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FUNCTIONAL DIFFERENTIAL INEQUALITIES
OF PARABOLIC TYPE *

M. MALEC, R. SELVAGGI, 1. SISTO.

INTRODUCTION

We prove a theorem wich generalizes a result of J. Szarski (see [4]; Theor. 2) concemning
weak inequalities for a diagonal system of second order differential functional inequalities of

the type
u:(tiz) _.<__ f(tszsu(t:I):ui(tsm)suilg(tim)iu(t:')) 1= ll"'lml

assuming that f* is parabolic with respectto u forany i=1,...,m.

After introducing the definition of left parabolic (or right parabolic) function with respect
to another one, we obtain the over mentioned generalization (Theor. 2.2) as a consequence of
a theorem about strong inequalities (Theor. 2.1) which is a generalization of Theor. 1 of [4]
in the case of left parabolic (or right parabolic) functions.

These generalizations have been suggested by the following example 1in wich we have the

assertion of Theor. 2 of [4] even if hypotheses of the theorem are not all verified. Consider
the function f defined as (V)

f(t,z,u,q,7,2) = (2 + 23 — Dsgnry,

for (,2) € D =10,T{x{z = (2,,5,) € R? : z} + 2% < 1},u € R,q € R%,r =
(%)1 <ij<2 belonging to the set of real and symmetried 2 x 2 matrices and z continuous

function in D, with continuous in D partial second derivatives with respect to z as well as
functions u and v defined assuming

u(t,z) =t-(z5 + 25 — 1) and v(t,z) = 0

for every (t,z) € D.

1. DEFINITIONS AND ASSUMPTIONS
If(1,7) € R and r > 0 we set

(L) USED =1t Rt <DAE-D?+ 3 (z;-F)? < 7
j=1

* Work supported by M.P.L., 1987 (60%).
M ]etzeR.Thensgnz = 1if0 < z,3gnz=0ifz=0andsgnz = —1ifz < 0.
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the lower — half neighborood with center (¢, %) and radius r > 0.

For all set D € R™* with D # 0, we denote by D, the subset

(12) D,={({,7) € D: (3r > O(U- (%3 C D)}.
We say parabolic boundary of D the set

(13) r,=D\D,.
If m € N and D; is a subset of R "*" containing D, for j = 1,...,m, we set

Z = {50= (‘Pj)lgjim (V) = l:-“:m)(@j : Dj — R)}

Furthermore, for ¢ = (¢’), ci<m ¥ = (V)i icm € Z, We denote

(1.5) p<y on IS (or p<¢ on T))
if it results
(1.6) limsup (97 (¥, z*) — ¢/ (¢*,2%)) > 0
k
(or

limsup (7 (t%, z*) — ¢’ (t*,2%)) > 0),
k

for j = 1,...,m, for any sequence (t*,z*) € D, such that t* is decreasing sequence and

]izn(t"‘,z") € I, and denote

(1.7) p<yY on I_ (or p<yY on TI)

if the (1.6) is true for j = 1,..., m for any sequence (t*, z*) € D, such that t* is decreasing

to —o0 or ||z*|| = +oo.

A function ¢ = (/) ;c,, € Z is called regular in D if ¢}, ¢} and ] are continuous
inDp forj = 1,...,m where z = (z,...,2,) € R“,p{; = (’ioi;)lggn and ‘P{:: =

( w:’t:lrk )1 <Lk<m"
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Finally we denote Z, the subspace of Z containing regular functions.

Assumption K: Let f/(t,z,z,q,7,w)(J = 1,...,m) be a real function defined for
(t,z) € Dy, (2,9) €EG; CR™ xR re M; CRY and Z; C Z,.

Foranyj=1,...,mweset D(f) = D, x G; x M; x Z;,f = (f7), ¢;<,, and
(1.8) Zo(f) ={e=(Phigem € Zo : (Vi =1,...,m)

((t,z,0(t,2), 0L (1, 1), (2, 7),0) € D(f))}.

The defect P (t,z) of a function p = (Wj)1ggm € Zy(f) at the point (1,z) € D, is the
vector in R™ whose components P/(t, z) are defined by

(1.9) Pi(t,2) = ¢)(t,2) — fi(t,z, (1, ), PL(1,3), Pl (1, %), ).

The function ¢ = (‘Pj)1g<m

respect to f and we write p € P2, (f) (or p € P, ( f)) if we have

€ Z,(f) is said to be left parabolic (or right parabolic) with

(1.10), Pl (t,z) —s €M,

f(t,z,0(t,z), 0l(t, 1), 0. (t, 1), 0)—

(1.11), . | |

- fl(t, z,0(t, x),pl(L, 2), 0L, (t,2) —8,0) 20
(or
(1.10), 0L (1,7) + s € M,

(4, z,0(t,7),0L(L, 2), 0L (1,T) + 5,)—
(1.11),

— fI(t,z,0(,3),0.(, 2), L (1,2),0) > 0)cr

for any real symmetric matrix s € R™" s > 0,foranyj=1,...,mand (t,z) € D,.
Finally, f is left increasing (or right increasing) with respect to p if for any

z = (zf")]ﬂgm € Z,,(1,7) € D,,7=1,...,mandr € Mj we have that
(27 >20inE;(1,D)) AN(p—2€ Z)) =
(1.12), = f/(},%,0(1,3), oL}, D), ¢ (},T),p— 2) <
< AT 0T, 0l(1,T), 0L, (1,5), p)
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(22 204inE;(L,E)) A(p+2€2Z) =
(1.12), = f/(1,T,p(1, D), p.(1,D), ¢, (1, D), p) <
s f}(flil w(frf):@i(f:ﬂ:pi:(znf):p'!' Z))

where

(1.13) E;(1,7) = D;n{(t,z) e R"":t < }.

We denote a left increasing (or right increasing) function f with respect to  with the symbol

f1_elorfi, ).

2. FUNCTIONAL INEQUALITIES

Theorem 2.1. (Strong inequalities). Assume that

1) Assumption K,

2) Foranyj=1,...,m, f/(,z,u,q,r, w)isincreasing withrespecttou’,i=1,...,m,
iF 7,

3) u,v € Zﬂ(f):

4) Pu< Pv in Dp

5) u<vonI},u<vonT_andforanyj=1,...,m v < inD;\D,

6) ve P (f) (oru € Pry(f)),

7) flouforf1_v).

Under these assumptions we have forany j = 1,...,m
W <v in D,

JI

Proof, Letbe v € #5(f) and f 1, wu.
Let be

(2.1) S;={z€R":(1,x) EDP}
foranyt € R and

(2.2) B={teR :5+%#0}, [, =inf(B) and I, =sup(B).
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At first we will prove that

(Vt* €[4, LI\B) (3t €lt”, L, D ((V(t,z) € DN (It [ xR™),

Vi=1,...,m}{(¥(t,z) < V(1 1))

(I

and

(t*e€B,t"<L)A((Vz €8,.,Yji=1,... m)(¥/(t*, 1) < V(" 1)) =
(II) = (3t elt’, ,,H((V(t,z) € D,N([t*,T] x R™),¥j = 1,...,m)
(W (t,2) < V(t,1))).

Suppose I is not true. Then, t* €]l;,1, [\B, a sequence (t*,z*) € D_ and an index j exist
such that t* is decreasing to t*,li};n ¥ = z or li};n ||::“|| = +00 and v/ (t*, z¥) > v/ (t*, 2¥).

This conclusion contradicts assumption §). Similarly, we deduce the II.
Now, we let

(2.3) A={teB:(3z€8,,3j=1,...,m)(¥(t,z) > v/ (t,z)}

and suppose that A# §. Putl, = inf(A) by I we have |, < [,. Furthermore,

(IIT) (V(t,z) € Dpﬂ(]il,fl[xR"),W =1,...,m)(v/(t,z) < V(t,1))
and
(IV) (V(t,2) € D,N (L, L] x R™),Vj=1,...,m)(¥/(t,1) < v/(t,1))

Now, if [, = [,, then A = {l, } and by IV we have
(2.4) (3T € 87,3 = 1,...,m)(v/(1,,T) = ¥V (I,T))

If fl < l,, from I it follows that SII # @ and from IV and II we have that (2.4) is true.

Hence there 1s apoint 7 € 5; and an index j so that

(2.5) u (1,,7) =v/(1,,%) and vl _(1,,T) <V (1,,%).
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Then by 4, 7, 6 and 2 we get successively

0 < PJ(1,,%) - PJ(};,D) =

= v{(1},%) - F(1,,%,v(}}, D), vi(],,D),v],(1;,D),v) -
—ul(1,,) + F 1,5, u(l,5), v (1, D), v, 1;,D),u) <
<v(d,,7) —ul(1,,3) - FU,,%,v(,5), v, D), v (1, T)v)+
+ (4,7, u(ly, D), ul(1,,D),ul,(1,,F),v) <
< vl(,,7) - ul(],,T)

and, hence,

(2.6) ul(1},7) < v{(1},7).

On the other hand, by IV and (2.4) the function v/ (-, %) — v/ (-, T) , defined for ¢ in the interval
11,,1,) attains its maximum at ¢ = [,. Hence we have u/(l,,%) > v](l,,T) in contradiction
with (2.6). This completes the proof.

In the same manner we proof the theorem if u € %y (f) and f T —v.
Remark 1. Using the notations of [4],if ) = @ then Theorem 1 of [4] follows from Theorem
2.1.

Theorem 2.2. (weak inequalities). Under assumptions 1,2 and 3 of Theorem 2.1 suppose

that
8) Pu< Pvin DP,

N ulvonlj,ulvonl and foranyj=1,....m v/ < v/ in DI\DP‘
10) let I = (l;,l,)(see (2.2)). There exists a sequence y, of real functions defined in I
and a function K : I x R — R such that the function

v v

T 1 1 1
zl,(t)=-/’ K(T,yp(r))d'r-b;-t e Z,= (zy+—,...,z"+—),
b

where t € I andv € N, satisfies:

(1) 0 < 2,(t) < 00, lim 2,(t) = 0, + 3, € Zo(f),

(V(t,z) € DP,V;' =1,...,m)
(1I) (F(t,z,(v+Z,)(1,13),vi(L,2),v

- + A

— fI(t,z,u(t, 2),v(L, z),v] (L, z),v) < K(t,y,(1)),

(L, z),v+Z)—
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(1II) v+Z, € P (f) (orveF(f)),
(IV) flu (or fl(v+3%)).
Under these assumptions we have forany j = 1,...,m « <+ in D;.

Proof. By observing that, for any v € N, the functions u and v + Z, satisfy all assumptions
of Theorem 2.1, we have that

- - 1
(2.6) u"{v}+zp+;
forveNand;j=1,...,m.

Hence Theorem 2.2, follows from (2.6) and 1.
Remark 2. By using notations of [4],if ) >; = @ then Theorem 2 of [4] follows from Theorem
2.2. In fact if, for v sufficiently large, y, denotes a solution of the problem

{y’ =o(t,y) + +
y(0) = L

moreover, we have

t
0(® = [ o(ry,(mar+ S+ 1),

Then, put K(t,v) = o(t,v), 1, II and IV of Theorem 2.2 are true.
Remark 3. Assumptions of Theorem 2.2 are true for the functions defined in the introduction.
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