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Abstract. The aim of this paper is to study the pseudo-Riemannian warped product sub-
manifolds of a paracosymplectic manifold M. We first, prove some fundamental lemmas and
then derive some important results with parallel canonical structures on PR-semi-invariant
submanifolds M of M. Finally, we describe the warped product submanifold M of M by devel-
oping the general optimal inequality in terms of warping function and squared norm of second
fundamental form. We also consider the totally geodesic, mixed geodesic and equality case of
the inequality.
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1 Introduction

Bishop and O’Neill [1] introduced the notion of warped product, as one of
the most effective generalization of Riemannian product manifold. Thereafter,
O’Neill, B. [18] generalized the study of warped products for semi-Riemannian
manifolds. However, the theory gain recognition after Chen came with a new
class of CR-submanifolds [3] called CR-warped products in Kaehlerian mani-
fold and established the geometric inequalities for the second fundamental form
in term of warping function [4]. On the other hand, Hasegawa-Mihai [10] and
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Munteanu [17] continued the study (in the sense of Chen) for Sasakian ambient
which earlier studied by Bejancu and Papaghuic [2] and can be observed as an
odd-dimensional counterpart of Kahler manifold. Since then several geometers
have studied the geometric aspects of warped product submanifolds in almost
Hermitian and contact manifolds (c.f., [6, 14, 22, 21]). Here, it is important to
mention that the Riemannian geometric configuration may not found appropri-
ate in mathematical physics particularly, in the theory of space-time and black
hole, where the metric is not necessarily positive definite. Thus, the geometry of
warped product submanifolds with negative definite metric became an area of
investigation. Beside this the premises of warped product has perceived several
interesting contributions in semi-Riemannian geometries, and has been effec-
tively utilized in the study of general theory of relativity and black holes (c.f.,
[7,12, 13, 18]). Recently, B.Y. Chen and M.I. Munteanuo initiated the geometry
of pseudo-Riemannian warped products submanifolds (called them PR-warped
product ) in para-Kéhler manifolds and established a optimal (or sharp) ge-
ometric inequality: as the equality case holds for certain cases it follows that
the inequality cannot be improved, involving intrinsic and extrinsic invariants
[5]. Motivated to [5], we developed an optimal geometric inequality for PR-
semi-invariant warped product submanifold M of M that can be viewed as an
odd-dimensional counterpart of para-Kéahler manifolds.

The brief description of the present paper is as follows: In Sect. 2, we recall
some definitions, basic facts and properties of paracosymplectic manifold and
its submanifolds in the context of paracontact structure. Sect. 3 deals with the
definition of a PR-semi-invariant submanifold M of a paracosymplectic mani-
fold M, some constructive lemmas, integrablity and totally geodesic conditions
for the distributions associated with the definition of M, and important results
concerning parallel canonical structure. A general optimal inequality (in the
sense of [5]) for a PR-semi-invariant warped product submanifold M consid-
ering its totally geodesic, mixed geodesic and equality cases in the setting of
paracosymplectic manifold are derived in Sect. 4.

2 Preliminaries

Let M be_an odd dimensional smooth manifold. An almost paracontact
structure on M is a triplet (¢,&,n) [11], consisting of a tensor field ¢ of type-
(1,1), a vector field £ and a 1-form n satisfying the following conditions:

¢ =T-ne&nE) =1 (2.1)

where [ is the identity transformation and the tensor field ¢ induces on 2m-
dimensional horizontal distribution D := ker(n) an almost paracomplex struc-
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ture J; that is J2 = I and the eigen subbundles D* corresponding to the
eigenvalues £1 of .J respectively, have equal dimension m; hence D = Dt & D~
From the equation (2.1), it can be directly obtained that

¢ =0, noep=0 and rank(p)=2m. (2.2)

The manifold M is said to be an almost paracontact manifold if it is endowed
with an almost paracontact structure (¢, &, n) (c.f., [19, 23]). If an almost para-
contact manifold M admits a pseudo-Riemannian metric g satisfying:

g(X)Y) =—g(¢X,0Y) +n(X) n(Y), (2.3)

for any vector fields X and Y, where signature of g is certainly (m+ 1, m); then
the quadruple (¢, &, 1, g) is called an almost paracontact metric structure and
the manifold M endowed with paracontact metric structure is called an almost
paracontact metric manifold denoted by M. Furthermore with respect to g, n

is metrically dual to &, that is

9(X, &) = n(X). (2.4)
With the consequences of Egs. (2.1), (2.2) and (2.3), we deduce that

for any X,Y € I'(TM) where T'(TM) denote the sections of tangent bundle
TM of M. The fundamental 2-form ® on M is given by

g(X,0Y) =0 (X,Y). (2.6)

Definition 2.1. An almost paracontact metric manifold M is said to be para-
cosymplectic if the forms 1 and ® are parallel with respect to the Levi-Civita
connection V on M, i.e.,

Vn=0 and V& =0. (2.7)
(see [8, 15]).

Let M be a N-dimensional submanifold immersed in a (2m + 1)-dimensional
almost paracontact manifold M; we denote by the same symbol ¢ the induced
metric on M. If T'(TM) denotes the tangent bundle of submanifold M and
[(T+M) the set of vector fields normal to M then Gauss and Weingarten for-
mulas are given by respectively,

?XY:VXYth(X,Y), (2.8)
Vx(¢=—AcX + VxC. (2.9)
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for any X,Y € I'(TM) and ¢ € T(T+M), where V is the induced connection,
V< is the normal connection on the normal bundle I'(T-M), h is the second
fundamental form, and the shape operator A associated with the normal section
¢ is given by

9(AcX,Y) =g (h(X,Y),(). (2.10)
If we write, for all X € T'(TM) and ¢ € T(T+M) that

X =tX +nX, (2.11)
pC =t'C+n'c, (2.12)

where tX (resp., nX) is tangential (resp., normal) part of ¢ X and ¢'¢ (resp.,
n'() is tangential (resp., normal) part of ¢(. Then the submanifold M is said
to be invariant if n is identically zero and anti-invariant if ¢ is identically zero.
From Egs.(2.5) and (2.11), we obtain that

g(X,tY) = —g(tX,Y). (2.13)

Since M is a submanifold of a paracosymplectic manifold M therefore for any
X,Y e I'(T'M), we deduce by virtue of Egs. (2.7), (2.8), (2.9) and (2.10) that

(Vxt)Y = A,y X + t'h(X,Y), (2.14)
(Vxn)Y =n'h(X,Y) — h(X,tY), (2.15)

where the covariant derivatives of the tensor fields ¢ and n are, respectively,
defined by

(Vxt)Y = VxtY —tVxY, (2.16)
(Vxn)Y = VxnY —nVyY. (2.17)
The canonical structure ¢ and n on a submanifold M are said to be parallel if
Vt =0 and Vn = 0, respectively. Let p € M and {e,--- ,en, -+ ,eam+1} be an

orthonormal basis of the tangent space T, M such that eq,--- ,ey are tangent
to M at p. The mean curvature vector H of M is given by

1
H(p) = Ntrace h. (2.18)

Also, we set

hi] :g(h(eiuej)aek)7 7/7.] € {617"' 76N}7 ke {€N+1,"‘ ’62m+1}' (219)
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Moreover, the squared norm of the second fundamental form h is defined as

N

18> =~ ghlei, ej), hieis ej))- (2.20)

ij=1
A submanifold M is said to be [5]

e totally geodesic if its second fundamental form vanishes identically.

e umbilical in the direction of a normal vector field ¢ on M, if A; = d1d, for
certain function 0 on M, here such ( is called a umbilical section.

e totally umbilical if M is umbilical with respect to every (local) normal
vector field.

Let (B, gp) and (F, gr) be two pseudo-Riemannian manifolds and f be a positive
smooth function on B. Consider the product manifold B x F' with canonical
projections

mn:BxF—=B and oc:BxF —F. (2.21)

Then the manifold M = B x; I is said to be warped product if it is equipped
with the following warped metric

9(X,Y) = gp (m(X), 1Y) + (f 0 m)2gr (0.(X), 0:(Y)) (2.22)
for all X,Y € I'(T'M) and ‘*’ stands for derivation map, or equivalently,
9=gs+ f*gr. (2.23)

The function f is called the warping function and a warped product manifold
M is said to be trivial if f is constant. In view of simplicity, we will identify a
vector field X on B with its lift X and a vector field Z on F with its lift Z on
M = B x; F (see also [1, 5]). Now, we recall the following proposition for the
warped product manifolds [1]:

Proposition 2.2. For X,Y € I'(T'B) and U,V € I'(TF), we obtain on
warped product manifold M = B x ¢ I’ that

(1) VxY e T(TB),
(2) VxU = VpX = X(In f)U,
(3) VuV = Vi,V — (U, V)grad(In f),

where, V and V' denotes the Levi-Civita connections on M and F respectively.
Furthermore, grad(ln f) is the gradient of In f with respect to the ambient
metric g.
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3 PR-semi-invariant submanifolds

This section includes the definition of PR-semi-invariant submanifolds M
of M and conditions for distributions equipped with the definition of M and
an important results allied to the characterization of M with parallel canonical
structure.

Definition 3.1. Let M is an isometrically immersed pseudo-Riemannian sub-
manifold of an almost paracontact manifold M. Then M is said to be a PR-
semi-invariant submanifold [20], if it is furnished with a pair of orthogonal dis-
tribution (D, D) satisfying the conditions:

(i) TM =2 @D+ @ {¢},

(ii) the distribution ® is invariant under ¢, i.e., $(D,) C D,, for each p € M
and

(iii) the distribution ©+ is anti-invariant under ¢, i.e., ¢(Dp+) C T, M, for
each p € M.

Here, ©® and ©1 are the distributions on invariant B and anti-invariant F
submanifold of M, respectively. Now, we can say that a PR-semi-invariant
submanifold M is invariant, if dimZDpL = 0; anti-invariant, if dim®, = 0;
proper if dim®,, # 0 and dim®,* # 0; mized totally geodesic, if h(Dp, D) =0
for each p € M.

Let M be a PR-semi-invariant submanifolds of a paracosymplectic manifold
M such that ¢ is tangent to M. Then we can write

T,M =T,M & Ty M, peM,

and the normal bundle T+ M of M of a paracosymplectic manifold M can be
decomposed as

T+M = ¢(D) B v,

where v is normal subbundle orthogonal to ¢(®+) and invariant under ¢.
Now, we give an important lemmas for later use:

Lemma 3.2. If M be a PR-semi-invariant submanifold M of a paracosym-
plectic manifold M such that ¢ € T'(TM). Then for any X € I'(D) and
7 € T(D1), we have

Vx¢=0, h(X,€) =0, (3.1)
Vz6=0, h(Z§) =0, (3.2)
VeE =0, h(£,€) =0. (3.3)
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Proof. The proof of the lemma can be easily derive by using the fact that the
manifold is paracosymplectic and Gauss-Weingertan formulas. QED

Lemma 3.3. If M be a PR-semi-invariant submanifold M of a paracosym-
plectic manifold M such that £ € I'(T'M). Then we have

(Vxt)é = (Van) = (Vet) X = (Vem)X =0 (Vel)Z = (Ven')Z = 0; (3.4
for any X € T'(®) and Z € T'(D4).

Proof. By virtue of lemma 3.2 and Eqgs. (2.14)-(2.17), we complete the proof of
the lemma. QED

Proposition 3.4. Let M be a PR-semi-invariant submanifold M of a para-
cosymplectic manifold M such that ¢ € T'(TM). Then for any Y,Z € T'(TM),
canonical structure ¢ is parallel if and only if A,y Z = A,.zY.

Proof. We can write by the virtue of Eq. (2.14), that g((Vxt)Y, Z) = g(Any X +
t'h(X,Y),Z) for all X € T'(TM). Thus, by using Egs. (2.5), (2.10) and (2.12)
in above expression, we complete the proof of the proposition.

Proposition 3.5. Let M be a PR-semi-invariant submanifold M of a para-
cosymplectic manifold M. Then the invariant distribution (D & &) is

(a) integrable if and only if h(X, ¢Y) = h(¢pX,Y);
(b) totally geodesic if and only if g(h(X, ¢Y),9pZ) = 0;
for any X,Y € (D @ ¢) and Z € T(D).

Proof. By virtue of lemma 3.2, Eqs.(2.14)-(2.17) and the fact that h is symmet-
ric, we obtain for any X, Y € T'(D @ €)), that

n([X,Y]) =n(VxY) —n(VyX)
= VxnY — (Vxn)Y — VynX + (Vyn)X
= (Vyn)X — (Vxn)Y
=n'h(Y,X) - h(Y,tX) —n'h(Y,X) + h(X,tY).

Thus from above last expression we achieve the proof of the formula-(a). For
formula-(b), we have from Egs. (2.3), lemma 3.2 and the definition of paracosym-
plectic manifold that ¢(VxY, Z) = g(Vx @Y, ¢Z). Now, using Egs. (2.9), (2.10)
and property of Levi-Civita connection V in previous expression, we derive the
required formula. This completes the proof of the proposition. QED
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Proposition 3.6. Let M be a PR-semi-invariant submanifold M of a para-
cosymplectic manifold M. Then the anti- invariant distribution (D+) is

e integrable if and only if A,zW = A,w Z;
e totally geodesic if and only if g(h(Z, ¢X),dW) = 0;
forany X, Y e (D @ ¢) and Z, W € ['(D4).

Proof. The proof of the proposition can be achieved by following same steps as
the proof of proposition 3.5. QED

Lemma 3.7. If M be a PR-semi-invariant submanifold M of a paracosym-
plectic manifold M. Then we have

9(VsZ,X) = g(¢pAszS, X),¥V X eT(D&E), Ze (DY), S e (TM). (
AW = AgwZ, N Z,W e T(D). (
A{X:¢A¢CX7 VXGF(@@&), CGF(V) (

(

Proof. We have from Egs. (2.5), (2.7), (2.9) and lemmas 3.2, 3.3, that

9(0Ay2S5, X) = g(¢VsZ,$X).

Thus, formula-(3.5) follows from Egs. (2.3), (2.8), lemma 3.2 and property of
Levi-Civita connection V. To prove formula-(3.6), we have from the definition of
paracosymplectic and Eq. (2.9) that g(AxzW,S) = g(Vw Z, $S) which implies
g(ApzW — Ayw Z,S) = g([Z, W], ¢S). Therefore from the fact of integrablity
of (D1), [Z,W] € T(D1) while ¢S € ¢(D @ D) conclude the formula-(3.6).
Finally, the formulas-(3.7) and (3.8) follows from expressions g(AycX,S) =
9(¢, h(X,S5)), g(AcpX,S) = —g(¢,h(S, X)) and the fact that distributions ©
and v are invariant under ¢. The expressions above can be obtained in light of
Egs. (2.5), (2.8) ,(2.9), (2.10) and the fact symmetry of h. This completes the
proof of the lemma. QED

Theorem 3.8. For a parallel canonical structure n, the PR-semi-invariant
submanifolds M of a paracosymplectic manifold M satisfies
(i) A,Dt =0, (i) Ao (®@E) =0 and (4ii) M is (D @&, D)-mixed totally
geodesic.

Proof. For any X € I'(D @ ¢), Z € T(D1) the theorem is obvious in light of
lemmas 3.2 and 3.3. Let S, T € I'(T'M), then from Eq. (2.15) and the fact that
canonical structure n is parallel we find that

n'h(S,T) = h(S, tT). (3.9)
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In particular if we replace T by Z € I'(®*) in previous expression we deduce
that

W'h(S, Z) = 0. (3.10)
Furthermore, by the use of Egs. (2.5), (2.10) and (2.12), we obtain that

9(n'h(8,2),¢) = —g(Agc Z, S)

for any ¢ € v. Therefore previous expression using Eq. (3.10) and the fact that
v is invariant reduced to g(A¢Z,S) = 0. Hence proves the formula-(7) since, S
is a non null tangent vector field on M. For formula -(i7), we have from the
certainty that n is parallel and Egs. (2.3), (2.11), (2.12) that g(h(S,tX),nZ) =
g(n'h(S, X),0Z) = —g(h(S,X),Z) = 0 for any X € T'(D). Now, using Eq.
(2.10) and the fact that X belongs to the invariant distribution in equation
g(h(S,tX),nZ) = 0, we achieve the required formula. Hence we can conclude
using Eq. (3.9) that n2h(X,Z) = n'h(X,tZ) = 0, now again on the other side
n2h(X,Z) =n"hZ,X) =n'h(Z,tX) = h(Z,X) forall X € (D), Z € T(D1).
Finally, formula -(¢i7) can be derived using previous expressions and the fact of
symmetry of h. This completes the proof of the theorem. QED

4 An optimal geometric inequality

In this section, we first recall the definitions and results from [20] and then
establish general sharp inequality (in the sense of B.Y.Chen [5]) for PR-semi-
invariant warped product submanifolds of the form B x I’ with the characteristic
vector field € tangent to B in paracosymplectic manifolds.

Definition 4.1. A PR-semi-invariant submanifold is called a PR-semi-invariant
warped product if it is a warped product of the form: B x; ' or F' Xy B, where
B is an invariant submanifold, F' is an anti-invariant submanifold of an almost
paracontact manifold M and f is a non-constant positive smooth function on
the first factor. If the warping function f is constant then a PR-semi-invariant
warped product submanifold is said to be a PR-semi-invariant product [20].

For further systematic analysis of PR-semi-invariant warped product subman-
ifolds in a paracosymplectic manifold we recall some findings which implies the
existence and nonexistence of the warped products of different structure.

Proposition 4.2. [20] There doesn’t exist a PR-semi-invariant warped
product submanifold M = B x; F' of a paracosymplectic manifold M such
that the characteristic vector field £ is tangent to F'.
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Proposition 4.3. [20] There doesn’t exist a PR-semi-invariant warped
product submanifold M = B x ¢ F of a paracosymplectic manifold M (¢,&,n, g)
such that the characteristic vector field £ is normal to M.

Proposition 4.4. [20] Let M — M be an isometric immersion of a pseudo-
Riemannian manifold M into a paracosymplectic manifold M. Then a necessary
and sufficient condition for M to be a PR-semi-invariant warped product B x ¢ F'
submanifold is that the shape operator of M satisfies

ApzX = X (W)Z, X eT(DD < £ >),Z € T(D1), (4.1)

for some function g on M such that V(u) =0, V € T(D1).

Now here we establish some geometric inequalities for the warped structure of
the form B x ; F such that the characteristic vector field ¢ is tangent to B. We
first gave an important lemma for later use;

Lemma 4.5. If M = B x; I be a PR-semi-invariant warped product
submanifold M of a paracosymplectic manifold M such that ¢ is tangent to B.
Then we have

9(Apc 2, X) = —g(Vx0Z,C);
9(AgcZ, W) = —g(VzW, ();

for any X € I'(®), Z,W € T(®1) and ¢ € I'(T+M).

Proof. The proof of the lemma is obvious for X = £ by virtue of lemma 3.2,
moreover for all £ # X € T'(D), Z,W € T(D1) and ¢ € I'(T*+M) the lemma can
be achieved in light of equations (2.3), (2.7)-(2.12), and proposition 2.2. This
completes the proof of the lemma. QED

Theorem 4.6. Let M be an odd-dimensional paracosymplectic manifold
and M = B Xy F' be a warped product submanifold of M such that B is a (2a+
1)-dimensional invariant submanifold tangent to £ and F' a S-dimensional anti-
invariant submanifold of M. If we suppose that the submanifold F' is timelike
and the normal sub-bundle ¢(F) in M is invariant under the action of V= i.e.,
V4 ¢(F) C ¢(F). Then the squared norm of the second fundamental form ||h]|?
of M satisfies

1817 = 2811V (In £)[2 + (||| (4.5)

where V(In f) is the gradient of In f and [|h2]> = g(h,(D,D), h, (D, D)) with

its ¥ component and invariant distribution ©.
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Proof. Let us consider the local orthonormal frame on B by {ey = &, e;,e;x =
¢(ei)}, for any 4,5 = {1,--- ,a} such that ¢y = g(ep,e9) = 1, €, = g(e;,e;) =1
accordingly €;» = g(e;*,e;x) = —1 for all 4, and on F by {é,} for any a,b,... =
{1,---, 8} such that €, = g(€q4,€,) = —1 V a. Furthermore, on v the orthonor-
mal frame can be assumed as {(x, (xx = ¢((x)}, for any & = {1,---, ¢} such
that e = g((k, (k) = 1 accordingly ex = g(Cx, (px) = —1 for all k. Now, we
can write by definition of squared norm of the second fundamental form that

Al = g(h,h) =
9(h(®,D),h(D,D)) + 29(h(D, D), (D, D)) + g(h(D+, D), (D', D).
(4.6)

The first factor of the right hand side of Eq. (4.6) with the definition of ||h||?,
can be written as;

g(h(@, D),h(D, Q))

= Z [eiejg(h(ei, €j), h(ei, ej)) + Gi*ng(h(ei*, 6]'), h(ei*, ej))
i,7=1

+eiejg(hlei ), (hleisejr)) + eimejrg(hles, ), hlei, ej+))]
+ Z [eo€ig(h(eo, €:), h(eo, ) + eoeirg(h(eo, eix ), h(eo, €5+))]
i—1
—|—eoegg(h(eo, €o0), h(eo, eo)). (4.7)

Furthermore, using the fact that © is totally geodesic, as a consequence from
proposition 3.5-(b), we conclude that h(®,®) € v. So we can state the expres-
sions as;

h(ei ej) = hiiCe + Bl Goey  h(es, ejx) = Rl + e Gor,
h(eis,e5) = hiCo + Il Gr,  Blesr, ejx) = BfjuCo + B i Giv,
h(eo, €i) = MG + B e, hleo, €ix) = hiiie G + e G,
h(eo, €0) = hoCe + hio G-

Above expressions in light of lemma 3.2 and Eq. (2.19), reduced to

h(ei e5) = hiGe + b Gee,  Blei, €50) = B G + i Ger,
h(Ei*7 €]) = hf*jCk + hf**jck*a h(ei*, ej*) = héc*j*gk + h?**j*gk*a
h(eo, ei) = h(eo, €i*) = h(eo, 60) =0. (4.8)
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Employing Eq. (4.8) in Eq. (4.7), we derive

g(h(@,@),h(@,@))

D CHETHRE NS

— {(hf)? = (R )2} 4 { (R je)? = (hE0)% ] (4.9)

Since © is integrable, therefore by the use of proposition 3.5-(a) and formula
(3.7) of lemma 3.7 in Eq. (4.9), we deduce that

g(h(®,D), Z Z — (h)?] (4.10)
i,=1 k=1

Next, we evaluate the second factor of right hand side of Eq. (4.6);

g(h(®,2),h(D,D"))

a B
— Z Z [Eigag(h(€i> éa)a h(eia éa)) + € Ea,g (h(ei*a éa)a h‘(ei*v éa))]
i=1 a=1
B
+> " eoéag(h(eo, €a), hleo, €)). (4.11)
a=1

Analogous to above, we can express the following as:

h(ei,€q) = hiney + hEG + hE Gy e, &) = hlgnéy + i G + Pl Cis,
h(eo, éa) = hoaneb —+ hoaCk —+ hOaCk'*'

From lemma 3.2, above expressions reduced to

h(es,eq) = hlney + hE G + hE G, h(ess, €0) = R néy + hE G + BE  Gr,
h(eg, €,) = 0. (4.12)

Equation (4.11), by the use of Eq. (4.12), becomes

g(h(®,2),h(D,D"))

B q
=D D0 > (i) + (hE0)? = (B0 — { (ki — (h)?)]
i=1 a,b=1k=1
(4.13)
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Formula (3.8) of lemma 3.7 in Eq. (4.13), yields that
9(h(D,25),h(D,D7))

a B a B q
=2 2 [ =G 23 3 > [(ia)* = ()] (414)

i=1 a,b=

—_
-
Il
—
2
I
_
x~
I
—_

Using formula (4.2) of lemma (4.5) and Eq. (2.10) in Eq. (4.14), we obtain that
9(h(,9%), h(D,27))

% a 5 q
=8> [(eimf)? = (eix(n f)?] +2> 3 " [(hhy)? = (hE)?]. (4.15)
=1 i k=

Now, by employing the hypothesis V¢ (F
(4.5), we conclude that h(D,D+) C ¢(DL).

\—/\_/
=N
=
C
t_q\_/

—~
N
H

Z
&
=
§=2
=
@

(oW
+
o

g(h(9,9%), h(D, @L)) =

52 [(e;(In £))* — (e (In f))?] = Bg(V(In £),V(In f)) (4.16)

Finally, we have
B
g(h(@*,21), (@, D1) = > [atog(7(Cas ), h(Ea, @))]. (4.17)
a,b=1
To compute the above equation we need to analyze h(ég, €,) to do so, we express
it in the form h(eq,ey) = hSne. + h’;bCk + h’;;(k*. Using this expression in Eq.
(4.17), we arrive at

B q
g(h(®+,2%), (D, D1)) ZMZI [€aen{(hGy)? + (hE)? — ()2}
(4.18)

From formula (4.4) of lemma (4.5) and using the assumption V*¢(F) C ¢(F),
we get (D1, D1) C ¢(D1) as a consequence of which h¥, = h’;;. Eq. (4.18)
accordingly give
B
g(h(®@+,0),h(@4, D)) = Y {(h3)*}- (4.19)

a,b,c=1

By substituting, Eqgs. (4.10), (4.16) and (4.19) in Eq. (4.6) we can achieve the
inequality (4.5). This completes the proof of the theorem. QED
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Now, we can state the following as a direct consequences of Theorem 4.6;

Remark 4.7. If M is mixed totally geodesic warped product submanifold in M
and V1 ¢(F) C ¢(F) then the inequality (4.5) looks like

[1Bl[* > 1R[]

Remark 4.8. If h(D+,D1) =0 and V+é(F) C ¢(F) for M in M then equality
sign for inequality (4.5) holds identically.

Theorem 4.9. Let M be a (2m+1)-dimensional paracosymplectic manifold
and M = B x ; F a warped product submanifold of M such that B is a (2a+1)-
dimensional invariant submanifold tangent to & and F a [-dimensional anti-
invariant submanifold of M. If we assume that submanifold F' is spacelike and
V4 ¢(F) C ¢(F). Then the squared norm of the second fundamental form ||h]|?
of M satisfies

P12 < 28]V (I )] + 152115 (4.20)
o If h(D,D1) = 0 then inequality (4.20) shall be replaced by,

[1BI[* < 1R,

e Equality sign for inequality (4.20) holds identically when,
(D, D) =0

where V(In f) is the gradient of In f and ||R2||? = g(h,(D,D), h, (D, D)) with
its ¥ component and the invariant distribution 2.

Proof. The proof of this Theorem can be achieved by following the proof of
Theorem 4.6 or the Theorem 4.1 (in the case of para-Kahler ambient) of [5].

Theorem 4.10. Let M = B x; F' a warped product submanifold of a
paracosymplectic manifold M such that B is a (2a + 1)-dimensional invariant
submanifold tangent to £ and F' a S-dimensional anti-invariant submanifold of
M. If we suppose that the submanifold F' is timelike (respecvtively spaclike),
V1¢(F) C ¢(F) and B is totally geodesic in M. Then the squared norm of the
second fundamental form ||h||> on M satisfies

[|A[[> > 28|V (I f)|* (vespectively, ||h[[* < 28|V (In f)|[); (4.21)
e Equality sign for inequality (4.21) holds identically when,
(D, D) =0
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where, V(In f) is the gradient of In f and D+ is the anti-invariant distribution
on F'.

Proof. The inequality (4.21) can be drawn from the proof of the Theorem 4.6
and Theorem 4.9 respectively, whereas the case of equality can be obtained from
the proof of the inequality (4.21). QED

Acknowledgement. The authors are grateful to the anonymous referee’s for
careful reading of the manuscript, constructive criticism and several valuable
suggestions that improved the presentation of the work.

References

[1] R. L. Bishop and B. O’Neill: Manifolds of negative curvature. Trans. Amer. Math. Soc.
145, 01-49 (1969).

[2] A. Bejancu and N Papaghiuc: Semi-invariant submanifolds of a Sasakian space form.
Colloquium Mathematicum. 48(2), 229-240 (1984).

[3] B.Y. Chen: CR-submanifolds in Kaehler manifolds. I, J. Differential Geometry. 16, 305-
322 (1981); CR-submanifolds in Kaehler manifolds. II, ibid., 16, 493-509 (1981).

[4] B. Y. Chen: Geometry of warped product CR-submanifolds in Kaehler manifolds.
Monatsh. Math. 133(3), 177-195 (2001); Geometry of warped product CR~submanifolds
in Kaehler manifolds. II, ibid., 134(2), 103-119 (2001)

[5] B. Y. Chen and M. I. Munteanu: Geometry of PR-warped products in para-Kahler man-
ifolds. Taiwanese J. Math. 16(4), 1293-1327 (2012).

[6] B. Y. Chen: Geometry of warped product submanifolds: A survey. J. Adv. Math. Stud.
6(2), 01-43 (2013).

[7] B.Y. Chen: Pseudo-Riemannian geometry,d-invariants and applications. Word Scientific
Hackensack NJ (2011).

[8] P. Dacko: On almost para-cosymplectic manifolds. Tsukuba J. Math. 28(1), 193-213
(2004).

[9] S. Hiepko: Eine innere Kennzeichnung der verzerrten Produkte. Math. Ann. 241, 209-215
(1979).

[10] I. Hasegawa and I. Mihai: Contact CR-Warped Product Submanifolds in Sasakian Man-
ifolds. Geometriae Dedicata. 102, 143-150 (2003).

[11] S. Kaneyuki and F. L. Williams: Almost paracontact and parahodge structures on man-
ifolds. Nagoya Math. J. bf 99, 173-187 (1985).

[12] M. O. Katanaev, T. Klosch and W. Kummer: Global Properties of Warped Solutions in
General Relativity. Annals of Physics. 276, 191-222 (1999).

[13] P. V. Kreitler: Trends in black hole research. Nova Sci. Publishers NY (2005).

[14] M. A. Khan, S. Uddin, and R. Sachdeva: Semi-invariant warped product submanifolds of
cosymplectic manifolds. J. Inequal. Appl. 2012, Article ID 19 (2012).

[15] I. Kiipeli Erken, P. Dacko and C. Murathan: Almost a-paracosymplectic manifolds. J.
Geom. Phys. 88, 30-51 (2015).



S. K. Srivastava and A. Sharma

G. D. Ludden: Submanifolds of cosymplectic manifolds. J. Differential Geometry. 4, 237-
244 (1970).

M. I. Munteanu: Warped product contact CR submanifolds in Sasakian space forms. Publ.
Math. Debrecen. 66, 75-120 (2005).

B. O’Neill: Semi-Riemannian geometry with applications to Relativity. Academic Press,
New york (1983).

K. Srivastava and S. K. Srivastava: On a Class of a-Para Kenmotsu Manifolds. Mediterr.
J. Math. 13(1), 391-399 (2016).

S. K. Srivastava and A. Sharma: Geometry of PR-semi-invariant warped product sub-
manifolds in paracosymplectic manifold. J. Geom. 108(1), 61-74 (2017).

S. K. Srivastava and A. Sharma: Pointwise Pseudo-slant Warped Product Submanifolds
in a Kahler Manifold. Mediterr. J. Math. DOI:10.1007/s00009-016-0832-3 (2017).

F. R. Al-Solamy: An inequality for warped product pseudo-slant submanifolds of nearly
cosymplectic manifolds. J. Inequal. Appl. 2015, Article ID 306 (2015).

S. Zamkovoy: Canonical connections on paracontact manifolds. Ann. Glob. Anal. Geom.
36, 37-60 (2009).



