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ON THE UNIVERSAL CONNECTION OF A SYSTEM OF CONNECTIONS

Anccnella CABRAS

ABSTRACT. - Gaven a system of connections on a fibred manifold,
we Study (n detadl the noticn 94§ undiversal connection and curva-
fure. We compare differont approaches and analyze the cases of
Linean., affine and principal bundles. We internpret the Liouville
and Aymplectic 4doams An this context. Both intarinsical constrnuc-

Litoaa and coordinatle expressons are exhibited.

INTRODUCTION. The universal connection and curvature were first
introduced by P.L.Garcia for principal bundles [4,5]). P.L.Garcia
and 4. Perez-Rendon applied extensively this technique to gauge
theories (5,12). A further application has been achieved by D.Ca-
narutto and C.T.J.Dodson, who proved some stability properties
of general relativistic singularities under variations of the

cecnnection 21,

ihe wuniversal connection and curvature were generalized by
L.Mangiarotti and M.Modugno to any system of connections on a
fibred manifold. This general approach is based essentially on
the tneorv of connections on fibred manifolds and on the concept
of system of cecnnections [9!. The theory of connections on fibred
manifoias was introduced by C.Ehresmann [3) and pursued by P.Li-

R
!

bermann (8], [.Kolar I and others. Moreover, L.Mangiarotti and
M.Modugno developed a differential calculus and, in particular,
an approach to curvature, by means of jet techniques and the Froe-

ticher-Nijenhuis bracket (%!, Furthermore, the notion of system leads
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to a rich geometrical theory and to interesting applications to gauge
theories [10,11]. In particular, the universal connection has a strict

link with the grated universal differenzial calculus [10].

Of course this approach includes principal bundles as a particu-

lar case, although it does not involve explicitely group techniques.

The purpose of this paper is to study 1in detail the notion
of wuniversal connection and curvature, by comparing different

approaches and analysing extensively the most important cases.

In order to make the paper self contained, we begin with a
recall of a few basic concepts about fibred manifolds, jet spaces,
connections and systems of connections. Then, we consider a fibred
manifold p:E+B and a system of connections E:CKBE+T*BETE and we
show, in three independent ways, the existence on the bundle
FECKBE+C of the universal connection A:F+T*C@TF and its curvature
ﬁ:F+ﬂ2T*BﬁVE. Any connection of the system c:B+C, or equivalently
c=f o c:E+T*BRQTE, can be obtained from A by a pull-back. Finally,
we study the important examples related to vector, affine and
principal bundles. In the particular case when E is the trivial
principal bundle E=MxIR+M and C=T*M is the space of principal connec-
tions, the universal connection A and curvature § turn out to

be the Liouville and the symplectic forms.
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I - SYSTEMS OF CONNECTIONS

1 - Fibred manifolds.

In this section we summarize some essential notions on fibred
manifolds and on the tangent and jet functors. Further details

can be found in [8].

We shall consider Hausdorff, paracompact, smooth manifolds

of finite dimension and smooth maps between manifolds.

1 - A fibred manifold is a surjective submersion p:E+B (i.e.
a surjective map of maximal rank), E 1is the total space, B 1is
the base space and Exzpfj(x} c E, with xeB, are the fibres. We
assume dimB=m, dimEx=1, ¥xeB, hence dimE=m+1. The rank theorem
yields the local trivialization of E. Namely, for each yeE, there
exists an open neighbourhood Vy ¢ E, a manifold F and a diffeo-

morphism (called fibred chart) @:Vy+p(VFJKF, such that p=pr1u¢.

We denote by and QE the sheaves of local functions f:B-+IR

B
and f:E+R, respectively.

A '"fibred" coordinate system on E 1is a coordinate system

{x%yl} :E+Ef%m?l, such that xl is factorizable through p; thus,

. . ~ A~
there exists a coordinate system {xl} on B such that x =xkn'p.
When no confusion arises, we shall denote x* simply as x A

A local section of E, on an open subset U ¢ B, is a map s:U-+E

liyljnsz(xk :Sl):

such that pﬂ5=idU. Its coordinate expression is (X
with s'e QB' By abuse of notation, we shall replace some times

s:U+E with s:B-+E.



176 A.Cabras

We denote as #=¥(E/B) the sheaf of local sections s:B-E.

A fibred morphism between the fibred manifolds p:E+B and p':E'~+A'
is a map ¢:E+E', which preserves the fibres. Thus ihere is a map
¢$:B+B' such that qed=dep and we say that ¢ is a fibred morphism
over ¢. The cocordinate expression of a local fibred morphism ¢

NN S | Ao . X i L
over ¢ is (x'",y " )ed®=(¢ ,07), with ¢ €Qp and ¢ eQg,. In particular,
Ls
if B=B' and ¢uidB. then we say that ¢ is a fibred morphism over

B.

A fibred manifold p':E'+B'" is s fibred submanifold of p:E+B

if E' a submanifold of E,B' a submanifold of B and p'=p ...

Lk

The fibred product over B of two fibred manitolds p:E-B and
qQ:F+B is the submanifold EKBF“*EKF over the diagonal 2+ BxB, charac

terized by pepT,=qepr,.

A bundle is a fibred manifoid which is locally trivializable
over B, i.e. such that, for eacnh xsB, there exists a neighbourocod

1

U.cB, a manifold & and a diffeomorphism o:p~ (U )~V XF, such that

pﬁpr1°¢,

A vector bundle is a bundie togethcr with a smooth assignment
of a vector structure on its fibres, Namely, the vector bundle
T T

structure 1s c<haracterized by the fTibred morphisms +:Ex_ E +F,

ad

-:E+E and -*:(Rxpix, F+E over B and by the null section 0:B-F, which

satisfy the propert.ies of the algebraic operations,

T prE-B and o7t 8 are vector bundles, then a linear fibred

morphism is a 7 iloved morvphism which is a linear map on
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each fibre.

A group bundle is a bundle together with a smooth assignment
of a group structure on its fibres. Namely. the group bundle struc-
ture is characterized by the fibred morphisms U :Ex,E*E (the multi-
plication) and ' :E*E (the inversion) over B and by the unity section

1:B+*E, which satisfy the properties o¢f the algebraic operations.

If p:E*B and p':E'"*B' are group bundles, then a group fibred
morphism is a fibred morphism which is a group morphism on each

fibre.

An affine bundle is a bundle together with a smooth assignment
of an affine structure on its fibres. If Ex is the vector space
associated with the affine space Ex‘ for each xeB, then we obtain
the associated vector bundle p:E = E_+£L. Namely, the affine

bundle structure is characterized by the fibred morphism +:ExBE+E

over B, which satisfies the properiies ot the algebraic operation.

If p:E*B and p':E'"*B' are affine bundles, then an affine fibred
morphism is a fibred morphism f:E*E' which is an affine map on
each fibre, i.e. such that there exists a linear fibred morphism
f:E*E' satisfying f(x+v)=f(x)+f(v), ¥(x,v)eExE. If EcE' and f=idE,

then the fibred morphism f:E+E' is a translation.

A group affine bundle is a bundle together with a smooth as-
signment of a group affine structure on its fibres. If Ex is the
associated group of the group affine space Ex’ for each xeB, then
we obtain the associated group bundle p:E =ZU_ __E *B. Namely, the

XeB'x
group affine bundle structure is characterized by the fibred mor-

phimn*rﬂﬁﬂﬁﬂinrar B, which is a4 {ree and transitive fibred (right)
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action of the fibres of the group bundle E on the fibres of E.

If p:E+B and p':E'+B' are group affine bundles, then a group
affine fibred morphism is a fibred morphism f:E+E' which is a
group affine morphism on each fibre, i.e. such that there exists

a group fibred morphism f:E+E, satisfying f(xg)=f(x)f(g), ?(x,g)EEKBE.

[f E ¢ E' and f=id=

F o then the fibred morphism f:BE+E' is a transla-

tion.

If G is a Lie group, then we define the category of G-principal
spaces as the subcategory of G affine spaces, with the translations

as morphisms.

A (right) principal bundle, with structure group G, is a bundlé
together with a smooth assignment of a G-principal structure on
its fibres; in others words, a principal bundle is just a group
affine bundle whose associated group bundle is the product bundle
p:E=BxG+B. In fact, the local sections s:U+E determine the local
splittings .¢rp_l(U)+UxG, whose transition maps (UNU")xG+ (UNU')xG

are fibred translations over UNU',

If p:E»B and p':E'+B' are principal bundles such that the struc-
ture group G of p:E+B is a subgroup j:G<G' of the structure group
G' of p':E'»B', then a principal fibred morphism f:E-E' is a group

affine fibred translation where f=j:G<G'.

2 - We denote the tangent functor as T.

5o, we shall consider the vector bundles ﬂB:TB+B, ﬂE:TE+E.

* A

We have the induced fibred charts (xl,ik) on TB and {xl,yi,x ,?i)

on TE.
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If ®:B»B' is a map, then T¢:TB»TB' is the linear tangent morphism

over ¢ . Its coordinate expression 1is (x'l,i'l)°T®=(¢l,iL@uml).

In particular, we shall consider the fibred manifold Tp:TE-TB.
Its coordinate expression is (xl,ik)cTP={xl.ﬁl}.

We have also the tangent prolongation Ts:TB2TE of a local section

s:B*E. Its coordinate expression is (xl,Yl,ﬁkf§1)°T5=[il151,il.iuausl}-

We denote the vertical functor as V.

So, we have the vertical sub-bundle VE=KerTpcTE over E, charac-

terized locally by the condition il=0.

3 - The (first-order) jet space of pi:E+*B is the set J(E/B)E=

Es&.ﬁf,xEB[S]x‘ where [s]  are the equivalence classes of local

sections s:B+E given by szs' iff sT(x)=s''(x) and (3151){x)=
=(9 5'1){x), with respect to any adapted chart. When no confusion

A
arises, we shall write JE instead of J(E/B).

By definition, there are the natural projections
Jp:JE+B and pG:JE+E.

Moreover, Jp:JE+B is a fibred manifold and pG:JE+E is an affine
bundle.

The induced affine fibred chart of JE is [xl,yl,yi):JE{mmxmlxmml.
The (first) jet prolongation of a local section s:B+E is the
local section js:B-»JE:x-~ £5j}x. Its coordinate expression 1is

{xl*yl‘yi)ﬂjﬁ':{}{ }L:Slua}k51] .

We have also the (first) jet prolongation Jo:JE-+JE' of a fibred
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Myt tyedes

morphism ®:E+E' over B. Its coordinate expression is (X \

=(x* @ L, ] '
=(x", ¢, a}lblwlaj ).
There is a canonical fibred morphism ltJExBTI'ﬁ*-TE over FE., We

can also view A as an affine fibred monomorphism > :JE-+T*BRTE over

A

E. Its coordinate expression 1s 1=dlﬂal+yid ﬁai.

Hence, the bundle p,:JE+E is the linear affine sub-bundie of

the vector bundle T*BRTE+E wich is projected onto 1cT*BETB.
The associated vector bundle of p_:JE+E is JE=T*BRVE-E.

The complementary linear epimorphism of X will be denote by
%:JExETE-*VE. It induces naturally a vertical valued form

$:JE-T*JERVE.

4 can also be considered as a linear morphism § :TJE+VE over pU:JE+E.

Its coordinate expression is &=dlﬁal-yidlﬂai.

2 - Connections on fibred manifolds.

We recall some basic notions on connections on fibred manifolds:

further details can be found in [9].
1 - A connection on E is a (local) section
y:E~+JE.
Moreover we can also interpret y as a tangent valued 1-form
y :E+T*B&®TE,
which is projectable onto 1:B>T*B&TB.
Its coordinate expression is

S N DUUEPUD U S PR A i
(K s Y ,Y}m) ":T"‘[K s Y -le)g 1.€. "f‘d ﬂal"f"{ld ﬂai,
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with ?iEﬂE,

2z ~- The connection y can be wiewed in other equivalent ways

{see [9]): in particular, a connection is equivalent to the vertical

projection which is a linear fibred morphism over E
w : TE +VE,
Y
Its coordinate expression 1is

S S SAUND WS ShES BN U RTINS _alga _ igA
(x",y ,¥y7) wT-(x YT aY Y X ) i.e. mY‘d ﬁai Tld nai.

3 - A connection 1is equivalent to the affine translation over

T3

EVﬂEﬂJEET*BEVE:U+ﬂ-¥[?0{0]j.
[ts coordinate expression 1is

1

i
)

SN RS SRS SIS T O . P S B

We define the covariant derivative of se#& as
Vs =V ojs:B-T*BEVE.
Y Y
Its coordinate expression is
_ i1 A .
?YS‘(EAE Yy s)d H[Ei s).

4 - Let ¢:E ~A"T*BRETE be a tangent valued form. The covariant

differential of ¢ is the vertical valued form

+1

dT¢51{2[w,¢}:E+ﬂr T*BRVE,

where [y,4] is the Frolicher-Nijenhuis bracket [9].

Its coordinate expression 1is
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_ i ¥ i i LM 1
dy®=1/2C- 23 ¢ 30 e 201 ® Azl a1t a2 el

] i PR B Al Ar+1
+711 aj¢12...lr+1 aj“’uqﬁ}@...lﬂl)d Aeeond ﬂai'

S5 - The curvature of the connection vy is the vertical valued
2-form

pEdTyEIKZ[Y,y]:E+h2T*BﬂVE.
Its coordinate expression is
_ i, ] Ly A oM
o = (37,473 Ylu)d ~d B, .

For the relation of this approach to more traditional ones

see [9].

3 - Sistems of connections.

If xeB, then the space of all connections TK:EI +(JE]1 is not
locally finite dimensional over B. So, we are led to consider
finite dimensional restrictions of this space by introducing the

concept of system of connections [9,10].

Namely, in a few words, we choose smoothly, for each xeB, a
finite dimensional sub-space Cy of the space of all pointwise
connections Ti:Ex+(JE)x‘ Then, by definition, we have, VxeB, the

evaluation map
& C x B> (JE) ;2 (v y)*y, (¥)

and the map
Ex:Cxﬁ?TJE)x[EK}:CK+c

x= Yx
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where Y :E +(JE) :y»& (c ,y). Then, by gluing these objects, we

obtain smooth global objects.

So, we define a system of connections of E as a pair (E,£) where

i) pC:C+B is a fibred manifold, called 'the space'" of the

system;

ii) E:CxBE+JE l1s a fibred morphism over E, called the '"evalu-

ation morphise'" of the system.

Let C be the sheaf of local sections c:B+C. We have the induced

sheaf-morphism

£ :C+%(JE/E) :crczEoc,

where E:E+CEEE:3Hr(c(p{y),y)) is the natural extension of c:B+C.

Then & associates with each section c:B+C the connection
czEoc:E+JE. Such sections C=Eo C are the distinguished sections

of the system.

The coordinate expression of £ is

(xl.yl,yiJ"E={xl,Ylel

) e E=dlﬂal+£idlﬂai, with £):Q(CxgE).

I1 - UNIVERSAL CONNECTION,

Let (C, &) be a system of connections; we shall deal with the
bundle ﬁ:FECxBE+C, whose base space is C, and its jet prolongation

JFEJ(CxBEfC).

The aim of this section is to show that there is a canonical
connection on F-+C, called universal connection. Any connection

of the system can be ‘'tained from the universal connection by
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a pull-back and an analogous result holds for the curvature. Dif-
ferent approaches to the concept of connection lead to different
ways to introduce the universal connectior.

1 - Universal connection.

1 - First we need the tcllowing technical results.

LEMMA. Thexe 44 a unaque fi{bred monomorph«sm over F

1:C1BJE*+JF,

such that VseAE/B)., the fcllowang diagram commuile

i

{FSF\\\\1J//€2
L

whexne E:C+CxBE £iA the naturnal extenasion of s:B+E and uﬁ&“ﬁj+CxBﬂE

{4 the raturaf extension cf js:B+IE.

e demote ar (:kfau} e 4ibred chaxt of C, them we hkave the

following coordanate expressson

e i 1. Ao e i
(x'.a,yy.xg)ei=(x",a",y;,0) (*)

Moreoven 1 44 afsane oven CxBE.

Prood. Let {a,yl)erxJHE,with xeB. Then there is se¥(E/B) such
that js(x)=y'. Then (js)~ (a)=(a,y'). So, if i exists, then we
have i(a,y1J={j§} {a). Moreover, we have

A_a, 1, 1 1 -
(X ,a@ 3y Y3 ¥ ) eas

Ao ] . - A ] |
(x ,a 3Y1?Yi?“{ﬁ5} = [IA*B 151i3151]-

(x*.a%sts2, s, 0)and

i
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Hence, 1F 1 =xists, rthen it has the roordinate expression (*).

h

FurtheTrmoTe TN MAD Ll d, v S lal waints necause ~he coordina

5 ot dgerent o the choice of s.

& cXuTass . o shiws tpoat 1t §
The coorydinset s¥nrTess1 T shows = .27 3% 1 1% AaTiine.

I T .‘-l- F - = a g A R I e = 4 m— - — — - - ¥ .
By “hae wav, 1% 0T bt arhreys g oretToT oonoranconsion of this

(R I wB10N, we UHT STATE & Tartpsr 783171,

LEMMA. Thaae +» 2z wuneyue wrxcq4gcTion D 0V=+Y*CRVE such thaot
¥Se /(0. 2he < ¥fowamp dianram commules

kil
- v‘EEIvE

Moreover, we 184w irﬂy;.

Proc4g. ler zeJ . with aeC. Then there 15 Efjf{ExBEIC} such

that j18{a)=2. S0, it 1 exis1s, then we have Tz=Vs(a). Moreover

we& have
X B 3 - y | 1 1. .
F oy a :?1 v - {‘ha“.% '35 3 }1
A3 Iy i |
. : K S Ry . ] .
{IA.aﬂ:V a2 By 1sVE = hiﬂ*dl,hl.g BJ).
3 of

HAence., 1T 1 ¢xasts, then Wwe have H;E{aﬁﬂﬁijnn=ylﬁ
.

furthermore the map Hi(isia'’ « V§{z) exists becasuse it does

nnt depend on the choire of 5.

COROLLARY. We have the 4of¥frwing {ibred sequence o4 aff4ne

oundfgs ovenr F
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CxpJE -i++J(CxBE/C}-ﬂ* V*CQVE,

which yelds, the 4oLlowing exact sequence of associated vecltor

bundfes oven F
0'*CKBT*BBVE-*T*CEVE'*U*CEVE**U.
2 - Now, in view of the first approach to universal connection,
we state the following proposition.

PROPOSITION. Let E:CKBE+CKBJE be the natiral extension 04

E. Then, the map

AzioE:F + JF:(a,y) »i(a,(£(a,y))

iA a Aection.
The coordinate expression of iok 'y

(x*,a%yliy Lylyeteg=(xt,a%yt, £5,0).
Then we can g4ve the foflowing definition.

DEFINITION. Let (C,E) be a system of connections. The univensal

connection is the secition
ﬂ:CxBEEF *JFEJ(CKBEIC)

on the bundfe F+C gdiven by the following commutative diagram

A
CXgE=F }JFELKEbe/C]

NoA
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3 - On the other hand, A can be viewed also as a tangent valued

l1-form

A:F>T*CBTF=T*CRTCx

i

CxTBT*CﬂTE‘

i.e. as a linear fibred morphism over F

TCxBEETCxCF‘+TFETCxTBTE,

projectable over 1:C*+T*C&TC.

Its coordinate expression is

Y a i.A
A=d"Bd,+d W3 +E,d ﬁai.

We can exhibit a further approach to this aspect of A in an

indipendent way.

PROPOSITION.A s the undique connection on F such that, VceC, we

have the following commutative diagram

A
TCXSE > TCXRTE
1 |
Texide ! \ll'“z
|
TBXGE > TE
C

Proof. It is proved analogously to the inclusion CKBJE+JF{II.I).

The previous diagram shows that any connection of the system
can be obtained from A by a pull-back. This is the reason of the

name '""universal connection'.

4 - The universal connection can be viewed in this further

equivalent way.

LEMMA., The f{4bred morphism oven F
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WA TCxppTESTE » VE=CxpVE: (u v ) +(a,w, (v )).,

B Y

whene ma:TE*”yE {4 the profection associated with pointwise connec-
y

t4cn EECK and xspc[a}gp(y]. (4 a connection on the bundfe F-+C,
Moreoven, the g4ibrned mﬂﬂphiém'mﬂ (5 fusl the projeciion assocated

wL th A:F-=+JF,

Procé. 1t is easily proved by the coordinate expression.

S - We shall give another equivalent approach to universal

connection.

PROPOSITION. The wuniversal connection 4«4 characterized by the

commutativity of The following diagram, for any seAE/B) and ce5(C/B)
Vs
A

ic ,/tis

1B
whene seC+F (s the naftural extension o4 seB~+E.

Proog. 1t is easiiy proved by the coordinate expression.

2 - Universal curvatare.
The universal connertion yields maturally the universal curvature.

DEFINITION. The universal cuzvalfuse (3 the cwrvailunre o4 he

univerral connection.
Hence the universal curvature is the vertical valued Z-form

2 2

Q=d ,A=1/2[A,A]:F+A“T*CRVF=A“T*CRVE,

A

lts coordinate -expression 1S
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. = ] -1 An Mo~ oA g3 L
i "(31 5 glajjujd d +dﬂgpd ~ d )Eaj.

The name universal curvature”™ 1s due to 1ts pull-back property

in analogy with the universal connection.

PROPOSITION. Tre unsveasas curvature 4 the unigue section

H:anE+ﬁ$T*EﬂUE unich makes frne  Aoffowing diaagrnam  commulafive

W
ARToRE — > VE

. /
AZTexide N\ s 5

NP TBXGE

In other words. the turvarture <t each connection of the system
is obtained from rhe wuniversal curvature, by pull-back via the

connection 1tself.

O0f crurse, the universal curvature has all the properties of

the generic curvatures.In particular, we have dpi=0.

J - Invariance properties.

Let (C,F) he a given system of connections. We shall show that
the universal commection and 1ts curvature have some natural invari

ance properties.

DEFINITION., An endpmoaphizm of (C,E} 43 a g4brned endomorphism
BE(¢1¢):FECKBE+thEEP ovegn $:C~+C, where $:C+C and w:E -~ E
are, neapectavefy, a 4abred automorphim and a 44bred endomorphim

even B, Auch thatl the 4foffowang d«agrnam commules
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§
t::-gé N
> Jv
CxgE > JE'
E o
THEOREM. Fox each endomorphism ©, the fofllowing diagram commutes
N\
F > JF
, JO
- b
F > JF
A

Proof. The thesis is proved if the following diagram commutes

A
/ (3) N
F=CXoE > OXgJE - > JF
, £ i
0 (1) _ OX (2) Jo
3 1 .
F=CxgE > CxgJE '— F
\\ (4) /!
A

Now, the subdiagram (3) and (4) commute by definition of A.

Moreover, the subdiagram (1) commutes by definition of ©.

So, it sufficies to prove that the subdiagram (2) commutes.

This fact will follow from the commutativity of the following dia-

gram for each (local) section s:B+E,
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CXgdt > JF

(7)
(js) 3 |

C

OX W (5) ¢ (6) JO

C
3 (8) !

CxgUE > JF

Now the subdiagram (7) and (8) commute by definition of 1i.

Moreover the subdiagram (5) commutes as a consequence of the

commutes diagram

JE >JE

j 5 1 ]('1’*5)

Furthermore, from the commutativity of

JO
JF > JF
E (03)
C > C
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follows B*§=Em*5}: and then the »ommutarivity o f the subdiagram

(6).

The statement «f the previous * ecrem an e expressed as saying
that A is invarisnt with respect o anvy =2ndomeraiiaism 9. Next, we
see that the invariarce 2f -4 er et o mTmeTTi T e fs g

invariance of the -.nlversa., culv-" _7&.

COROLLARY. Fen zach endomorpnssm &, Zov -ad7 wirn Jiagrom 0 om-

muie

A2TC -

i
f2T¢ 1 VW
< -
~2 TD o - E

Proof. It frnilows immediately from the invariznce nroperty of
; i

the Frolicher-Niiennuis “racket, bv taiing into aciouni
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II1 - EXAMPLES.

The reirevance of the concepts of system anc universai CONNECt1ion
is tha! 1n aimost all applications one has some structure on the
fibres. which 1induces a distingutishea syster., In this section

we shali examine some of the most exampies.

1 - The linear case.

Let p:E+B be a vector bundie. We denote by {xl,yl} the linear

fibred charts of E.

[

- The jet prolongations

J+:JE;PME+JE, J=1JdE+JE, J- i (Rxbbx,JE>JE, j0:BJE

F
of the tibred morphisms arnd nu,. section that characterize the

vector bundie structure, 1ndure naturgily a vector structure on

the bundle Jp:JE+b.

The linear fibred charts [xk,yl} of E induce the linear fibred

charts (xl,yl.yi} of JE.
Analaogously, the tangent prolongations

T+:TEIT TE+TE, T-:TE+TE, T-:RxTE+TE, TO:TB-TE

B
induce naturally a vector structure cn the bundle Tp:TE+TB: similar

result holds for the vertical prolongation.

2 - We detine a linear connecticn as a local section +y:E-+JE
which is a linear fibred morphism cver B, Its coordinate expression
is

A R | i
y =d ﬁaafy ljy C ﬁai. with vy
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The curvature p of a linear connectiony turns out to be a linear
fibred morphism ﬂﬂi+h2T*BﬂVE over B. Since HE=ExBE, we can see
the curvature also as a section n:B-*hzT*BﬂE*EE. Its coordinate

expression 1s

_ i h i JA
£ = (alTuj+Y leuh)y d ad ﬂBi.
3 - Now we can show that the linear connections constitute

a system (C,E) of connections.

For this purpose, we define, V¥xeB, Cx as the subspace CxcL(EK,JKE)
constituted by all linear maps cx:Ex+JxE which are sections, i.e.
such that Pox ncisld:Exf*Ex. Hence -Cx:L(EK,JKEJ turns out to be
an affine subspace, whose vector space 1is T;BEE;EEK, (i.e. the

vector subspace of L(EK,JKE) which 1is projected onto O:Ex-rEx).
Obviously, we have, ¥xeB, the evalutation map

£ :C XE> J E:(c ,y) »c (y).

By gluing these objects for all xeB, we obtain smooth objects.

Namely, we have the affine bundle

:C=U C »+B,

DC xeB " x

whose vector bundle is T*BRE*BE~+B, and the fibred morphism over

E
EEUIEEEK:CEBE+JE.

The linear fibred charts (xA ;yi) of E induce naturally affine

firred charts of C, which will be denoted by (xl,ailj).
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tnen, the coordinate expression of & is
LS S SN P ID. S S S R _q A 1 J4A
(x7,y7,yy) e&=(x",y a3y ) i.e. §&=d ﬁafam d"®a, .
By construction, (C,£) is the system of linear connections.

Namely, with each local section c¢:B+C 1s associated a linear
connection c=Eec:E+JE. Conversely, each linear connection Y :E->JE
comes from a local section c:B+C:x+c(x)E"&.

The coordinate expression of c is

c=Eoc=d 82, +cl yld*m o with ¢t e@
ATAj i’ Aj "B
4 - Finally, we can consider the vector bundle IﬁECxBE+C. The

induced linear fibred charts are (xl,aij;yiJ.

The universal connection A:F+JF turns out to be a linear connec-
tion and the universal curvature 'Q:F-+h2TﬁCﬁVE a linear fibred

morphism over C.

Their coordinate expressions are

A IO I T )
P B S W TR | Hy o J
2= (aya,dadiedy ad)ylma,.

2 - The affine case.

Let p:E+B be an affine bundle and p:E+B its vector bundle.
We denote by (x}‘,yl} the affine fibred chart of E and by (x}",w}l)

the induced linear fibred chart of E.

1 - The jet prolongation J+:JExBJE+JE, of the fibred morphism

that characterizes the affine bundle structure, induces naturally
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an affine structure on the bundle Jp:JE+B with associated vector
bundle Jp:JE+B.

A A

The fibred charts (x ;yl) of E and (x ,;1) cf FE induce the

affine fibred chart (xlﬁyi'y;‘ of JF and the linear fibred chart

(x*,¥',5)) of JE.

Analogously, the tangent prolongation T+:TExTBTE-+TE induces
naturally an affine structure on the bundle Tp:TE+TB with associated
vector bundie Tp:TE +TB; similar results hold for the vertical

proiongation.

Z - We define a linear affine connectlon as a 1ocCal. Ssectioun
v:kE+JE which 1s a linear affine morphism cver E. Its coordinarte

expression 1s

! A1

1 =1, Ag- H AL .
+yv, 1T 8BS waiTr v, €5
LO% * ‘ 'Aj‘Yk B

.

- gA 1

The curvature p of a linear affine connection Yy turns out to be

an affime fibred marphism ;}TE*!-AZT*BEVE over B. Since ?Eﬁxﬂﬁi

2

we can see the curvature also as section p :B+A(E, A“T*BEE), where

A indicates the set of all affine morphism. Its coordinate expression

i ah i A e
AYu Y YaYpld ~d R,

is . . .
1 h l,}r1+3 5

P =((3h*ruj+*f“*run

By deriving y and p with respect to the fibres, we obtain the

linear connection v:E+JE and its linear curvature 5:E » AT*BAVE.

In other words, a connection Y:E+JE is linear affine if there
exists a linear connection ¥:E »JE such that Y(y+v)=v(y)+Y(Vv),

v(y,v]eExBE, i.e. such that the following diagram commutes
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(.7) _
EWEE > LEREJE
T JT
E > JE
¥
3 - Next we show that linear affine connections constitute

a system (C,£) of connections.

For this purpose we define Cx’ ¥xeB , as the subspace (&cAU%HJKE}
constituted by all affine maps Cx:Ex+JxE which are sections, 1.e.
such that pmxncx=1d:E£*EK. Hence, (%{ turns out to be an affine
subspace of A(EE,JKE] and its vector space 1s the vector subspace

ot A[EK,JKE) which 1s projected onto D:Ex+Ex'

Obviously we have, ¥xeB, the evaluation map

eC, x E»J Ei(c ,y)rc (y).

By gluing these objects for all xeB, we obtain smooth objects.

Namely, we obtain the linear affine bundle

pC:CEUxEBCx+B‘

whose vector bundle is A(E,T*BRE), and the linear affine fibred

morphism over E

Y
1

U

£ :CKBE+JE.

XxeB *x

The linear fibred charts (xl,yi) of E induce naturally affine

fibred charts of C, which will be denoted by [xl,aij.ﬁi].

Then, the coordinate expression of & is
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(xl,yl.yi]ni (xl,yl,aijyj+§l) i.e. gsdlﬂal+{aijyj+§i)dlﬁai.

With respect to the vector bundle p:E+B, by following the same
procedure as in the previous example, we obtain the linear affine

bundle

DC:C - KEBC}{+E ’

=

whose vector bundle is T*BRE*RE~+B, the affine fibred morphisnm

over E

which is a linear morphism over C+B, the induced linear fibred

A -1

charts (x",a3 ;) of C and the coordinate expression of

A=ioziy s A sio-ioc] + = A -1 =j A
(x Ly .yy)eg=(x"y vay ;Y ) i.e. E=d ﬂal+aljy d"®3, .

The '"derivative' map, ¥xeB, Dx:ﬁ(Ex,JKE)+L(EK,JKE):cchx, induces
a fibred morphism D:C+C over B. Its coordinate expression 1is
y =1 A i
xA,a . )eD=(x",a..).
(xA, & )oD=(x",a))
By construction (C,& ) 'is the system of affine connections.
Namely, with each local section c:B+(C is associated an affine

connection c=&oc:E-+JE. Conversely, each local affine connection

y:E+JE comes from the local section c:B+Cixec(x)=y, .

Moreover, if «y:E+JE is the affine connection, which comes from
the section c:B+C, then its derived linear connection  ¥=Dy:E+JE

comes from the derived section c=Dc:B->C.

Consequently the coordinate expressions of ¢ and c=Dc are
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A i ady A A i =i\
c=d Eal+{cljy +¢A}d xai and c=d Eal+r y<d Eai,

A
. 1 21
with Clj’tlEﬂB'
4 - Finally, we can consider the affine bundle FECxBE+C. The
induced linear affine fibred charts are (xl,aij,ﬁi;yl).

The universal connection A:F-JF turns out to be an affine connec-

V)

tion and the universal curvature Q :F+ AT*CRVE an affine fibred

morphism over C. Their coordinate expressions are
A i A 1 1, 1442
A =d ﬂ3l+dljﬁai +(aljy Téhjd ﬁ&i,

_ h j.1 .~h _1i AoGHL 41 M
Q+[{akjy auh+al auh]d Ad T +y dlj“d }ﬁai.

3 - The principal case.

1

i - First let us recall some results about group bundles.
Let DP:E+B be a group bundle.

The jet prolongations
Ju:JExBJE+JE, J1v:JE+JE, j1:B+JE

of the fibred morphisms and unity section, that characterize the

group bundle structure, induce naturally a group structure on

the bundle Jp:JE-B.
Analogously, the tangent prolongations

Tu:TEx TE+TE, T1:TE-+TE, T1:TB-TE

TB



200 A,Cabras

induce naturally a group structure on the bundle Tp:TE+TB; similar

results hold for the vertical prolongation.

In particular, if G is a Lie group and E +BxG, then we have
the canonical fibred isomorphism JE=T*BRTG=T*B&®(Gx%¥ )=Gx(T*BR%),
where ¢ 1is the Lie algebra of G. Observe that JE+*B may be not
trivial, even if E=BxG+B is trivial. Moreover, as E+B is trivial,
we have the fibred morphism j:E~+JE:(x,g)+(jg)(x) over B, where
we identify geG with the constant section g:B+E. Actually j turns

out to be induced by the canonical group monomorphism G“TG=Gx%,

2 - Now, let p:E+B be a principal bundle with structure group

G and right action T:ExBEEExG+E over B.

The jet prolongation JT:JEKBJE+JE of the (right) action t:ExE+E
is a fibred (right) free and transitive action over B, with respect
to the group bundle JE=Gx(T*BR%)-+B. ~Thus,. JE+B turns out to be
a group affine bundle, but not a principal bundle, just because

JE is not a product bundle over B.

Analogously, the tangent prolongation TT:TEKTBTE+TE is a fibred
(right) free and transitive action over TB, with respect to the

group bundle TE.

However, by taking into account j:E-+JE, we obtain the restricted
(right) fibred action jt:JExE+JE over B, which is free, but no

more transitive.

By construction, the following diagram commutes
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\J'c

idX JE

Vs

3 - We define a principal connection as a local section y:ExJE,

dExédE
.||1"~.

.JEXEE

which is invariant with respect to the action of the group, 1.c¢.

such that the following diagram commutes

rxid
ExE > JEXGE
T JT
3 ¥
c > JE
T

Equivalently, a connection Y:E-+JE 1is a principal connection

if y(xg)=y(x)g, Mx,g)eExE, i.e. if the following diagram commutes

] )
E')(BE : dE;{BJr_

T JT

' b

E . JE
E'\

Thus a principal connection is just a group affine connection,

whose '"group fibre derivative" is j.

A fibred chart (xl) on XcB and a chart {Ul} on UecG together
with a section ED:X+p_1(K)cE induce a fibred chart, called '"prin-

cipal', on E, as follows. We denote as

f:ExRE+G
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the map characterized by
1(a,T (a,b))zb.
For any geG, we put

Tg:E+E:a »1(a,g).

We consider the map

T =T (s op,idg)ip T (X)*GianT (s, (p(a)),.a).

Then, we consider the G-principal bundle Epr_l{X]CE and the
local principal trivialization (p,TD):pnl(X}+XxG of the principal
bundle p:E+B and its inverse local principal fibred isomorphism

Lexy.

ch:ixﬁ+p‘

The principal fibred chart Lx}.yi) on YEEXHUD{XIU)CE is defined
by
xhleap:Y-*Rm
yizuiﬂTD:Y4JRn .
We remark that the coordinate expression of 1 does not depend

: . i
on the coordinates on the base space, 1.e. we have 811 =0.

We shall use the following notation

u}:aﬁaTinyj{sﬂ(p(aJ.Tﬂ(a}):Y-rmu

Then, the coordinate expression of the principal connection

turns out to be
_ah | 1.4
-ydﬁaf%h%dﬁ%,

where Tél(a} = Ti(ﬁﬁ e« p(a)). In others words, we have
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i _ ] i
Ty © T{]RG_]' ’

where Yél dependes only on the xh,s and U} depends only on the yl,s.

The curvature o of a principal connection 7y turns out to be

a G-invariant (because of the G-invariance of the connection and
2

the naturality of the F.N.bracket)fibred morphism o :E-+ A“T*BEVE
over B,
Its coordinate expression is
ps(ﬂﬁaﬁwgu+vglyguﬁﬂajUi)dlﬁduﬂai.
4 - Now we can show that principal connections constitute a

system (C,&) of connections.

For this purpose, we consider the quotient space JE/G.

Let us recall that the bundle JE/G*B is the affine subbundle
of the bundle (T*BRTE)/G=T*BEB(TE/G) *B, which is projected onto

1cT*BR®TB, whose vector bundle is (T*BR®VE)/G=T*B®(VE/G)*B.

We define, VxeB, C}L as the subspace Cx:P(Ex‘JxE) constituted
by the principal (i.e. G-invariant cf.(1.1)), maps cx:Ex+JxE which

r "t ] , 1.e. ) =id: .
are sections, 1i.e. such that Pox®Cyx id Ex+Ex

Let wus show that there 1is a canonical isomorphism CK=JKEXG.

For each xeB, the map
Ci+JxE/G:c£*[cx(a)]

is well defined (i.e. does not depend on the choice of aeEx, because

C, is G-invariant). Similarly, the map
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qx:JfoG+CE:bG-*cx
where CK:EK+JKE:ar*b}(pG(b],a}.

is well defined (i.e. does not depend on the choice of beJxE,

because of the definitions of JKEKG and Cx].

Then, these maps determine a diffeomorphism Cx+‘]xE’ by which

we shall identify the two spaces.

Obviously, we have, V¥xeB, the evaluation map
£,:C xE +J E:(c,,y) e, (y).

We can easily prove that E&:Cxxﬁxf*JxE is a diffeomorphism,

whose inverse 1is (qx,pﬂx):JKE+CxxEx.

By gluing these objects for all xeB, we obtain smooth objects.

Namely, we have the linear affine bundle

pC:CEUxeBCKEUxeBJEEJG+B.

whose vector bundle is T*BRBVE/G+B, and the fibred isomorphism

over B

E+JE.

i

3 UxEng:CKB

We denote by [xl,ai) the fibred chart of C=JE/G, where
aa;JﬁxG-em“:[v]+((a'1]}yij(v).

Then, the coordinate expression of £ is

NS TS SRR W T U PO A i iy LA
(x",y ,yl) E=(x ",y ,Ujak) i.e. £=d Eal+{ﬁjal)d mai.
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By construction, (C,£) is the system of principal connections.

Namely, with each local section c:B+C is associated a principal
connection c=E£ec:E+JE. Conversely, each local principal connection

y:E+JE comes from the local section c:B+C:m+c(x)§YK.

The coordinate expression of ¢ 1is

e FaX_ah 1_j5A : ]
c= Eac=d ﬂak+ﬂjcld Hai, with cleﬁ

B

5 - Finally, we can consider the bundle FECxBE+C. The induced

Aod

linear fibred charts are (x .al;ylj.

The universal connection A:F »JF turns out to be a principal

2

connection and the universal curvature Q:F-> A"T*CBVE a principal

fibred morphism over C,.

Their coordinate expressions are

A

_ 1g A 13447
A=d ﬂal+dlﬂai+(ﬂjal}d Eai.

Q = [(a};aicﬁl ajult)dln d"+old

h
h™y

u
A d ]Eai.

4 - Liouville and symplectic forms.

Let p:E=zMxR~+B=M be the trivial principal bundle with structure

group IR.

1 - Let us recall the fibred monomorphism A:JE<T*BRTE over
E and the complementary linear epimorphism $:TJE+*VE. In our par-
ticular case, we have

J(MxR /M)~ T*M&T (MxR ) =T*MRTMx (T*MxR )
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and, more precisely, we have

J(MxR/M) = idTMx[T*MﬂM).
Then, we have the canonical fibred isomorphism over M
JE IR x T*M

which given, also,

T*JE = R x(IRxT*T*M) and VE =~ {MﬂR)xM{MﬂR).

Hence

T* JERVE ~ RxIRxT*T*M.
So, we have the 1-form
¢ RXT*M>RXRXT*T*M.
We can see that ¢ 1is the pull-back of & with respect to T*MxR-+T*M
of
G:T*M->T*T*M

which turns out to be the Liouville form,.

2 - The principal connections c:E=MxR+JE=zRxT*M are the sections
projectable on the usual forms ¢ :M+>T*M, which characterize them,

Their curvatures, p:EE&MﬁR+'ﬂ2T*MﬂUEE ﬁET*MﬁR, are projectable

on the usual differentials (jm:M~rﬂ2T*M. which characterize them,

3 - The principal connections constitute a system (C,E) where

pC:CET*M+M is the 'space'',

E=1d;CxMEET*Mxm+JEERxT*M is the "evaluation morphism'.
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We denote by (in,yD) the fibred chart of T*MxR, where yOEidﬂRﬂR.

The coordinate expression of £ is
(y©,x )ot=(y°,x ) i.e E=d M@ +x d &3
] a ) o | . » l o 0 -

With each local section c:M+T*M is associated a principal con-

nection c:Eec:MxRRXT*M.

4 - Finally, we can consider the principal bundle F:CKMEET*MﬂR+
+C=T*M.

We have
J(T*MxIR/T*M) = Ldppay X(T*T*MxR)
Then, we have the canonical fibred isomorphism over T*M
J{CKBE/C)_:QRKT*T*M.
We obtain the universal connection

A: Cx EET*M&R+J{CKBEXC)EEKT*T*M

B
and the universal curvature

Q:CxBEET*MﬂR+h2T*CﬁVEEﬂZT*T*MﬂR.

Their coordinate expression are

A=d 3. +d%Es +x.d @2
A a A O
ﬂmdiﬂ Fa d}{ﬂ +}’D BD‘

We note that A=1x9 and Q=0 where w is the pull-back with respact
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2

to T*MxR+T*M of the symplectic forms w:T*M>A"T*T*M,

5 - The university of the universal connection and curvature,
in this case, turn out to be the following well-known classical

properties:

if ¢:M>T*M is any 1-form, then we have

d*%=¢ ; ¢*do= do¢.
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