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Abstract. In this paper, we introduce several convolution identities that combine Fibonacci
and Pell numbers. Congruence relations involving Fibonacci and Pell numbers follow as corol-

laries.
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1 Introduction

Recall [1, 4] that the Fibonacci polynomials F),(z) are defined by the recur-

rence relation

0, forn =0,
F,(z) =<1, forn =1,
- Fpoq(z) + Fh—2(x), forn > 2,

having the generating function

t
n
ZFn(x)‘t S l—xet—t?
n=0

(1.1)

(1.2)

On the other hand, the nth Fibonacci polynomial is explicitly given by the

Binet-type formula

where

x+VrZ+4 z—Va?+4

alz) = ———— and Blz) =

2 2
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(1.3)
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are the solutions of
?—z-t—1=0.

Several properties of these polynomials were derived in [2, 3].
The Fibonacci numbers F), are recovered by evaluating these polynomials
atx = 1, 1ie.,
F, = F,(1).

On the other hand, the Pell numbers P, are recovered by evaluating Fibonacci
polynomials at x = 2, i.e.,

P, = F,(2)

For large values of n and nonnegative values of x, the a(z)" term dominates
the expression (1.3). So the Fibonacci numbers are approximately proportional
to powers of the golden ratio (1 + +/5)/2, analogous to the growth rate of Pell
numbers as powers of the silver ratio 1 4+ v/2.

Although the Fibonacci and Pell numbers are known from ancient times,
they continue to intrigue the mathematical world with their beauty and ap-
plicability. These offer opportunities for exploration, conjecture, and problem-
solving techniques, connecting various areas of mathematics. As we can see in
[6, Chapter 17|, the Fibonacci and Pell numbers coexist in perfect harmony,
and share a number of charming properties. In this paper, motivated by these
results, we use the method of generating functions to prove new connections
between Fibonacci and Pell numbers.

Theorem 1.1. For n > 0,

n—1

Fyn = 2Py +2)  Fyi Pt
k=1

Theorem 1.2. For n > 0,

n—1

a) Fin =4Pon +6 Y ForPon-2;
k=1

n
b) Fents =2Py 41+ 3 Z Fe1. Popy1—2k-
k=1

Theorem 1.3. For n > 0,

n—1

a) Fion, = 12Py, + 24 Z Fiok Py —ag;
=1
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n
b) 6F12n+3 + Fion = 12Py, 41 + 24 Z Fiok Pap1—ak;
=1

n
¢) 4Fi2n43 + Fion = 4Piny2 +8 ) FrokPinso_ak;
k=1

n
d) 30Fi2n13 + TFi2n = 12Punys + 24 Y FiokPins3_ak-
k=1

Seven congruence identities involving Fibonacci and Pell numbers can be
easily obtained as consequences of these theorems.

Corollary 1.1. For n > 0,
a) Fs, —2P, =0 (mod 4);
b) Fgn — 4P, =0 (mod 96);
¢) Fonts — 2P2p+1 =0 (mod 24);

)
)
)
d) Fian —12Py, =0 (mod 41472);
e) 6F12p4+3 + Flan — 12Py11 = 0 (mod 3456);
£) 4F19n43 + Fion — 4Pinye = 0 (mod 2304);
)

g) 30F12n43 4+ TF12p — 12Py, 13 =0 (HlOd 3456)

2 Proofs of theorems

Firstly we consider the multisection formula published by Simpson (see [5,
Ch. 16], [7], [8, Ch. 4, S. 4.3] and [9]) as early as 1759:

n—1

1
Z Ay pnt™TF = = Z 2R F (2R, 0<r<n, (2.1)

n
k>0 k=0

where z = e% is the nth root of 1 and
f(t) =ao+ait +ast® + -+ apt" + -

is a finite or infinite series. Applying this formula to (1.1) with x replaced by 1,
we obtain

o0
2t
Fo = — =
> Fon 1— 4t —¢2
n=0
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By this relation, we deduce the generating function for Fg,,

8t
Fg t" =
Z bn 118t + 2

Similarly, the generating function for Fis,, namely

144t
Fiopth = ————
Z 12n 1— 322t + 2

follows as a bisection of the generating function for Fg,.

Proof of Theorem 1.1. We consider the sequences {ay, }n>0 and {b, }n>0 defined

by:
1, if n =20,
an =
Fy,, ifn>0,

b 1, ifn=20
T (=)tte2- Py, ifn > 0.

The generating functions of these sequences are given by:

o0
2t
n=0
o
2t
n=0

So considering the identity

2 21
1-— ) (1+——) =1
(i) (Fiae) =

(g})( ant”> <Zb t”> =1

Theorem 1.1 follows easily equating coefficients of ™ in this relation. QED

we deduce that

Proof of Theorem 1.2. The proof follows from the following identity

12t 2t 2t
l+—— (1l — | =1+ ——. 2.4
(+1—18t2+t4>< +1+2t—t2> T (24)
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By (2.2), we deduce that the sequence {¢,},>0 defined by

1, ifn=0,

cn=1+¢3 2.5
" o Fon. >0 (2:3)

has the generating function given by

o

12t
VL T S
> cn TR
n=0

Thus we deduce that

3 et N but™ | = 3 ant™.
(Eo) (Ber) -2
n=0 n=0 n=0

Equating the coefficients of t" in this relation, we obtain

Ln/2]

§ Ckbank = an

k=0
and Theorem 1.2 follows easily considering the case n even

n—1

3
—2Py, + 3 Fon — 3 ; Fe, Poy o), = Fp,

and the case n odd

n
2Psni1 43 FirPont1-2k = Fonts.
k=1

QED

Proof of Theorem 1.3. The proof follows from the following identity
1+ 288t4 1+ 2t
1—322¢% 4+ ¢8 142t —1¢2

12¢2 2t
=(1-— ) (1 + —— ). 2.6
< 1+18t2+t4)( +14tt2) (26)

The sequence {d, },>0 defined by

1 ifn=20
d, =4 nn=n (2.7)
2F12n, ifn>0
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has the generating function given by

o0
288t
dpt" =14+ —————.
ZO” T 3004 02

Thus we deduce that

() (E2e)- (B £

Equating the coefficients of " in this relation, we obtain

[n/4] [n/2]
> dibpear =Y (—1)feran_o. (2.8)
k=0 k=0
By this relation, with n replaced by 4n, we derive the following identity
n—1 9 2n—1
12Pyy, + 24 Z Fiok Pap—ar = 1 Z (=" Fo Fion—k-
k=1 k=1
Having the identity
8t 8t 64t>

118t +£2 1 —18t+12  1— 32262 + 4’

we deduce that

(i( LR, nt”) (Z Fﬁnt"> = giFmt%.
n=0

n=0

Equating the coefficients of t>" gives the relation
2n 4
Z(_l)k_lFt‘)kFlanGk = §F12n
k=0
and the first identity of theorem is proved.
Replacing n by 4n + 1 in (2.8), we obtain
3 2n
2Pyny1 + 42 FrokPapt1—ak = Fiangs + 5 Z ) Fik Fran 436k
k=1 k 1
Considering the identity
8t 2t 16 144¢>

118t +12 1 —18t+12 144 1— 3222 + 4’
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we give

<Z(—1)N_IF6ntn> <Z Fonqst™ ) 144ZF12n752n

n=0

So we obtain

2n 16
k—1 _
kg_o(—l) FspFioni3—6k = il Fia,

and the second identity follows easily.
The next two identities can be easily derived invoking the first two identities
and the recurrence relation (1.1) with z replaced by 2. QED

3 Proof of Corollary 1.1

First we remark that the nth Pell number is even if and only if n is even.
The first congruence identity of this corollary follows easily from Theorem 1.1,
considering that

F5, =0 (mod 2).

This congruence is immediate from the generating function of F,,.
From the generating function of Fg,, it is clear that

Fs, =0 (mod 8).

So, using Theorem 1.2 we derive the next two congruence identities of Corollary
1.1.
By (1.2), we derive the generating function for Py, that is

2t
Py, t"
Z n 1—6t+1¢2

This allows us to obtain the generating function for Py,, namely
12t
Py, t" =
Z i 134t + 2
Considering the generating functions for Fio, and Pj,, we obtain

Fio, =0 (mod 144), and Py, =0 (mod 12),

respectively. Thus the last four congruences of Corollary 1.1 follows from The-
orem 1.3.
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4 Concluding remarks

In this paper, we derive a number of non-obvious Fibonacci-Pell congru-
ences by multi-sectioning generating functions. In this context, we discovered
the identity (2.6) with which we built the proof of Theorem 1.3. This curious
identity can be considered a consequence of the two triple product identities:

1322t +% = (1 4+ 182 + 1) (1 + 4t — t3)(1 — 4t — t?) (4.1)

and
1—34tT +48 = (14662 + 1) (1 4+ 2t — t3) (1 — 2t — t2). (4.2)
They imply that both sides of the identity (2.6) equal

1—2t—t2 1462+
1—4t—t2 141812 +t4°

The identities (4.1) and (4.2) are special cases of a more general triple product
identity:

1—((@®+2? =2)t"+1% = (1+ (@ +2) +t") (1 +at — t*) (1 —at — *). (4.3)
In this context, we remark another special case of (4.3):
1 — Lgpiat? + 18 = (1 + Lupsot® + tY) (1 4 Lopat — t2)(1 — Lopyit — %),

where
Ln =Ftp_1+ Fn+1

denotes the nth Lucas number.
Apart from (4.3) there is another triple product identity:

1—((@® =22 =2)t" + 8= (14 (@®+2)* +t") (1 + at +£*) (1 — at + t*).

The following factorization involving Lucas numbers is a particular case of this
identity:

1 — Lgnt* + 18 = (1 + Lynt? + t4) (1 + Lont + t2)(1 — Lopt + t2).
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