2) H, vanishes on U, N S.

The global Hamiltonian H will then be defined using a partition of unity
{0} e v x 1 subordinated to the cover {U, }.cpxr,i.e. we willset H := " _d6.H..
Its Hamiltonian vector field (at every fixed t) for such H will satisfy:

L(Vht>w - Z dezhz,t + ezdhz,t- (46)

Condition (2) ensures that along S the first summand in vanishes; together
with condition (1), this ensures that Vj, is tangent to 3.

We proceed now with the construction of such functions H, using a sym-
plectic isotopy p; : M — M with t € [0, 1] such that p:(St) = Sp. This is (or
better its inverse) provided by proposition

For every point z = (pg, to) in the open set (M x [0,1]) \ S we pick a small
neighborhood U, = U, x Uy, disjoint from S and we set H, = 0.
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For every point z = (po,0) € S we proceed as follows. Since Sy is symplectic,
we can find a neighborhood Up, C M and coordinates © : Up, — R x Ry such
that Up, NSy is described by {z; =y; =0, j =m+1,...,n} and

w = Z dz; Ady;  with  ej(w) = Z dz; A dy;. (4.7)
i=1 i=1

Indeed this is (again) consequence of Weinstein symplectic neighborhood Theo-
rem, or better it’s non compact version [4, Theorem 15.2]. One first locally triv-
ializes the symplectic normal bundle, then applies the symplectic neighborhood
Theorem to split the symplectic structure as a product, then applies the stan-
dard Darboux Theorem on the two factors. In alternative, the Carathéodory—
Jacobi-Lie Theorem [4, Theorem 17.2] can be used.

The above coordinate system induces coordinates in M of the form:
6 :U. = {(p,t) : pu(p) € Upy} — R x RZ x [0, 1],
with:
Ti(p, t) == zi(pe(p)),  Yilp:t) == wilpe(p)), 7(p,t) =1
In such coordinates we have: SNU, = {Z;=0=y;, i=m+1,...,0} so that 9,
is tangent to S. Let ¢ be the vector field associated to py, i.e: %pt = (3 0 p for
t € [0, 1], with coordinate representation Z;’:l &1 0z, 4+ 1} 0y, in Up, given by

d

== d |o_i (ps(pr H(0)))-

[z (s (0 ). () =

& (p)

Using the inclusions e; : M — M x {t} C M at time t, locally defined vector
fields on M can be considered on M omitting (when the context is clear) further
notations. In this sense:

d (p;l) a:m

(4.8)

P (p;t)

and similar identities for g;. Since the vector field 0y on M is given by ('3,5‘ (
&
ds

pt)

|S:t7p(s) with v,(s) = (p, s), we have, over U, the formula:

O]y = Or + Zl & (o), 0 + 1 (0e(P)0g; | 1) (4.9)
o

We define, in U, the local Hamiltonian by:

n

H.(p,t)= Y 0l (pe(p)) Z(p,t) — & (0(p) T (0, 1) (4.10)
j=m+1
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Clearly H, vanishes on U, N S, i.e. it satisfies condition (2) above. As for con-
dition (1), since every p; is a symplectomorphism the Hamiltonian vector fields
are p;-related:

Vi, = dq (o) (th|q) . a=pu(p),

where k; is the local Hamiltonian function k; : Up, — R defined by

n
ky = Z U;wj _fﬁyj-
j=m+1

For the Hamiltonian vector field of k; we compute

n

th}so == Z (fjt Or +T7§' ayj) |So'

j=m+1

It follows, using formulas (4.8]) and (4.9)) that at every point (p,t) € SNU, we
have:

(Vi +00) |y = ey + D_ 8 (0t )05, | ) + 17 (2 (0)05; |
=1

which is manifestly tangent to S. The proof is completed because the open sets
U in the form discussed above constitute an open covering of S. QED
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