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Abstract. We consider in this paper the following problem

N N
— Z & [|8iu|pi72 &u} - Z 6L [|8iu‘qi72 &u] = )\f(u) in Q,
=1 i=1

u=0 on 0f2.

Where  is a bounded regular domain in R¥, 1 <p; <ps<..<pyvandl<q < g < ... <
gqn, we will also assume that f is a continuous function, that have a finite number of zeroes,
changing sign between them.
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1 Introduction

N 2 N 2
-2 0 [|3iu|pi_ aiu} — >0, [\8¢u|q"_ &U} = Af(u) in Q,
i=1 i=1
u=20 on 0f).

(1.1)

Where © is a bounded regular domain in RY, we will assume that f fulfill some
suitable hypotheses, 1 <p; <ps <..<pyvand 1< q < g < ... <gn.
We will often use the notation
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N
Lpyu = Z 0; [|0¢u|pi_2 &-u] ,

i=1

There is a huge literature related to the anisotropic operator, when con-
sidered with a linear, non-linear or singular terms we invite the reader to see
[1,4,5,6,7,9, 13, 25]

f is supposed to be such that

(H1)f is a continuous function such that f(0) > 0, and there are 0 < a; <
b1 < as < ... < bp_1 < apy, the zeroes of f such that

f=0 in (by, ak+1)

{ f S 0 m (ak,bk)

ag+1
(H2) [ f(t)dt>0; Vk=1,2,...,m— 1.
ax
These kind of hypotheses, was introduced by different authors in the some
early works [3, 8, 11], with the aim to study the problem

—Au = Af(u) in €,
u=0 on 0f.

More recently, the results obtained there was generalized in [2] for the p&g-
laplacian, that is

—Apu— Agu=Af(u) inQ,
u=0 on 0f),

and in the case of the ¢-laplacian in [18], where the considered problem

{ —div(¢(|Vu|)Vu) = Af(u) in Q,

u=20 on 0,
¢ being a function fulfilling some suitable conditions.

Observe that the anisotropic operator, and the doubly anisotropic operator
considered in this paper cannot be obtained as a particular case of the previous
cited, and his its own structure, as we will present in this paper.

In the whole paper C' will denote a constant that may change from line to
line.
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2 Preliminary results

Problem (1.1) is associated to the following anisotropic Sobolev spaces

W) Q) = {q; cwhl (Q);0;v € LPi (Q)}

and
Wy (@) = W (@) gt ()
endowed by the usual norm

N
olly 1.0 ) = D N0ill i g
=1

As we are dealing with a doubly anisotropic operator, the natural functional
space is

X — Wol’(pi) (Q) N WOL(%‘) ()
endowed with the norm

ol = Nolly 100 + 0y

Definition 1. We will say that u € Wol’(pi) () is a weak solution to (1.1)
if and only if

Z/|au|pz 28u8<p+2/|8u]q’ 2 ,udsep = )\/f

Vo € W) (Q).
=1 Q =1 Q

We will also use very often the following indices

’E\M—‘

N
1 1
"N
and
_ Np _
P = Ni—Tf Poo = max {pn,P"}
without loss of generality we will assume that p* < g

The following Sobolev type inequalities will be often used in this paper, we
refer to the early works [23], [16] and [20].
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Theorem 1. There exists a positive constant C, depending only on ), such
that for every v € Wol’(pi) (Q), we have

I3 ) < CZIW vllZe @) » (2.1)

MMWDSCXNQﬂmmn vr e [1,7] (2.2)
=1

[0l Lr (o) < CH 10 vHLm vr e [1,p7] (2.3)
=1

and Vv € Wol’(pi) (QNL*®(Q),p< N

N P;
/ o] <c]] / Os[P* [o]!P (2.4)
Q =1 \q

for every r and t; chosen such a way to have

L N1
ro ti+1

N
> vi=1
i=1
We also have the following algebraic inequalities

e There exists a C' > 0 not depending on p € (0,1) such that for given
o; >0,i=1,2...N we have

So-r—y T

(2.5)
e For p; > 2
Cla—bP < (|a\m—2a— |p|Pi—2 b) (a—b) (2.6)
e For1 <p; <2
la —b| 2 2
OO < (JaP?a— [P 2b) (a - b) (2.7)
(lal + [p])* ( )

In view of applying the above inequalities, allthrough this pper we will

suppose that all the p; are neither p; > 2 nor 1 < p; < 2 and the same for
the ¢; fori=1,...,N.
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Lemma 1. Let g € C(R) be a continuous function and sy > 0 be such that

g(S) >0 ZfS € (—O0,0)
g9(s) <0 if s € [sg, +00)

then if u is a solution of

- ]zvj 8 [|8iu]pi_2 aiu} _ ﬁ 0; [|3iu|qi_2 al-u} — Ag(u)
=1 i=1

(2.8)
u=20 on 0S)
it verifies uw > 0 a.e.in Q, u € L>® () and |[ul| ;o < So.
Proof. We recall that u = vt —u~ where v~ = max(—u,0) and u™ = max(0, u);
o —omifu<0 _ 1,(ps)
as Qju~ = { 0 ifu>0 " have that u= € W, (2) whenever u €

Wé’(pi) (Q). Using u~ as a test function in (2.8) we obtain

N N
3 / B2 Ot + 3 / 05| 2 Dyudu~ — / g(u)u~

iZIQ i:IQ Q
that is
N N
3 / Ol + / |Ou|” = / g(u)u
=lonu<o] =lonu<o] QN[u<0]

by the definition of g, g(u)u < 0 when u < 0 so

N N
3 / B+ / Bul <0
=1

QNu<0] =lonfu<o)

and thus necessarily the set (2N [u < 0]) is a null measure set, and so u = u* >
0.

+0ju if u > s¢
0 ifu<sg
that (u — s9) € X whenever u € X. Using (u — s9)" as test function in (2.8) we
obtain

N N
Z / |B;ulPi ™2 Bud; (u — 80)++Z / |85u| 72 Ojud; (u — s0) T = /g(u) (u—s)t

i=1 ¢ i=1g Q

we have

On the other hand observe that 9; (u — sp)" = {
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that is

N

>/ o+ [ o= [ gt s

ZZlQﬁ[u>so] izlﬂﬁ[u>so] QN[u>so]
by the definition of g, g(u) (u — s9) <0
Z / |auypl+z / 0;u|% < 0
Qﬂ[u>so] Qﬂ[u>so]

and thus necessarily the set (2N [u > sg]) is a null measure set, and so u <
S0- QED

3 Existence and multiplicity results

For each kK =1,2,..,m — 1, consider the following problem

S Pi—2 J Pi—2
-2 10”2 Oy -3 0P 2 0] = Afiw) g
u=20 on 0f)
where
F0)  ifs<o0
fe(s) =< f(s) if 0<s<ay
0 s> ayg

Proposition 1. There exists A > 0 such that for every A € (A, +00), prob-
lem (3.1) posses a nonnegative solution u = uy y such that ||ug|| . < ag.

Proof. As a direct consequence of Lemma 1 we have |[ug|| ;0 < ay.
Let

N
By (u Zp/](?u\p’—i—z /|au|%— /Fk

where Fj(t ffk )ds, the set Cj,  of the critical points of ®j (u) corre-

sponds to the set of solution to (3.1). Observe that as f; is a bounded function
we have
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t
my ‘t‘ < fmkds < Fk kadS < M, ‘t’ , thus
0

1;/3“‘”2 /|aurql—/ ()

1/\8u\pl+z /lﬁulql /\Mk/\u]

7

Mz

Ppa(u) =

%

Mz

=1

by Hoélder inequality we obtain that

N o N o
i (u pr / Dul” + > / 05l — AM [l
i=1 i=1 1"
Q

by Sobolev inequality

N
1
Pa() 2> / |aurpl+2 / Byl AMkanaunm,
i=1 Q

as py > p; for every i

N N
D\ (u Z 105ulle; + i~ Z 5w $ia; = AMKC (|05l o
1=1 i=1

by the fact that
|lull yx = +00 = ||Oju|| 1 p; — +00 or ||Oju| ;4 — +o0 for some i,
we obtain the coercivity of ®j \(u) that is
O, A (u) = 400 when |[|ul|y — +o0.

On the other hand, as ®;, y(u) continuous it is also lower semi continuous, and
thus by Weirstrass theorem, it is also possible to show that a Palais Smail
séquence {uy}, converges strongly, indeed as {uy},, is bounded in X

Uy — u weakly in X,

thus
up, — u strongly in L" () for evry 1 <r <p*
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/|un|%/|u|;
(9] (9]

using (u, — u) as test function in (3.1) we obtain

Z/yau\pz 2 Dyud (u +Z/|au|% Oy (1t — 1) — /fk(u)(unu)

zlﬂ 7,19 Q

and in particular

which gives

/ ya-unv’i—? Bitn, — |Osu|P ™7 8iu) 0i(tn, — u) + Oyt [DyulP ™2 Dgu — 8iupl>]

\’Mz

@
|
—

n
M=

@
I
—

/ ((191t0n] 2 Ot — 00012 D) Byt — 1) + Dty Oyl Dy aiu%')]

L Q)
[ e~ w,

Q

I
>

that is

'MZ

s
Il
—

/ \8'un]p"_28iun |O;u|Pi™ 28u —I—/ 3Un3iupl25iuaiupz>]

<|0¢un|qi_28¢un |O;u| T~ 28u +/ 8un8iuqz28¢u8iuqz>]
Q

_l_
AMZ
ST

s
Il
i

fi(u)(un =)

Il
>
SO

by inequality (2.6) for p;,q; > 2

N
Z/]ﬁ n—u |pl+2/ i, |O5ulPi™ 28u—\8u\p1 Z/ u) |+

zIQ ’LlQ

+Z/ D, |O5u| T~ 26u—]8u]ql <)\C/fk

219
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Astun, |Oyu|P ™2 Byu — | DyulP
< )

IN
>
Q
—
=
T
'M’Z
D

Q
N
_ Z/(@iun|8¢u%_28iu— 0.
’iilg

by the weak convergence of {u,},,

N
—Z/ aun\auw Qau—\auw Z/ aun|au|% 2au—|au|%) = o(1)

7,19 z:IQ

thus
Z/mz —urpwz/w 2=l < C [ i) un— )+ o)
21Q 7,19 Q

Q

as u, — u strongly in L" () for every 1 < r < p*, we conclude that
|un —ul| x — 0.

The same result can be obtained for the cases (p; < 2 and ¢; > 2) and
(pi <2 and g; < 2) by using in a smililar way inequality (2.7) instead of (2.6),
which ends the proof.

Theorem 2. There exists X > 0 such that for every X € (\, +00), problem
(1.1) posses at least (m — 1) nonnegative solutions w; such that u; € X and
a; < [|uil| oo < ait1.

Proof. Let u be a solution of (3.1), so by lemmal it is necessarily such that ,
ue€ L™ () and 0 < u < ag_ a.e.in Q thus fr_1(u) = f(u) and then v is also a
solution to (1.1). To prove the last part of the theorem we claim that for each k
€ {2,...m} there is A\ > 0,such that for all A\ > A\, we have uy \ ¢ Cj_1 ) where
Oy (up)) = iréi)r(@k,)\(v), first let 6 > 0 and consider

Qs ={z € Q, dist(x,00) <0},
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and
o = Flap) — max [|F(s)] = Flax) - Cr,
by hypothesis (H2) ag > 0. Consider ws € C§° (2) such that
0 <ws < ag,

and
ws = ap, when z € Q ~ Qs,

/QF(wg) E/QF(ak)—%’leal,

/ F(ws) — / F(u) > ai || — 2Ck |95/,
Q Q

we have

which yields to

since |Qs| — 0 as § — 0 there must exit a d such that
Br = ag ‘Q’ —2C% ‘Qg’ >0

for that § we put ws = w, we have

N

N
1 _ 1 .
Bialw) — P = Yo / ol + Y / Bl — A / Fi(w)
(] o i=1 (]

i=1

_ Zl Z /’auk 1)\‘q1+/\/Fk(uk 1)\)

lez

Z;/rawmz /awrh— /( () = Fy(ug1.)

1 . 1 .
Z/raiw|pl+2/aiw|% YN
=1 p i=1 4 Q

=

IA
z

IN
=2

for A large enough we have
Ppa(w) — P12 (up—12) <0

that is
Ppa(w) < Pr—1x(up—1,)
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SO
Ppa(urn) < Ppa(w) < Pp—1a(up—1,0)

so we have proved that u  and ug_; ) are two distinct solutions to (1.1). Now
suppose by contradiction that

0 <wupy<agp
we necessarily would have

Pr_1a(up—12) < P12 (upn) = Ppa(ugn)

wich is a contradiction, and in conclusion

ap—1 < |lug |l foo < ag-
which ends the proof. QED

Remark 1. Obviously, and under the same conditions on f, all the results
obtained here are still valid for the following simply anisotropic problem:

A 2
- .0 [|3z‘UIpi_ 8#4 = Af(u) in Q,
i=1
u=20 on 0f2.
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