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Abstract. In this paper, we prove the existence of solutions for fractional coupled systems
of integro-differential equations in Banach spaces. The results are obtained using fractional
calculus and fixed point theorems. Some concrete examples are also presented to illustrate the
possible application of the established analytical results.
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1 Introduction

The fractional differential equations theory is increasingly used for many
mathematical models in science and engineering, such as physics, chemistry,
control theory, signal processing and biophysics. For more details, we refer the
reader to ([7, 9, 11]) and the references therein. Recently, there has been a
significant progress in the investigation of these equations (see [2, 4, 5]). More-
over, the study of coupled systems of fractional differential equations is also of
great importance. Such systems occur in various problems of applied science.
For some recent results on the fractional systems, we refer the reader to (see
1, 3, 6, 12]).

In this paper, we study the following coupled system of fractional integro-
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differential equations:

Z 0 o1+ )
ul™ D (0) = yIPu (n) ;1 €10, 1[,

o1 (0) = 617 (¢) ,¢ €]0,1],

\

where D® and D denote the Caputo fractional derivatives with n—1 < a < n,
n—1< 8 <n,néeN" J§veR0H pand q are non negative reals numbers,
f1, f2, g1 and go are the functions which will be specified later.

To the best of our knowledge, no paper has considered the fractional integro-
differential system (1) with two arbitrary orders «, § and using Riemann-Liouville
fractional integral conditions. Our aim is to study the existence and uniqueness
of solutions of the fractional coupled system (1). However, with fractional inte-
gral conditions, it will become more complicated. So, we can take the first n —1
classical derivatives equal to 0, for the unknown functions v and v. Then, we
shall use some fixed point theorems and other technics to overcome the difficul-
ties.

We organize the rest of this paper as follows: In section 2, we present some def-
initions, preliminaries and lemmas. In Section 3, we prove our main results for
the problem (1). At the last section, some examples are presented to illustrate
the effectiveness of the main results.

2 Preliminaries

The following notations, definitions and preliminary facts will be used through-
out this paper.

Definition 1. The Riemann-Liouville fractional integral operator of order
a > 0, for a continuous function f on [a,b] is defined as:

a—1
I“f(t):/t(t;a)f(T)dT,a>0,a<t<b, (2)
where T' (« fo e Uu®ldy.

Deﬁnltlon 2. The Caputo fractional derivative of order a > 0 for f €
C" ([a,b],R) is defined as:
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_ T)n—oc—l

t

For more details about fractional calculus, see [10].
The following lemmas give some properties of Riemann-Liouville fractional
integrals and Caputo fractional derivatives [7, 9].

Lemma 1. Letr,s >0, f € L' ([a,b]). Then I"I°f(t) = "5 f(t), D’I°f(t) =
f(t),t € la,b].

Lemma 2. Let s > 7 > 0,f € L' ([a,b]). Then D"I*f(t) = IS""f(t),t €
[a, b] .

To study the coupled system (1), we need the following two lemmas [8, 10].

Lemma 3. For o > 0, the general solution of the equation D%x (t) = 0 is
given by

z(t) =co+ et +eat? + o eprt" (4)
where ¢; € R,i=0,1,2,..,n—1,n=[a] + 1.
Lemma 4. Let o > 0. Then

I°D% (t) = 2 (t) + co + c1t + cot® 4+ .. + cpqt™ 1, (5)

for some ¢; e R;i=0,1,2,....n—1,n=[a] + 1.
We prove the following auxiliary result:

Lemma 5. Let g € C([0,1],R),n—1 < a <n,o0 > 0,n € N*. Then, the
solution of the problem

t —s o—1
D%z (t) :f(t)—i-/o (tr)g

Dy () ds (6)

associated with the conditions
2 (0)] + |2 (0)] + ... + \x<"*2> (0)\ —0

and
2"V (0) =717z (), €]0,1[,p > 0,
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s given by
t (t o S)afl t (t . S)OH‘U*].
x(t) = sds+/3d3
0 = [ et [ e
AT (p+n) "1 )
I'(n) (T (p+n) — ypptn=1)
n (77 _ 8)p+a—1 /77 (77 _ S)p—i-a—i-cf—l
X ——————f(s)ds + s)ds |,
</0 Tpra ' WP ), Totaro 4
provided that v # gﬁi?z
Proof: We have
Lt —s)*? bt —r)rtot
0 = [Yrihr@ast [T g
r) = [ EEh—t@ast [ YED g ryar
(8)
—cg — c1t — 02t2 — . — Cn_ltn_l.
For k =1,2,....,n — 1, we obtain
2®) (0) = —kley.
Since 2 (0) =2/ (0) = ... = z(®2 (0) = 0, then cp = ¢; = ... = ¢p_2 = 0.
Thanks to Lemma 2, we can write
t (t _ s)p+a—1
Pz (t) = / —————f(s)ds 9
0 = [t e )
t (4 _ o\PTato—1 p+n—1
+/ Lg(s) ds_cn_IL.
o T'lp+ta+o) L'(p+n)
Using the last boundary condition of Lemma 5, we get
Wp+n a ato
nt = o+ n) (172 f () + 1757 () . (10)

L (n) (T (p+mn) —ynpptn-l)

Substituting (¢;)i=o0,.n—1 in (8), we obtain the desired quantity (7).
Let us now introduce the spaces:

X :={ut)/uecm(,1],R)},

Y :={v(t)/veC"([0,1],R")}.
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We define the norms

lullx == sup [u ()], [[v]ly :== sup |v(t)].
te[0,1] t€[0,1]

For the Banach space X x Y, we define the norm

s )Ly 3= max ( Jlull, lolly ).

3 Main Results

We introduce the following quantities:

o = YT (p+n)
L (n) (T (p+n) —ypptr1t)’
oy — 0] T (¢ 4+ n)
2 ['(n) (T (q+mn)—ocatn=1)’
Mo =L 1 |y | P |wr | pProte
' T T(a+1) "T(ato+1) Tlp+a+tl) Tlptato+l)
M, 1 1 ‘W2| Cq+ﬁ ’wﬂ <q+0+ﬁ

TG+ TG0+ T+8+1) TOt0+8+1)

Also, we consider the following hypotheses
(H1) : There exist non negative real numbers m;, m}, n;, n;, (i = 1,2), such that
for all t € [0,1], (u1,v1), (u2,v2) € R%, we have

|f1(tuz,v2) — f1(t, my |ug — | + ma |va — v,
lg1 (¢, u2, v2) — g1 (8, w1, v1
| f2 (t, ug,v2) — fa (t,

(t, ) =92 (2,

lga (t, uz, vo

mi [ug — ur| +mb [va — 1|,

ni \U2 —uy| + ng !vz — Ul\,

IAIA A IA

ny lug — uy| + nf Jva — vq].

with w = max {m;,m},n;,n.} (i =1,2).

(H2) : The functions fi, f2,g1 and gs : [0,1] x R? — R are continuous.
(H3) : There exist positive constants L1, Lo, L} and L), such that for all ¢ €
[0,1], (u,v) € R%, we have

|fi (t,u,v)] < Liyi = 1,2, |gi (t,u,v)] < LLi=1,2

Our first main result is based on Banach contraction principle. We have:
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Theorem 1. Suppose that v # Fﬁi‘"%é # qu+n1 and assume that (H1)
holds. If

w max (M, Ms) < (11)

57
then the fractional system (1) has a unique solution on [0, 1].
Proof: Consider the operator T': X x Y — X x Y defined by

T (u,0) () = ( 71 (u,v) (1), T2 (u,0) (1) ), (12)

where,
Ty (u,v) (t) = Ot“ 8) L (s,u(s) v (s)) ds

a+<7

+f0 . sa-i—a gl( (8)7 ( ))ds

+wit™ 1fn%f1 (s,u(s),v(s))ds
n S)p+a+a 1

w1t 1 fO ng (57 U (S) y U (5)) ds

and

Ty (u fot (t=s) B)il fa(s,u(s),v(s))ds
+fo r(9+/3 92( u(s),v(s))ds

s)q+ﬁ 1

v (
+wot™™ 1f<(cp(Tf2(5 u(s),v(s))ds

f1+ﬁ+9 1

st [5G gn (s, u (s) v (s)) ds.
‘We shall show that T is contractive:

(14)

Let (u1,v1), (u2,v2) € X x Y. Then, for each ¢ € [0, 1], we have
T (ug, v2) () — Th (ur, 1) (£)] <

< ( Ot(t ?)) ds + w1l [y Tt;)lds>
X Supg<s<1 | f1 (S u2 (s), v2 (8)) — f1(s,u1 (), v1 (s))] (15)

t t p+a+t+o—1
+ (fo sﬁimds%— ]wl‘fn %ds

X suPg<s<i |91 (8, uz (5),v2 (5)) = g1 (s, u1 (5) , 01 (5))]
For all ¢ € [0, 1], and using (H1), we can write:

|T1 (ug,v2) (t) — T (u1,v1) ()]

|ws [Pt
(F(a+1) + T pl—f—a+1)>

X @ (SUpp<i< | ug (t) —uy (t )| + supg<;<q [v2 () — v1 ()]) (16)

|wl|np+c+a
a+a+1 F(p+a+a+1)
Xw (Supo<t<1 ’u2 (t ) —u (8)] + SUPo<i<1 lvg (t) — v1 (t)’) .
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Therefore,
|T1 (u2,v2) (t) — T1 (u1,v1) (t)]
1 |wi [Pt
<\t * F(pl-l-oz-l-l))
x 2w max {|lug —u1l|x , [[v2 — vily-} (17)
" ( 1 4wt
T(ato+l) T Tptatotl)
x 2w max {||ug — ui|l y , [|[v2 —vi]ly } -
Consequently,
T3 (3, 02) — T (wn,00) 1 < 2V [ (uz — v — o)y - (18)
Similarly,
172 (ug, v2) = To (ur, v1)lly < 2Mywo [|(uz — w1, va = v1) x xy - (19)

Using (18) and (19), we deduce that
1T (ug, v2) = T (u1,v1) || x oy <

2w max (My, Ma) [|(ug — w1, v2 — v1)] x v - (20)

Thanks to (11), we conclude that T is a contraction mapping. Hence by Ba-
nach fixed point theorem, there exists a unique fixed point which is a solution

of (1).

The second main result is given by the following theorem:
Theorem 2. Suppose that v # Lptn) 5 # gq(ﬂff and assume that (H2)

np«l»nfl 1)

and (H3) are satisfied. Then the fractional system (1) has at least one solution
on [0,1].

Proof: We show that the operator 7' is completely continuous. (Note that
T is continuous on X X Y in view of the continuity of fi, f2,¢91 and g2). We
proceed on the following steps:
Step 1: Let us take L = max{L;, L;,i=1,2} and B, = {(u,v) € X x
Yi|l(u,v)] xyy < 71> 0} For (u,v) € By, we have

I3 (w0 < &y + Tt

1\ X = I'(a+1) INato+1)

+|w1|L1?7p+“ + |ws|LynPtate
I(pt+a+l) P(pt+at+o+1)”

(21)

which implies that

Ty (u,0)||x < TM; < +oc. (22)
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Similarly, it can be shown that
| T% (u,v)|ly < LMy < 4oc. (23)
By (22) and (23), we obtain
1T (u,v)]| vy < Lmax{M, M} < +oo. (24)

Step 2: The equi-continuity of 7' :
Let t1,t2 € [0,1],¢1 < t2 and (u,v) € B,. We have

171 (u,v) (t2) = T (u,v) (t1)] x <

La(tg—tg) | Li(e5Ho ")
T(a+1) T(a+o+1) (25)

lwi|LygPte | wr| AP teto N o1 pe1
+ ( I'(p+a+1) + T(p+ato+1) (t2 ty )

With the same arguments, we can write
1T (u,v) (t2) — Ta (u, v) (t2)[ly <
Lo (tgftf) L, (ti*ﬁft‘;”@)

+
L(B+1) D(04-5+1) 26
+ <|w2|L277q+’8 + \w2\L'277q+5+9) ( n—1 _ t?_l) ' (26)

T'(g+8+1) I'(g+B+6+1) 2

As ty — t1, the right-hand sides of the inequalities (25) and (26) tend to zero.
Then, as a consequence of steps 1,2, and by Arzela-Ascoli theorem, we conclude
that T is completely continuous.

Next, we show that the set

Q= {(u,v) € X XY, (u,v) =T (u,v),0 < A< 1} (27)
is bounded.
Let (u,v) € , then (u,v) = AT (u,v), for some 0 < A < 1. Hence, for
t € [0,1], we have:
u(t) = AT (u,v) (t),v(t) = NI (u,v) (t) . (28)

Thanks to (H3) and using the same arguments as before, we obtain

IN

lullx ATy (u,v)]lx < ALMy < +o0,

(29)

IN

[olly ATz (u,v)|ly < LMs < +o0.
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Hence, we can state that
(u,0) |l sy < ALmax{My, My} < +o0. (30)

This shows that 2 is bounded.
As a conclusion of Schaefer fixed point theorem, we deduce that T" has at least
one fixed point, which is a solution of (1).

The third main result is based on Krasnoselskii theorem [9]. We prove the fol-
lowing result:

Theorem 3. Let v # pﬂrnl and 6 # qu+” Suppose that (H1),(H2) and
(H3) are satisfied. If

1 1 1 1 1
w max + , + < -, 31
<F(a+1) T(c+ta+1)T(B+1) r(«9+6+1)) 3 (31

then, the system (1) has at least one solution in X X Y.

Proof: Let us fix § > max (LM, LoMs) and consider By := {(u,v) €
X x Y, || (u,v) || xxy < 6}. On By, we define the operators R and S as follows:

R (u,0) (t) = (B1 (u,0) (), B2 (u,0) (1)), (32)
S (u,0) () = (51 (w,0) (1), S2 (u,0) (1)) ,

where,
Ry ( ) ;{PQ T ) f1(s,u(s),v(s))ds (33)
+f0 F?w—a 1(s,u(s),v(s))ds,
falu e (07 Si% Tt () () ds (34)
-l-f 9+B) go (S u(s),v(s))ds,
$1 (u0) (0) = rt"™ [ L i (5, (5) v () ds )
n—1 )p+(r
L [ O g (s u(s) v (s)) ds
and
S (u,v) (8) = wpt™ 1 S ETETT po (5,u(s) v (s) ds 56)

S)q+0 1

+w2tn ! j’C (CTQ)QQ ( S, U (8) » U (S)) dS’

Let (uy,v1), (u2,v2) € By. Using (H3), for all t € [0, 1], we can write

|Ra (u1,v1) (t) + St (u2,v2) ()]
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t (t—s p+a !
S (fo ( ()) d8+ |W1|f0 Ta)ds)
oDy i (5 (), (5) an
+(

t (t—s)*to ttsz"JrO‘Jr(’1
fi ! p&ﬁ) ds + |wi] fy Ul ds)
X SUPg<s<i 91 (5,u2 (8) ;02 (s))]-

Therefore,
| R1 (ur,v1) + 51 (u2,v2)|| x < L1 M. (38)

Similarly, we obtain
[ Ra (u1,v1) + S2 (ug, v2)[ly < LaMo. (39)
The inequalities (38) and (39) allow us to obtain
| R (u1,v1) + S (u2,v2)|| x vy < max (L My, LoMsy) < 6. (40)
Hence,

R (u1,v1) + S (ug,v2) € By. (41)

Now, we prove that R is contractive:

Using (H1), we can write
|Ry (ug,v2) () — R (ur,v1) (¢)] <
% (supg<s<i |z (s) — 1 ()| 4 supg< <y [v2 (s) — v1 (3)])

T otatD) (supg<act [uz (s) — w1 (s)| + supg<scy 02 (s) — v (s)]) -

Thus,
| R1 (u2,v2) — Ry (u1,v1)|lx <

2w 20
<r<a+1> +r<a+a+1>> (2 = w1, 02 = 1)y - (43)

Similarly,
| R2 (u2, v2) — Ra (ur,v1)lly <

2to 2o
<F(B+1) (0+6+1)>’( Ul,U2—U1)”X><y- (44)
Consequently,

| R (uz,v2) — R (u1,v1)| xyy <

1 1 1 1
2e max (F<a+1> ¥ Tototny TED T F(9+B+1)) (45)
x| (uz = ur, va — 01l x ey -
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Thanks to (31), we conclude that R is a contraction mapping.

The continuity of fi, fa, g1 and g2 given in (H2) implies that the operator
S is continuous.
Now, we prove the compactness of the operator S :

Let t1,t2 € [0,1],t1 < t2 and (u,v) € By. By (H3), we have

151 (u, v) (t2) = S1 (w,v) (1)l x <

Llnp+a Lll,np+a+0' n—1 n—1
=l g1y 46
|w1|<F(p+oz+1)+F(p+a+a+1) (5 ) (46)

With same arguments as before, we have

192 (u,v) (t2) — Sa (u,v) (t1)lly <

Lygtt? Lygathto n—1 __ n—1
|w2|<F(q+ﬁ+1)+r(q+ﬁ+e+1))(t2 -4, (47)

The right hand sides of (46) and (47) are independent of (u,v) and tend to zero
as t1 — to9, so S is relatively compact on By. Then by Ascolli-Arzella theorem,
the operator S is compact. Finally, by Krasnoselskii theorem, we conclude that
there exists a solution to (1). Theorem 3 is thus proved.

4 Examples

In this section, we present some examples to illustrate the main results.

Example 1. Consider the following fractional differential system:

é sin v S sinu(s sinv(s
Diu () = SO 4 pt =) dnulehsinete) g 4 g 4 1,

_ \u<t>|+|v2t
= Gy e + P (21)

=T uls) jo(s)
+Jo R (e + wri) 4 (48)
(O) + v (0)] + [u (0)| + [v" (0)] = O,

0) =~IPu(n),n€]0,1[,

7(0) = 817 (¢) . C €10, 1],

—_—
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where, 04*6—2 J*G*Q,n*C*%,p:q:% = —4,) = —8, and for
all (u,v) € R% ¢t € [0,1], we have
sin (u + v)
t = ————4+2t+1
f1(7U,U) 32(t2+1)+ + 1,
(t ) sinu 4+ sinv
u,v) = ——
g1\l u, 16(t+1) ’
|ul + [v]
t’u’v = + ex 2t y
(b v) = G e Gt ju o T P
U v
o (tuw) = |ul |v]

We have also

I'(p+n)

B+ D(Lt]a)) ~ C+10)(L+]o])

VE e = 105V2m a2 Platn) _o50am.

Cqun 1

For (u1,v1), (u2,v2) € R% ¢t € [0,1], we have

| f1 (t,ug,v2) — f1 (t,u1,v1)
|gl (ta uz, UQ) — g1 (t7u17vl)|
| f2 (t, u2,v2) — fa (¢, u1,v1)|

lg2 (t,u2,v2) — g2 (t,u1,v1)

It yields then that

<

<

1
M, = 0.774, My = 0.788, % = .

35 (U2 —ua] + vz —w1),
16 (w2 =il + |vz —wa),
o0 (w2 —ut| + vz —wa),
15 (w2 —ua] + vz — 1)

2w max (Ml, MQ) =0.157 < 1.

The conditions of Theorem 1 hold. Therefore, the problem (48) has a unique

solution on [0, 1].

We give also the following example:

Example 2. We take:

ks u( ) = exp (5—t2) (sin (u (t)) + cos (v (t)))

+ Ji “*837 sin (¢ +u (s) v (s)) ds, t € [0,1],
D70 (t) = exp (£2) (sin (u (£)) + v (£)) (49)
exp( t!U( )\—!v( ).t €0,1],
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13 22

For this problem, we remark that « = 2,0 =, p=3,¢=2, v =4 = V2,

4

n= %, £E= %, and for all (u,v,z) € R, we have

filt,u,v) = exp (—t?) (sinu + cosv),
g1(t,u,v) = (sin(t +wv)),

fa(t,u,v) = exp (t2) (sinu +v),
(

g2(t,u,v) = exp (—t|ul —v]).

It’s clear that the conditions of Theorem 2 are satisfied. Then the problem

(49) has at least one solution on [0, 1].
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