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SEMIGROUP IN WHICH S™*1 IS A SEMILATTICE OF RIGHT GROUPS (INFLA-
TIONS OF A SEMILATTICE OF RIGHT GROUPS)

STOJAN BOGDANOVIC and BLAGOJE STAMENKOVIC

ABSTRACT. In this paper we consider semigroups in which S™! is a semilattice of right
groups. Also n-inflation of a semilattice of right groups is treated.

1. INTRODUCTION AND PRELIMINARIES

A semigroup S in a n-inflation of a semigroup T if T is an ideal of S, S®! C T and
there exists a homomorphism ¢ of § onto 7' such that () = ¢ forall ¢t € T°, [1]. The
notion of inflation (1-inflation, is introduced by A.H. Clifford, [7] and the strong inflation
(2-1nflation) 1s introduced by M. Petrich, [12]. A construction of an n-inflation is given in
[1]. In [1] we have, also, some characterizations for n-inflation of a union of groups. In
this paper we consider semigroups in which S™! is a semilattice of right groups. We also
characterise n-inflation of a semilattice of right groups. For the related results see [4] and [2].

E.G. Shutov, [14] and N. Kimura, T. Tamura and R. Merkel, [8] considered A-semigroups,
i.e. semigroups in which every subsemigroup is a left ideal. In this paper we introduce the con-
ceptof A _-semigroups. We prove that § is a A-semigroup if and only if S isa A, -semigroup.
One simple construction for A-semigroups is given in [9].

Here a construcion for A_-semigroups is given.

T. Tamura, {15] studied semigroups with the following identity zy = f(z, y). In the
present paper we consider semigroups in which the following identity holds:

i=1 =1

A classification of these semigroups 1s given. Some special cases are treated in [6] and [13].

Throughout this paper, Z* will denote the set of all positive integers. By Reg(.S)
(Gr(S), E(S)) we denote the set of all regular (completely regular, idempotent) elements
of a semigroup S.

For undefined notions and notations we refer to [5] and [7].

Lemma 1.1. S isaright group if and only if
(1.1) (Vz,a € )z € aS'z.

Proof . Let § be aright group. Then for every a € S there exists b € S such that a = aba.
In a right simple semigroup S every idempotent is a left identity (Lemma VI. 3.2, [5]), so for
any z € § we have that x = abz € aSxz.
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Conversely, if (1.1) holds then z € z?Sz for every £ € S. Hence, S is a union of
groups. For every e, f € E(S) we have that e € fSe, whence e = fe. Thus § is aright
group (see [7], p. 63). .

Corollary 1.1. S is a periodic right group if and only if

(Vz,a € S)(3k € Z*)x = o*z.

Proof . Let S be a periodic right group. Then for every a € S there exists k € Z* such that
a* € E(S). Now, by Lemma 1.1. we have the assertion.
The converse follows by Lemma 1.1. 0

2. n-INFLATION OF A SEMILATTICE OF RIGHT GROUPS

Theorem 2.1. The following conditions are equivalent on a semigroup S':

(i) S™! is a semilattice of right groups,

(ii) S is a semilattice Y of semigroups S_, « € Y ,where S™' , « € Y isaright group
and for every z; € S, , o, €Y,

n+1
Ilml v 'mﬂ'l‘l E Sflil':l’i.uﬂ"*] )

(iii) 25 ... 2, €T 15717, ...2,,, foreveryz,,z,,...,z,,, €S.

Proof . (i) = (ii). Let S™! be a semilattice of right groups. Then Reg(S) = Gr(S). Thus
S isa GV -semigroup. By Theorem 3, [4] we have that S 1s a semilattice Y of nil-extensions
S,, @ € Y ofright groups K. Let z; € S, .

Then

. n.+1
T{Ty...T . €K = S,

Qp - Oy g REE S |

where Kﬂl is a right group.

--iﬂm.l

(ii) = (iii). By Lemma 1.1. we have that forevery z, € S_ ,

n+ 1
TyTy oo Tppg € Tppy -+ T10,, 4

T{...T,,1 CT
nt ]

Ml o n+IS$1'“In+1'

(iii) = (i). Using, more a time, the hypothesis we obtain that for every z,, z,, ...,
z.,1 € S thereexists u € S such that

_ 2
11 = (21T - Tp1)TU Ty e Ty

LyZTy ... L,

So S™! is a union of groups. For every e, f € E(S) there exists u € S such that
ef...f = fuef...f, whence ef = fef. By theorem 2, [10] we have that S™! is a
semilattice of right groups. =
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Corollary 2.1. S™! is a right group if and only if
(2.1) (Vz,,29,...,2,, 06 €S2 75 ...,y €EaSTyZ,5...T ;.

Proof . Let S™! be aright group. Then by Lemma 1.1. we have that for every Ty, Ty enes
Iml - S,

n+1
T Ty .. Ty €QT1Zy...2,1S" T,Ty...2.,, CaSz,z,...7,,,.

Conversely, from (2.1) we have that z,z, ...z_,, € z,,8z,%3,...7,,, for every
T{,Ty,..., T, € S. By Theorem 2.1. S™! is a semilattice of right groups. By (2.1)
S™1 is a right simple semigroup. Therefore, S™! is a right group. 0

Theorem 2.2. S™! isa semilattice of periodic right groups if and only if

(2.2) (Vz{,23,-..,2,,,  €ESYEBmEZ)zi2y...2,,, =

= I(:I‘-'rﬁiml ...Eﬂ)mﬂl‘l ceeTyyy -

Proof . Let S™! be a semilattice of periodic right groups. Then by Theorme 2.1. S is a
semilattice Y of semigroups S, « € Y,and z,2, ...7_,,, T, T, ...2, €S™! =K

*Untl 0 R A

forall x; € S ,where K 1s aperiodic right group. Now, there exists e € E(S) and m € Z7

such that (z_,, z, ... z,)™ = e, and by Corollary 1.1. we have (2.2).
Conversely, let (2.2) holds. Then forevery z,, ..., z,,, € 5, there exists m € Z* such
that

ml . ”ITH‘] = ($n+1 Iy -- .Iﬂ)mml v '$ﬂ+1 - ‘Tﬂ+1 SII .o Iﬂ+1
and by Theorem 2.1. we have that S™! is a semilattice of periodic right groups. 0

Corollary 2.2. S™! isa periodic right group if and only if

(2.3) (VZy,...Z4,,0 €S)(3k € Z")zy...25,,, =a*z, ...z

n+l -

Proof . Let S™! be a periodic right group. Then for every a € S there exists k € Z* such
that o* € E(S). Now, by Corollary 1.1. we have (2.3).

The converse follows by Theorem 2.2. and from the fact that S™! is right simple

(by (2.3)). o
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Corollary 2.3. S™! is a right zero band if and only if

(2.4) S

= aryZq ... T

n+1 ntl

Proof . Let S™! be a right zero band. Then az,z, ...z, € E(S) = S™! forevery a,
Tyy.er, Tpyy €5.50

EI---E =ﬂ$l...mn+lml-..m =ﬂ$1¢.-m

ntl nt1 n+1 -

Conversely, it follows from (24) that z, ...z_,, = (=, ...z, )? and by Corollary 2.2.
we have that S™! is a right zero band. o

Theoreme 2.3. S is an n-inflation of a semilattice of right groups if and only if
(2.5) (Vzy,...7,, €E8)Ty...Tpy; €T,,,8%;...2,,,S12,,.

Proof . Let S be an n-inflation of a semilattice of right groups T'. Then S™' = T'. So, by
Theorem 2.1. forevery z,, ..., z_,, € S there exists u € S such that

TieeoTpy] = Tppq UT) «o o T

n+ n+1 -

By Theorem 3.1. [1] we have that

where ™! ¢ G,

T, UT) ... T i 1

=I  qUT;...T

n+1 n+ 1 Eﬂ+1 )

nt1

— 1\~ nrl 2
= Tppp ULy - v Ty (In+1) Trrl € Ty 1 OT] «ve Ty STy -

Thus (2.5) holds.

Conversely, from (2.5) wehavethat z, ...z ,, € z7S™zZ, |, whence by Theorem 3.1. [1]
we have that S is an n-infiation of a union of groups. For everey e, f € F(S) there exists
s € Ssuchthatee...ef = fsf,whence ef = fef. Therefore, by Theorem 2. [10] we have
that S is an m-inflation of a semilattice of right groups. 0

Corollary 2.4. S is an n-inflation of a semilattice of periodic right groups if and only if

(VZy,..., Ty €S)(Bm k€ 2%)z; ... 7, =

k+1

= (mml Ly "'In)mml e Talniy -

Proof . Follows by Theorem 3.1.[1] and by Theorem 2.3. D
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Corollary 2.5. S is an n-inflation of a right zero band if and only if in S the following
identity holds:

(2.6) Ty . T =T

n+1 nt 1

Proof . Let S be an n-inflation of a right zero band E and let ¢ be a retraction of S onto
E.Then S™! = E and for every z,, ..., x,,; € S we have that

SRR | =f,ﬂ($1 *e 'mfﬂl) = {Ia(ml) v ‘@($n+1)

n+l n+ 1

n+l __ _
] = © ($n+1 = Ty -

=(,EJ(I“+1) - [(}G(Eﬂ_d_l)

Conversely, it follows from (2.6) that z™! = 2%z ...z = ™! € E(S) forall z € S.

So S™! = E(S). Forevery e, f € E(S) wehave that ee...ef = f™! = f, ie.
ef = f. Thus E(S) is a right zero band. It remains to prove that ¢(z) = z™! is a
homomorphism from S onto E(S). Indeed, forany z, y € S we have that

)1‘1+1 n+ 1 n+l n+l

p(zy) = (zy =y~ =" Yy = p(z)p(y)

and since {pz(m) = p(x) forall z € S we have that ¢ is a retraction of S onto E(S).
Therefore, S is an n-inflation of a right zero band. o

Corollary 2.6. S is an n-inflation of a right group if and only if
(2.7) (Vzy,...,2_,,,6 €ES)T{...2 ., €aSz;...5_ 572, .

Proof . Let S be an n-inflation of a right group. Then by Corollary 2.1. we have that for
every ry, ..., T,,1, a¢ € S there exists u € S such that

Il

Ty...Tppy = QUL ... T g
1
= QUTy ... T €., Wherezl, | € G, (Th. 3.1. [1])
— ne1\ 1 | ntl 2
= QUTy ... Ty (The) Zm €aSzy...z,,,S75,,.

Conversely, by (2.7) and by Theorem 2.3. we have that S is an n-inflation of a semilattice
of right groups. Since S™! is a right simple semigroup we have that S is an n-inflation of
a right group. a
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Corollary 2.7. S is n-inflation of a periodic right group if and only if

(Vz{,..., 1,6 € S)(Fk,m € Z )z ...3 | = ak:cl ...zﬂﬂ::f]]_
Proof . Let § be an n-inflation of a periodic right group. Then by Corollary 2.2, for every
Ty, ..er Tyep» @ € S there exists k € Z* such that
k
Ty.oZoyg QA Ty...T 4,
=a*z, ...z e, wherez"] € G, . (Th. 3.1. [1])
=a*z, ...z, o™, , where z", =e_,,.
The converse follows by Corollary 2.5. o

3. A,-SEMIGROUPS

S is a A-semigroup if every subsemigorup of S is a left ideal of S, [8], [14]. A simple
construction of A-semigroup is given in [9].

Definition 3.1. S isa \_-semigroup if for every subsemigroup A of S the following condi-
fion holds:
S" A = An+1 ‘

Lemma 3.1. § isa )\ _-semigroup if and only if

(3.1) . (Va € S)S™a = (a)™".

Proof .Let S be a A_-semigroup. Then forevery a € S,
S"a C S™(a) = (a)™' C S"a

i.e. (3.1) holds.

Conversely, let (3.1) holds and let A be a subsemigroup of §. Then for any a € A we
have that S™a = {a)™! C A™!. So 8”4 C A™! and since A™! C S"A we have that S
is a A _-semigroup. o

Lemma 3.2. S isa A\ -semigroup if and only if S is a h-semigroup .

Proof . Let S be a \,-semigroup and let A be a subsemigroup of S. Then SA = A% C A.
So § 1s a A-semigroup.

Conversely, let S be a A-semigroup and let A be a subsemigroup of S. Then by Theorem
3. [14] (see also lemmas 3. and 6. [8]) forevery z € Sandy € A, zy € {v*, v°}. So

Ty € A% ,ie. SAC A? C SA. Thus SA = A*. Therefore, S is a \;-semigroup. .

3

Example 1. The following semigroup (z) = {z, z*, 2>, z* = 2°} is a ), -semigroup. But

(z) is not \;-semigroup, since {(z*) is not a left ideal of (z).
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Lemma 3.3. Every subsemigroup and every homomorphic image of a A\_- semigroup is a
A, -Semigroup .

Proof . Follows immediately. o

Lemma 3.4. Let S bea A\ _-semigroup. Then
(i) S is periodic,
(ii) E(S) isaright zero band,
(iii) E(S) isanideal of S,
(iv) forevery z € S, {z)={z, z*, ..., s =21}, where 1 <m<m+2,

Proof . (i). Let z € S. Then by the hypothesis we have that
I2ﬂ+1 — mﬂ-—l EHIEZ c Snmﬂ g {EZ}W}'I

and so S 1s periodic.

(ii). Let e € E(S) . Then by (3.1) we have that S™e = (e)™! = e. So f*e = fe = e for
every e, f € E(S). Thus E(S) is aleft zero band.

(iii). Let z € S, e € E(S). Then exe = ze...e = e. So E(S) is a left ideal of S.
Since (ex)? = e(ze)z = ex € E(S) we have that E(S) is, also, right ideal of S.

(iv). Let a € Reg(S). Then ¢ = aza for some z € S. Now, o*> = a(aza) =
(a(az))a =aza=a,since ae = ¢ forall a € S and e € E(S). Thus Reg(S) = E(S).

(v). By (i) S is periodic. By (iii) we have that forevery z € S, {z) has azero element. So
(z) = {z, 2, ..., z™=z™"'} forsome m € Z*.Let m > n+2 . Then (z)"z# (z*)**,
since ™2 ¢ (z?)™! = {g?™?%, ..., 2™ = ™"} which is a contradiction. o

Theorem 3.1. The following conditions are equivalent on a semigroup S :
(i) S isa A\ -semigroup,
(ii) (Voy,.oor Ty, Y €S2 3y ... 1, € {y™, y™?},
(iii) S is an (n+ 1)-inflation of a right zero band T' and

(3.2) (Vzy,...0,,YE S, ...e y¢ T =>z,...c,y=y"".

Proof . (i) = (i1). Let S be a A\ -semigroup. Then by Lemma 34. (v), forevery y € S,
W™ = {y, v*, ..., v™ = y™'},where 1 < m < n+2. If m = n+ 2, then

(p)™1 = {y™!, y™?% = y*}. If m < n+ 2, then {y)™' = {y™*}. Thus the condition
(ii) holds.

(i1} = (i). This implication follows immediately.

(ii) = (iii). By Lemma 3.4. we have that y™? € E(S) forally € S. Let 2z, ...z, y =

y™1, then forevery z € S

n+l

~1 Y
23T, ... Ty = 2y = (2y" )y = {yﬂ-a-zy B
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If 2,2, ...z, y=y™?*,then zz,x, ...7, ¥ = zy™* = y™?2 . Therefore, S™? = E(S).

It remains to prove that the mapping ¢: S — S™? defined by ¢(z) = z™?2 is a retrac-
tion. Indeed,

o(zy) =(zy)™? = zy((zy...1Y1)Y)

- myyn+1
- n+2

zyy™ <, since zy...yrxy € S
=:cy“+2 — yn+2 = o2 ymz
=p(z) p(y)
and
0’ (z) = ().

Therefore S is an (n+ 1)-inflation of a right zero band.

If z,...2_y € E(S), then by (ii), we have that z, ...z_y = y™* , i.e. (3.2) holds.

(iii) = (it). Let S be an (n+ 1)-inflation of a right zero band 7" with (3.2). Then
S™2 = B(S) =T.Letae TandletY, = p~!(a). Where p: S — T is a retraction.
Then Y, is a unipotent subsemigroup of S, and Y, NY, = @ if a#b, a, b € T. It is

clear that S = UTYE. For every z,, ..., z,, vy € S thereexista;, ..., a,, b € T
o€
suchthat z; € Y, , ..., z, €Y, ,y €Y. Soz,...2.y €Y, ..V, Y, CY,

(Th. 1. [1]), whence z, ...z, y € ¥y = Y ao . It z; ...z, y € T, then z, ...z y = y™t?,
sinceé z, ...z, y € T NY w2 and Y ». 1S a unipotent semigroup. If z, .. .xz.y¢ T, then by
(3.2) z;...z,y = y™! . Thus (ii) holds. a

Theorem 3.2. Let T be a right zero band. To each a € T we associate a family of sets
X2, 1=1,2,...,n+1 suchthat

a € X’
a b_ . - .
(3.3) XinX;=0, if i#7,
X{NX=0, i a#b,

Let, for nonempty sets X{ and X}

(@ . xo oy Xt U XP ifi+j<n+]
(3.4) Plagy =50 XA =
a,b p - :
tpEi‘}-))(m,y) =b ifi+7>n+1

be functions for which:

(3.5 (Vs>i+7)(Vt > j+k)pid) (wﬁ?j’f(z,y),z) = ity (z, wﬁﬁ;z’,(y,z))
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foralla,b,ceT ,wherei+j<+lorj+k<n+lori+t<n+lors+k<n+1

and
(3.6) o (9) =

= o8 (o2 (- (o (A w90) ) .9))
where

b,b b,b .
(@Ei,lg ( (Sf’El,l))(y:y),ﬂ) ) :.U) € Xil: 1<1<m

n+l
LetY, = ':J Xt andon § = UTY:: define a multiplication « by:
1=1 aE

Ty =pip(z,y) ¥ 2€Xy€eX)1<4,j<n+1.

Then (S, %) isa A\ -semigroup.

Conversely, every \_-semigroup can be so constructed.

Proof . By Theorem 2.1. [1] we have that (S, %) 1s an (n+ 1)-inflation of a right zero band.

It remains to prove that the condition (3.2) holds. Let z,,

.oy I, ¥y € 5. Assume that

z €X%,a €T, r=1,...,m1<i <n+l,ye X, 1<j<n+1.Ifi >2 for

some r or j > 2 ,then

(3.7) Ty * Ty koo kT, kY =y

Let z. € X;7, y € X{. Then

— _ (uliﬂlj
W=Ty ke X T, kY =@y (Z1,T)) *Ty %... 5T, %Y.

If u, = (43 (2;,2,) = ay , then w = b= y™?2 .
If u; # a,, then

’[U=H1*I3*...*$n*y and UIEXEI,2£t1£ﬂ+1

(az,03)
=P 1y (U1, T3) *¥Tg * ... kT, *Y.

Continuing this procedure we have that

w=U,_; *kY, U, EXF;, n<t, _; <nt+l,
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Ifu_, €X.r,thenw=>b.Ifu_, € Xy, thenby (3.7) we have that z, xz, x. .. *y =

n+ 1

Y
Conversely, let S be a X -semigroup. Then by Theorem 3.1. S is an (n+ 1)-inflation

of a right zero band S™? = E(S). Let ¢ be aretraction of S onto E(S). For a € E(S)
define the sets: ¥, = ¢~ (a),

X¢=Y N(S—8%)
X5 =Y,n(S* -85

X:=Y N(S"—-8™")
Xxe,=vY.ns™!

It is clear that the conditions (3.3) hold for every X and X J‘?, 1 <4, < n+ 1.

nt+ ]
If a € E(S),thenY, = U X$andso S = UTY“' By Proposition 1.1. [1] we have that
1= at

YY,CY,.Lletxe X%, y€e X2,1<4,j<n+1.Then zy € Y, and zy € §*7. If

n+ 1
i+j < m+1,then zy € U X). Ifi+j > nt+1,then zy € E(S). So zy € Y,NE(S) =

v=i+j
{b}. In this way functions pE?ﬁ are defined and the condition (3.5) holds.
letue X;,y € X?. Then there exists Ty,Ty,...,%, €S suchthat u=1z,...z, and
(v)={y, v*,...,y™=y™'},where m € {2,3,...,n+ 1, n+ 2} (Lemma 3.4(v)). If
m€ {2,3,...,n+ 1}, then by Theorem 3.1.

n+ 1

Uy =I;...T,Y=Yy =by =y

or

Il

y™' ¢ E(S)

Uy =TTy ... T Y

SO

_ . (bb) (b,b) (b,b) (b,b)
LY = P (’P(ﬂ_1,1) ( (50(2,1} (@(1,1)(%!}),9') yoos :) ,y)) . o
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4. EXAMPLES AND PROBLEMS

41.letk e {1,2,...,ntandr € {1,2,...,n+ 1}. A semigroup S satisfies the
following identity

nt+1 h+1l n+l

— ey m;;
[z== { 11]=
i=1 j=1 i=1

if and only if 8™ is a semilattice of right groups whose subgroups satisfy the same identity.
Proof . Follows by Theorem 1.1. n

4.2. If a semigroup S satisfies the following identity

nt1 n+ 1 h—1 n+2 n
—_ myy +1 WL ™ (LA Mol )
I | :Ei — Il H .T{ H l | 5.:"'1- | | Ii 'In+1

i=1 i=2 j=2 i=1 i=1

then S is an n-inflation of a union of groups whose subgroups satisfy the same identity.
Proof . Follows by Theorem 3.1. [1]. O

4.3. A semigroup S satisfies the following identity

n+ 1 h ntl

_ Mpim my; ™M
|l$i_$n+1 ””5’31 L

if and only if S is an n-inflation of a semilattice of groups whose subgroups satisfy the same
identity. .

44.1letk,pe {1,2,...,n+ 1}. Then asemigroup S satisfies the following identity

if and only 1if one of the following conditions holds:

1) S is an n-inflation of a left zero band and z? € E(S),

2) § 1san (n+ 1)-nilpotent semigroup and z? € E(S),

3) S 1s an n-inflation of a right zero band and z? € F(S) ,forall z € S.
Proof . Let the identity (4.1) hold. Then for every z € S we have that

g™ = 2P = g™z = ™% € E(S).

Hence,
S™l = F(S).
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Assume that k = n+ 1. Then for every e, f € E(S), ee...ef = f™! = £, ie.,

ef = f.
Thus E(.S) is aright zero band. Define a mapping ¢(x) = z™' of S onto E(.S). For
every r, y € S we have that

n+1 ntl n+l
1Y)

p(zy) = (zy)™! = =z™ y™! = p(z)p(y)

and p?(z) = p(z). Therefore, for k = n+ 1 we have that S is an n-inflation of a right
zero band. Similarly we have that for £ = 1, S is an n-inflation of a left zero band.

Assume that 2 < k < mn. Then forevery e, f € E(S),ef=e...eff ... f=fP=f
and ef = e...e.e.f...f = eP = e. Soe = f. Thus, § has only one idempotent e, and
forevery z € S, e = ze...e = e? = e = ex. S0 e is the zero of S. Therefore, S is a
(n+ 1)-nilpotent semigroup.

Conversely, let S be an n-inflation of right zeroband F andlet 2P € E. Then S™! = E.
Let o be aretraction of S onto E. Then forevery z,, z,, ..., z_,, € S we have that

TyTy o Zyyy =P(T1Zy . Ty 1) = (3 0(Zy) o.oo(z ()
=¥3(mn+l) = [5‘3(3:“4-1)]? = @(Ii&l) = mfﬁ] :
In a similar way it can be proved that (4.1) holds if .S is an n-inflation of a left zero band. If

|E| =1, then
@(zk)=tfo(mﬂ+1)l k=1,2,...,n+1.

4.5. Let S be a semigroup with the following identity

(4.2) =z=111]="

where m;;=1orm,, , =1.

Lemma 4.1. Let S be a semigroup in which the following condition holds:
(4.3) (Vz,y € &)(Im € Z")zy = zy™".

Then
(i) z™ € E(S) for some m € Z*
(i) Reg”(S) = Reg(8) = Gr(S),
(iii) Reg(S)S = Reg(S).

Proof . (i). By (4.3) we have that 2* = ™2 forsome m € Z*. So z™ € E(S8) for some
meE Z".
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(ii). For every e, f € E(S) thereexists m € Z* suchthatef = e. ef = e(ef) ™' =
(ef)™1. By Proposition 1. [3] we have that Reg?(S) = Reg(S). Assume a € Reg(S).
Then a = aza = aza™! € Gr(S), for some m € Z* thus Reg(S) = Gr(S).

(iii). Let 7 € Reg(S), vy € S. Then by Theorem 1., 4.3. [5] we have that

zy = zy™' € Reg(S) Reg(S) = Reg(S)

for some m € Z* (since y™ = e € G, implies y™! = ey = ye € G,). 0
By the following two theorems construction for some special semigroups for which (4.2)
holds will be given.

Theorem 4.1. Let E be a band. To each e € E we associate a set Y, such that

(1) e€Y, Y,NY;=0 if e#f.
Let
o' Y, x Y, — UY.
be functions for which
(2) o' (z,y) = €
(3) o' (e,y) = ef
(4) o (z,y) = ') (z, f)
(5) o' (z, f)g = ple# W) (3,079(y,g)).

Define a multiplicaiton x on S = UEY; by:
ec

zxy=p' Nz, f) if T€Y,yeY,.
Then (S, x) is a semigroup in which
(6) TXY=TxYxy

forevery z,y € S.

Conversely, every semigroup in which the condition (6) holds can be so constructed.
Proof .Letz€Y,,y € Yf, zZ € Yg. Then

zx(y*z) =9 (y,2) = 2% 9 (y,g) =

=50(f=w”"'}(”'9)) (I, Ea(f.y) (v, Q))



168 Stojan Bogdanovié, Blagoje Stamenkovié
(zxy) x2 = (z,y) %2 =
=p(¢ PN ) (oo (1, £),g) =
=" (z,f)g

and by (5) we have associativity.
Furthermore,

sxyxy=zxp " (y ) =zxf= (g, f)=z*y.

Thus (6) halds.
Conversely, le tS be a semigroup in which zy = zy* holds. Then z? = z° € E(S) for
allz € S.Lete, f € E(S). Then

ef = eef =e(ef)’ = (ef)*.

So E(S) isaband. Let e € E(S), y € S. Then

(7) ey = eyz.

We defineaset Y, = {z € S|z* = e}, e € BE(S). Itisclearthat § = UEYE and that the
ec

Condition (1) holds. Let =, y € Y, . Then by Theorem 1.,4.3. [5] we have that

ry=1zy =ze=ex=er’ =ee=e.

Thus (2) holds. By (7) we have (3). Let z € Y, y € Y. Then zy = zy*> = zf. So (4)
holds. From the associativity in S we have that (5) holds. 0

Corollary. If the function © %7 in the construction of Theorem 4.1. is replaced by
pte) Y, xY; — E

then (S, %) is a semigroup with (6) and F is an ideal of S .

Conversely, every semigroup with (6) in which E(S) is an ideal of S can be so con-
structed. O

A semigroup S 18 left distributive 1f axy = azay forall a, z, y € 5. A left distributive
band 1s left quasinormal
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Theorem 4.2. Let E be a left quasinormal band. To each e € E we associate two sets X{
and X5 such that

ec X;, XinX;=40
XinX/ =0 ife#f

Let
gﬂgi'ﬁ :Xf){_xif—} U X;_‘i et f
he E
oD : Xf x Xf = X3
(ef)  Xex X - E ifi+j>2
oy X x X; = E ifitj>2,eff
pis(T,y) =€ ifi+j>2

be functions for which

h (f, . .
wEf,zf (m, sﬂ(;‘: ﬁ’f (y,z)) = wﬁ‘:‘f,ﬂ (saﬁfﬁ(m,y),z) =

(ef) (e9)
_ (E"”-: 2) (”**"tan{m*ﬂ)) (f.9) (e,9)
- 50(1.1)} (m, Eﬂ{{z}) (y, ":f-”(f,f} (z, Z))

foralle, f,g,h,w,8 € E.LetY, = X{NX5 and define a multiplication x on S = UEYE
eE

by:
Ty = w'éfﬁ(:r,y) ifz e X}, y€ Xf-

Then S with this multiplication is a left distributive semigroup and ES = E.

Conversely, every left distributive semigroup S with E(S)S = E(S) can be so con-
structed.
Proof . Let S be a left distributive semigroup with E(S)S = E(S). Then E*(S) C
E(S)S = E(S). So E(S) is asubsemigroup od S. Itis clear that E(S) 1 a left quasinor-
mal band. Let e € E(S) and z € S. Then ze = zee = zeze. SO E(S) isaleftideal of S
and by the hypothesis we have that F(S) is anideal of S. For every z, y, z € S we have

that

TYZ = TYTZ = TYT 2 = TYI 2

wnd since x> € E(S) we obtain that zyz € E(S).
Tuhs S? = E(S). Assume that Y, = {z € S|z° = e}, e € E(S).Let z, y € Y,. Then

72 = y® = e,and 50

4 _ 3

(zy)° = TYTYTY = TYYTY = Yty = Ty =z =T =1 =e.
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Hence, zy € Y, ,1.. Y, e € E(S) 1s a subsemigroup of S. Itis clear that e is the zero in
Y, . For e € E(S) we define the sets:

X¢=Y.N(S - S5%)
X5 =Y,NS".

Then ¥, = XU XS and S = E{S)}’;.
ec

Let z, y € S. Than we distinguish the following cases: z € X¢, y € X/, e# f. Then
Ty € 8% ,ie. zy € Xz" for some h € E. In this way functions @Ef'g are defined.
r€ X§,ye Xt. Then zy € X§,since Y2 CY,.

Thus, functions {,::E‘i‘ﬁ)) are defined.

T€Xf,y€X] ., e#f,i+j>2. Then zy € $* = E(S),and (")) are defined. In
particular, if e = f. Then r,ogfj))(m, y) = e since Yf CY,.

By associativity and by left distributivity in S we have that for :,oEf _';? the conditions from
the construction hold.
The converse follows immediately. o

Problem. A semigroup S with zy2z = zyzz (zyz = zzyz) i1s left (right) distributive. If
S is left and right distributive, then it 1s distributive.. M. Pietrich, [11] has a construction
for the distributive semigroups; this result can be obtained from Theorem 4.2. It remains to
constructed a left distributive semigroup in the general case.

4.6. Let X, and X, be sets and let 0 be a fixed element such that
OE.le XlﬂX2=ﬁ.

Let

be functions for which.
ﬂﬂ(z;}(fﬂ;y) = ‘ﬂ{i,z)(fij) = @(1,1)(3131) =0.
Define a multiplication %« on S = X, U X, by:
Txy=p;5(zy) fz€X,y€X;,1<4,j<2.
Then S with this multiplication is a semigroup with only one idempotent and

Txyx2 €E{TH*T,y*xy,z2%x2}.
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Conversely, every semigroup with ongly one idempotent in which

(8) (Vz,y,2)zyz € {z°,v*, 2°}

can be so constructed.
Problem. Find a construction for semigroups with (8).

Problem. Find a construction for semigroups with

(Vz,y,2)zyz € (z) U (y) U(2).

In particular,
(Vz,y,2)zyz € {zF, ¢, 2P}

for some fixed p.

Problem. Find a construction for semigroups in which for every subsemigroup A, S*A C A.
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