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SOME IDEMPOTENT-SEPARATING CONGRUENCES
ON A 1-REGULAR SEMIGROUP

Petar PROTIC-Stojan BOGDANOVIC

1. INTRODUCTION. Edwards describes in [4] the maximum idempotent-
separating congruence on 4 eventually regular (equivalently,

f-regular) semigroup which is given by

u= {(a,b)eSxS : if x € S is regular then each of x%xa,
x#b implies xax#kb, and each xZax, xZbx
imples ax#bx}.

In this paper we describe the maximum idempotent-separdating
congruence and their kernels on some subclasses of ¢g-regular semi-
groups. Also, we describe the minimum idempotent-separating r-
semiprime congruence 4and its Kkernel on an r-semigroup. In this
way we obtain a generalization of results of Meakin [10],[11],

Feigenbaum [5],[6] and Howie [8].

2. PRELIMINARIES. A semigroup S is f-regular if for every asS§S
there exists a4 positive integer m such that alea"Sam. We shall
denote by RegS the set of all regular elements of S. An element

a' is an inverse for a if a=aa'a and a'=a'aa'. As usually we shall
denote by V(a) the set of all inverses of a. A semigroup S is
f-orthodox if S5 is 9%-regular and the set E(S) of all idempotents
of S is a subsemigroup of S [2]. A semigroup S is strongly V-inverse

if it is f-rzgular and idempotents commute [2]. Define on a 9¥-

regular semigroup an equivalence Z*(#*) by
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aZ*h <= Sa™ = sb" (a®*b <= a"'S = b"S)

where m and n are the smallest positive integers such that Hm,bnEREgS
[7] . In [14] we define a mapping r : S - RegS with r(a)=a" where

m is the smallest positive integer such that.ﬂmERegS. Recall that
we can define a partial Drderiné on the ¢@*-(A#*-) classes of a
T-regular semigroup S by

* *

L <L e Sr(a) ¢ Sr(b) (R, <R = r(a)S ¢ r(b)S).

*
rl
On a fT-regular semigroup S we define an equivalence J* by

H* = F*NA*, then each H*-class contains at most one idempotent

[7]. Then

PROPOSITION 2.1. |[7]. Let S be a fT-regular semigroup, then
a #*b if and only if there are a'eV(r(a)) and b'eV(r(b)) such

that a'r(a) = b'r(b) and r(a)a' = r(b)b'., Also,

(a,b)e#* == (Va'eV(r(a)))( Jb'eV(r(b)))

a'r(a) = b'r(b), r(a)a' = r1r(b)b'.

3. IDEMPOTENT-SEPARATING CONGRUENCES

The first part of next lemma, which generalizes the known Lal-

lement's lemma for regular semigroups, is proved in [1], [3] and
[4].

LEMMA 35.1. Let p be a congruence on a f-regular semigroup S.
If ap is an idempotent in S/ then there exists an idempotent

. * %
e in § such that ap= ep. Moreover, e can be chosen so that REERH’

L < L

* *
g — a4
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Proof. If 4ap 1s an icempotent in S/p then ap dkﬂ for every
positive integer k, so ap = r(a)P?p = r(a)zD p And p 1s positive
integer such that F(H)szREgS. Let yEU(r[djzp) and e=r(ﬂ)pyr(d]p.

Since y=yr(afpy'we have

e’ = (r(a)Pyr(a)?)(r(@)Pyr(a)?) = r(a)P(yr(a)%Py)r(a)

= r(d)pyr(ﬂ)p = e

Aand so e is an idempotent. Also

e = r(a)Pyr(a)Por(a)?Pyr(a)?? = r(a)?Ppa

and so ap= ep. From e = r(d}pyr(a)p it follows that

*

< Ra)‘

*

<L,

* x
Se ¢ Sr(a) = LE (eS c r(a)S e RE
A congruence @ on a semigroup will be called idempotent-separa-

ting if each p-class contains at most one idempotent.

DEFINITION 3.1. [14] A relation p on a T-regular semigroup

S is r-semiprime if

(VaeS) apr(a).

The ftollowing theorem generalizes a known result which holds

for regular semigroups.

THEOREM 3.1. If S 1is {-regular semigroup, then an r-semiprime
congruence P on § 1is idempotent-separating if and only ifp C w*.
Hence Jf*h = {(a,b)eSxS : (vx,yesl)(xdy,xhy)egf*} is the maximum

idempotent-separating congruence on §S.

Proof. Since each M#*-class on a %regular semigroup S contains
P
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at most one idempotent, it follows that each congruence pC H*
is idempotent-separating. Conversely, let o be an r-semiprime
idempotent-separating congruence on S, a,beS and suppose that
apb. Then r(a)papbpr(b). If a'eV(r(a)), then r(a)a'’ = r(b)a'p
is an idempotent in S/p. By Lemma 3.1 there exists eeE(S) such

. — oy 1 . * * ; : . - -
that ep = r(b)a'p and RE < Rr(b)a" Since p is an idempotent

separating congruence we have e = r(a)a'. From r(a) = r(a)a'r(a)

it follows that r(a)S = r(a)a'S and so R; = R* Let r(r(b)a’')=

r(a)a'"
= (r(b)a‘)p. Now we have

r(r(b)a')S = r(b)a‘{r(b)a‘)pﬁls c r(b)sS
whence R?(b)d' < R¥. Hence,

R* = R* = R*

F(a)a' < Ripyar < R

* *
a b

] ] * * .
Similarly Ry < RY and so

R¥ = R¥ <= r(a)S

b r(b)S = a®R*b.

i

But then one can use a closely similar argument to show that

aZ*b. Hence a#*b as required.
By Proposition I 5.13 [19]
Jf*b = {(a,b) € SxS : (Ux.yesljtxay,xby}egﬁ*}

is the largest congruence on S contained in J*., Since #* 1is
an idempotent-separating equivalence, then )f*b is also idempotent-
separating. Let p be an idempotent-separating congruence on S
such that op*° cp, then #* cp . Since H¥* 1is an r-semiprime

equivalence, then p is an r-semiprime congruence on S and by preli-
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mindary consideration pc #*, which 1is a contradiction. Hence,
Jf*b is the maximum idempotent-sepdarating congruence on S 4and this

completes the proof of theorem.

We now introduce the following notation: if a4 1is 4an element

of a4 9Y-regular semigroup S then we define

*
EL (a) = {e€E(S) : LY < L } and ER*(a)={e€E(S) : R} < R*}.

*x
= A
We remark that for any aeS,EL*(a) ¥ ¢ and ER*(a) # @. From
* * o *
AZ*h == Ld = Lb(&%*b-¢:>ﬂd = Rb) we have EL*(a) = EL*(b) (ER*(a)=

= ER*(b)). Hence, if a#*b then EL*(a) = EL*(b) and ER*(a) = ER*(b).
Also EL"(a) = EL*(r(a)) and ER*(a) = ER*(r(a)). If e and f are

idempotents of S then

*

* *
<Ly = ef =e and R, <R, <= fe = e.

*
LE

THEOREM 3.2. Let S be a f-regular semigroup, then the following

relation

(1) u= {(a,b)eSxS:( Ja'eV(r(a)))( Jb'eV(r(b)))

[(VeeEL*(a) UEL*(b)) r(a)ea’

r(b)eb' and

fl

(VfeER*(a) UER*(b)) a'fr(a) b'fr(b)]}

is an r-semiprime idempotent-separating equivalence relation conta-

ining every r-semiprime idempotent-separating congruence on
S. The maximum idempotent-separating congruence on S 1is given
by :

b

p = {(a,b) e SxS : (Ux,yESl]{xdy,xby} €ul
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Proof. It 1is obvious that ¢y is reflexive, symmetric 4and r-
semiprime relation. To show that ¢ 1is transitive, we first show

that u is contained in the equivalence #*.

Let (a,b)eu , then (r(a), r(b)eu Aand let a4',b' be the inverses
of r(a) and r(b), respectively, as in the definition (1) of u .
* 1

. . " _ " . * _
Since r(a)S = r(a)a'sS > a A*r(a)a' we have Iii = thd)ﬂ SO

r(a)a'eER*(a) = ER*(r(a)a'). By (1) it follows that
A'r(a) = a'(r(a)a')r(a) = b'(r(a)a')r(b)
and since r(b)b' e ER*(b) = ER*(r(b)b')

b'r(b) = b'(r(b)b")r(b)

!

a'(r(b)b'")r(a).

Similarly, a'r(a)eEL*(a) = EL*(a'r(a)) and

r(a)a' = r(b)(a'r(a))b', r(b)b' = r(a)(b'r(b))a’.

Since b'r(a)a'r(b) € EL*(a), it follows that

r(a)a' = r{a)(a'r(a))a' = r(a)(b'r{(a)a'r(b))a’

= r(b)(b'r(a)a'r(b))b" = (r(b)b")(r(a)a’)(r(b)b’).

Hence

i

r(a)a'’

(r(db)b")(r(a)a’) = (r(b)b')(r(a)a’)(r(b)b’)

and

(r(a)a')(r(b)b') = (r(b)b")(r(a)a’)(r(b)b") = r(a)a’.

By symmetry, r(b)b' = (r(b)b'")(r(a)a') = (r(a)a'")(r(b)b") and
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so r{(a)a' = r(b)b'. Similarly, a'r(a) = b'r(b), and by Proposition

2.1 it follows that (a,b)ed¥*, and so yu c¥¥*.

We now prove that the relation p defined by (1) is trdansitive.
Let (d,b)ELl and (b,c)eu . Then a¥*h¥*c and there are a'eV(r(a)),
b',b*eV(r(b)) and c*eV(r(c)) such that r(a)ea' = r(b)eb', r(b)eb* =
= r(c)ec* for edach eeEL*(a) = EL*(a'r(a)) = EL*(b'r(b)) = EL*(b)=
= EL*(b*r(b)) = EL*(c¢) = EL*(c*r(c)), and similarly a'fr(a)=b'fr(b),
b*fr(b) = c*fr(c) for each feER*(a)=ER*(b)=ER*(c). Hence r(a)a' =
= r(b)b', a'r(a) = b'r(b), r(b)b* = r(c)c*, b*r(b) = c*r(c), ani
by Proposition 2.1 there exists a*eV(r(a)) and c'eV(r(c)) such
that r(a)a' = r(c)c', 4a'r(a) = c'r(c), r(a)a*=r(c)c* and a*r(a) =

= ¢*r(c). Then for each eeEL*(a) = EL*(b) = EL*(c) we have

r(a)ea” = r(a)(ea'r(a))a* = (r(a)ea')(r(a)a*)

= (r(a)ea")(r(b)b*) = (r(b)eb')(r(b)b¥*)

r(b)(eb'r(b))b* = r(b)eb* = r(c)ec¥*,

and for each feER*(a) = ER*(r(a)a') :_ER*(b) = ER*(r(b)b') = ER*(c),

we have

a*fr(a) = a*(r(a)a'f)r(a) = (a*r(a))(a'fr(a))

(b*r(b))(b'fr(b)) b*(r(b)b'f)r(b)

= b*fr(b) = c*fr(c).

Hence, (a,c)ep , and so u is transitive.
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Since uc#*,u is an r-semiprime idempotent-separating equivalence.

Let p be an r-semiprime idempotent-separating congruence on
S, and let (a,b)ep. Then (a,b)e #* and so there are a'eV(r(a))
and b'eV(r(b)) such that r(a)a' = r(b)b' and a'r(a)=b'r(b). Let
eeEL*(a)=EL*{r(ﬂ})=EL*{b)=EL*(r(b)}=EL*(b'r(b)i. Then ea'r(a)=es=

= eb'r(b) and
(r(a)ea')(r(a)ea') = r(a)(ea'r(a)ea' = r(a)eea’

= r(a)ea'eE(S),

and similarly r(b)eb'eE(S). Since p is an r-semiprime congruence

we have (r(a),r(b))e p, so
b' = b'r(b)b' = b'r(a)a'pb'r(b)a' = a'r(a)a' = a',

i.e. (a',b')ep, and hence (r(a)ea', r(b)eb')ep. Since r(a)ea',
r(b)eb'eE(S), this implies that r(a)ea'i = r(b)eb'. Similarly,
a'fr(a) = b'fr(b) for each feER*(a) = ER*(b), and so (a,b)en.
Hence, p Ccw

The proof that ubI = {(a,b)eSxS : (Vx,yesl}(xay.xby}E'u}’is the

maximum idempotent-separating congruence on S 1is analogous to

corresponding part of Theorem 3.1.
DEFINITION 3.2. [14]. A fT-regular semigroup is an r-semigroup
if
(Va,beS)(r(ab) = r(a)r(b)).
LEMMA 3.2 [14]. Let S be an r-semigroup. Then RegS is a subsemi-
group of S and the mapping r : S » Reg S is a homomorphism.

The following corollary generalizes a known result of Meakin [11].
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COROLLARY 3.1. Let S be an r-semigroup, then the relation defined

by (1) is the maximum idempotent-sepdarating congruence on S.

Proof. By Theorem 3.2 4 is an r-semiprime idempotent-separating
equivalence on S. Let us prove that this equivalence is compatible.

Since RegS is subsemigroup of S, we have that ﬂ=u|RegS is the

maximum idempotent-separating congruence on RegS (Theorem 3.1

[11]}. Let aub, cud, then r(a)ur(b), r(c)ur(d). Hence,
r(a)r(b)ur(c)r(d) = r(ab)ur(cd) <= abucd

Aand so p 1is a congruence on S. By Theorem 3.2 u 1is the maximum

(r-semiprime) idempotent-separating congruence on S.

LEMMA 3.3. Let S be an r-semigroup, then the equivalence Z¥*

(#*) is right (left) congruence.

Proof. Let a,b,eS and aZ*b < Sr(a) Sr(b). Then

Sr(ac) = Sr(a)r(c) = Sr(b)r(c) = Sr(bc) < acZ*bc

and so #* is a right congruence. Similarly, #%* is 4 left congruen-

ce.
If p is an congruence on semigroup S, then

kerp = {aeS : ( JeeE(S))apel

THEOREM 3.3. Let S be an r-semigroup. If T is the relation

given by
T = {(a,b)eSxS : ( Ja'eV(r(a)))( Jb'eV(r(b)))

r(a)a' = r(b)b', a'r(a) = b'r(b), r(a)b'ekeml
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then T = .

Proof. Let 41b, then r(a)a' = r(b)b' and a'r(a)=b'r(b) imply
A #*b and a'#*b'. By Lemma 3.3 a'@*b' gives r(a)a'2 r(a)b' and
AaZ*h = r(a)Z*r(b) gives r(a)b' #*r(b)b'. Hence, r(a)b¥*r(b)b"'.
Since r(a)b'ekeruy, then there exists EEE(S}.SUCh that r(a)b'ue.
From wcy* it follows that r(a)b's#*e. Now r(b)b'=e, since each
H*-class contains at most one idempotent. Hence, r(a)b'mr(b)b',

S0

i

A= 1r(a)u r(a)u(a'r(a)u = r(a)u(b'r(b))u

=(r(a)b")ur(b)¥ = (r(b)b")ur(b)w

r(b)u = bu

Conversely, if aub, then there are a'eV(r(a) and b'eV(r(b))
such that r(a)a' = r(b)b' and a'r(a) = b'r(b) (by the proof of
Theorem 3.2). By Corollary 3.1, aub <= r(a)ur(b) gives

r(a)b'ur(b)b'. Hence, r(a)b'ekerp and u=t
Let S be an r-semigroup. Then RegS is a subsemigroup of S and

the relation

Y =Ml RegS = {(a,b)eRegSxRegS : ( Ja'eV(a))( Jb'eV(b))
| (YeeEL*(a) UEL*(b))aea' = beb’ and

(VfeER*(a) U ER*(b)a'fa = b'fb|]}

is the maximum idempotent-separating congruence on RegS (Meakin

[11], Theorem 3.1). By [6] of it follows that
kerp = {aeRegS : ( Ja'eV(a)) (VeeEL*(a))aea'e = a'ae

and (VfeER*(a)) fa'fa = faa'}.
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THEOREM 3.4. Let § be an r-semigroup, then

keru = {xeS : r(x)ekerul

]

{xeS:( Jx'eV(r(x))(VeeEL*(x))r(x)ex'e

x'r(x)e and (VfeER*(x)) fx'fr(x)=fr(x)x'%.

Proof. Let A = {xeS : r(x)ekeru}, then aeA implies r(a)eker¥,
Now there exists eeE(S) such that r(a)ue. Since p is an r-semiprime
congruence, we have ayuyr(a)u e. Hence, aekery . Conversely, aekeru
implies aue for some aeE(S). Now avr(a)u e implies r(a)ue  and

it follows that r(a)ekeru, so aeA. Hence, keru=A.

DEFINITION 3.3 [14]. Let S be a T9V-regular semigroup. If A is
4 subset of S, then regA = {aeA : aeRegS} = AN RegS. A subset
A of S is self-conjugate if a'(regA)a c regA for every aeRegS

and a'eV(a).

DEFINITION 3.4. A semigroup S is ¢f-conventional if § is T-

regular and the set E(S) of all idempotents of S is self-conjugate.

THEOREM 3.5. Let § be a 9Y-conventional semigroup and define

the relation on S by
(2) w = {(a,b)eSxS : ( Ja'eV(r(a)))( Jb'eV(r(b)))(VeeE(S))

r(a)ea' = r(b)eb' and a'er(a) = b'er(b) L

Then relation ul is an r-semiprime idempotent-separating eguiv-
alencerelation containing every r-semiprime idempotent-separating

congruence on S . The maximum 1idempotent-separating congruence

on § 1s given by:
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u? = {(a,b)eSxS : (Ux,yESI)(xdy,xby}Eul}.

Proof. It is evident that y; Iis reflexive, symmetric and r-
semiprime reldation. To show that Hq is transitive, we first show

that is contained in equivalence ¥ ¥*. [&H..iulh and let ab'

H1
be the inverses of r(a) and r(b), respectively, as in the definition
(2) of My - Since S 1is f-conventional semigroup, we have that

r(a)a'r(b)b'r(a)a'eE(S). By definition (2) it follows that

A'(r(a)a'r(b)b'r(a)a')r(a)

|

b'(r(a)a'r(b)b'r(a)a')r(b).
Hence, since b'r(a)a'r(b)eE(S) we have
(3) a'r(b)b'r(a) = (b'r(a)a'r(b))(b'r(a)a'r(b)) = b'r(a)a'r(b).

But r(b)b' € E(S), so

a'(r(b)b")r(a) = b'"(r(b)b")r(b) = b'r(b)

and similarly b'(r(a)a')r(b) = a'r(a). From (3) we have a'r(a)
= b'r(b). It is not difficult to see that r(a)a' = r(b)b' also

holds. From these two results and by Proposition 2.1 we deduce

——

that My c H*. We now proced to the proof of the transitivity of
Uy -
Suppose that dulb and bulc. Then there are a'eV(r(a)), b',b*eV(b)

and c*eV{r(c)) such that
a'er(a) = b'er(b), r(a)ea' = r(b)eb', b*er(b) = c*er(c)
and r(b)eb* = r(c)ec*

for all eeE(S). In particular, we have seen that this implies

that r(a)a' = r(b)b', a'r(a) = b'r(b), r(b)b* = r(c)c*, b*r(b)
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= c*r(c), and hence that a,b and c¢ are #¥*equivalent elements of
S. By Proposition 2.1 there are a*eV(r(a)) and c'eV(r(c)) such

that
r(a)a' = r(b)b' = r(c)c', a'r(a) = b'r(b) = ¢c'r(c)
and

r(a)a* = r(b)b* = r(c)c*, a*r(a) = b*r(b) = c*r(c).

Now, a*r(a)a'eV(r(a)) and c*r(c)c'eV(r(c)), and for all eeE(S)

(a*r(a)a')er(a) = (a*r(a))(a'er(a)) = (b*r(b))(b'er(b))

(b*r(b))(b'er(b)b'r(b)) = b*(r(b)b'er(b)b')r(b)

c*(r(c)c'er(c)c')r(c) = (c*r(c)c')er(c),

and

r(a)e(a*r(a)a')

i

r(a)(a*r(a)ea*r(a))a'=r(b)(b*r(b)eb*r(b))b"

= (r(b)eb*)(r(b)b')=(r(cl)ec*)(r(c)c')=r(c)e(c*r(c)c').

Hence (H,C]EUl and Hq is transitive. That W, sepdarates idempo-

tents is obvious since we have already proved that Hq cx¥*

Now let p be an r-semiprime idempotent-separating congruence
on S. Then if (a,bep, we have that (a,b)e #¥*, and hence there
Are a'eV(r(a)) and b'eV(r(b)) such that r(a)a'=r(b)b’' and a'r(a)=
‘b'r(b). Then, since apb e« r(a)er(b), we have r(b)b'=r(a)a'pr(b)a’

AN hence

b' = b'r(b)b"pb'r(b)a' = a'r(a)a' = a',
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i.e. (b',a')ep. Hence, for all eeE(S) we have r(a)ea'pr(b)eb',
and so r(a)ea'=r(b)eb', since both r(a)ea' and r(b)eb' are idempo-
tents, and p separates idempotents. Also (b'er(b)),a'er(a))ep ,
and so a'er(a)=b'er(b). From this it follows that (a,b)e by and

consequently that p C uy.

The proof that u? = {(a,b)eSxS : (Vx,yESl}(xﬂy.Kby)Eul } is
the maximum idempotent-separating congruence on S 1is analogous

to corresponding part of Theorem 3.1.

PROPOSITION 3.1. If S is a %-conventional semigroup and (x,yjeul,
and if x* 1is an arbitrary inverse of r(x), then there exists an
inverse vy* of r(y) such that r(x)ex*=r(y)ey* and x¥*er(x)=y*er(y)

for all eeE(S).

Proof. If (x,y)e=ﬁ1 and x* is an arbitrary inverse of r(x),
then there are x'eV(r(x)) and y'eV(r(y)) such that r(x)ex'=sr(y)ey'
and x'er(x) = y'er(y) for all eeE(S). Also, since (x,y)ew*, there
is an inverse y*eV(r(y)) such that r(x)x*=r(y)y* and x*r(x)=y*r(y).

Thus, for all eeE(S)
r(x)ex* = r(x)(x*r(x)ex*r(x)x'r(x)x*

r{x)(x*r(x)ex*r{(x))x'(r(x)x*)

i

il

r(y)(x*r(x)ex*r(x))y'(r(y)y*)

r(y)(y*r(yley*r(y))y' (r{y)y*) = r(y)ey*,

and dually, x*er(x) = yv*er(y).

The following theorem generalizes a result of Meakin [10].

THEOREM 3.6. Let S be a VWY-orthodox r-semigroup, then relation
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ul defined by (2) is the maximum idempotent-separating congruence

on §.

Proof. We shall prove that My = M, where by Corollary 3.1 u is

the maximum idempotent-sepdardting congruence on S.

Obviously w, c wu.

Conversely, let (a,b)e u. By the proof of the Theorem 3.2 we
have r(a)a' = r(b)b' and a'r(a) = b'r(b) where dare a'eV(r(a)) and
b'eV(r(b)) 4a4s 1in the definition of b, Also EL*(a)=EL*(r(a))=
= EL*(a'r(a)). If heE(S) then Sha'r(a) ¢ Sr(a) <= Lﬁd'f[d}iL;{d]
and so ha'r(a)eEL*(a) (ha'r(a)eE(S) since S is f-orthodox). Now

r(a)ha’ = r(a)h(a'r(a)a')= r(a)(ha'r(a))a’
= r(b)(ha'r{(a))b' = r(b)(hb'r(b))b"
= r(b)h(b'r(b)b") = r(b)hb'.
Similarly, ER¥(a) = ER*(r(a)) = ER*(r(a)a'),r(a)a'hS € 1(a)S &>

¢=}R;(ﬂ)a'h le: and so r(a)a'heER*(a). Now

A'hr(a) = a'(r(a)a'h)r(a) = b'(r(a)a'h)r(b)
= b'(r(b)b'h)r(b) = b'hr(b).
Hence, u € and so py =

Hy-

Let S be a4 9¥Y-orthodox r-semigroup. Then RegS 1s an orthodox

subsemigroup of S and the relation

U1 = M1 |RegS © {(a,b)eRegSxRegS : ( JEa'eV(a))( 4b'eV(b))}

(VeeE(S)) r(a)ea' = r(b)eb', a'er(a)=b'er(b)}
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is the maximum idempotent-separating congruence on RegS (Meakin

(10}, Theorem 4.4). In [5] it is proved that
kerﬁl = {aeRegS : ( {a'eV(a))(VeeE(S))a'sdae = aa'e

and eaea' = ea'a }.

THEOREM 3.7. Let S be a YW-orthodox r-semigroup, then

keru {xeS : r(x)ekerﬁl}

1

{xeS : ( Jx'eV(r(x)))(VeeE(S))x'er(x)e

r(x)x'e and er(x)ex' = ex'r(x)}.

Proof. Analogously to proof of Theorem 3.4.

Let S be a strongly T-inverse semigroup -and aeS, then unique
inverse for r(a) we denote by r(a)_l.
THEOREM 3.8. Let § be a strongly Y -inverse semigroup, then

the relation

1

(4) b ={ (a.b)eSxS : (VeeE(S)) r(a)_ler(a) r(b) “er(b)}

is an r-semiprime idempotent-separating equivalence relation con-.
taining every r-semiprime idempotent-separating congruence on §

The maximum idempotent-separating congruence on S is given by:

ug = {(a,b)eSxS : (Ux.yESl)(xay,xby)Euz}

Proof. If is obvious that M is an r-semiprime equivalence rela-
tion. Since RegS is inverse semigroup and W, = M2 [RegS { (a,b)e
eRegSxRegS (veeE{S})a_lqa = b'leb} is the maximum idempotent-
separating congruence on RegS (Howie [8], Theorem 2.4), we have

that My is idempotent-separating. The proof that y. contains each

L
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r-semiprime idempotent-sepdrating congruence on S is andalogous

to the proof of the corresponding part of Theorem 3.5. The proof
1

that Uf is the maximum idempotent-sepdarating congruence on S 1is

Analogous to the corresponding part of Theorem 3.1.
The following corollary generalizes a result of Howie [8].

COROLLARY 3.2. Let S be a strongly 9q-inverse r-semigroup,then
relation i defined by (4) is the maximum (r-semiprime) idempotent-

separating congruence on S.

proof. Similarly to the proof of Corollary 3.1.

If S is a strongly f-inverse semigroup, then by |[5] we have
that

kerIJ2 = {aeRegS : (VeeE(S))ea = ael.

THEOREM 3.9, Let § be a strongly Y -inverse r-semigroup, then

keru, = {xeS : r(x)ekerﬁz}

= {xeS : ( ]eeE(S)) er(a) = r(a)e}.

Proof. Analogous to the proof of Theorem 3.4.
THEOREM 3.10. Let § be a 9VY-regular semigroup, then the relation
v= {(a,b)eSxS : r(a) = r(b)}

is an r-semiprime idempotent-separating egquivalence relation which
is contained 1in each r-semiprime egquivalence relation on §. The

congruence

ﬁb = {(a,b)eSxS : (Vx,yeﬁlj{xdy,xby)eu}
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is an idempotent-separating congruence on S.

Proof. [t is obvious that v is d4n r-semiprime equivalence. let

e, fe E(S), then evf e=>e = f and so v is idempotent-sepdrating.

Further, suppose that p is an r-semiprime equivdalence on S and

avb = r(a)vr(b) & r(a) = r(b).

Then r(a) pr(b) and since 2 is a r-semiprime equivalence we have

apb, so vco.

COROLLARY 3.3. Let S be an r-semigroup. Then VvV is the minimum

r-semiprime idempotent-separating congruence on S.

Proof. Let a,b,c,deS, then

avb, cvd < r(a) = r(b), r(c) = r(d)

=> r(ac) = r(a)r(c) = r(b)r(d) = r(bd)

<=> gcvbd.

THEOREM 3.11., Let § be an r-semigroup, then

kerv = {xeS ! r(x) € E(S)}.

Proof. Let A = {xeS : r(x)eE(S)}, then aeA implies r(a)eE(S)

and since avr(a) we have aekerv. Conversely, if aekerv then
there exists eeE(S) such that ave and so r(a) = e and aeA. Hence,
kerv = A.

If S is a regular semigroup, then the relation v is the equality

relation.
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