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ANELEMENTARY PROOF FOR THE NON-PARALLELIZABILITY
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. INTRODUCTION
Let G, denote the Grassmann manifold of oriented n-planes in R™* . If n=1 or k = 1

then &, is a sphere and the conditions for parallelizability are known by work of Kervaire

and Milnor. Hence we assume that n > 1 and k > 1. Using Schubert calculus [2] I.D.
Miatello and R.J. Miatello [4] proved that @m . 18 stably parallelizable if and only if (n, k) =
(2,2) or (n, k) = (3,3). Another proof was given by Sankaran and Zvengrowski [5]
using real K -theory of complex projective spaces. The purpose of this note is to show that
Pontrjagin classes lead to a very simple proof of the above result.

Over émk one has canonical vector bundles -y, , and 7, , of dimension n and k re-

spectively. Let p; = pi(7,,) € H*(G,,)(1 S4S[n/2]) be the Pontrjagin classes of
1. Where H*(—) means cohomology with coeffizients in Z[1/2]. If T(@n,k) denotes

the tangent bundle of Gmk we put p{(@mk) = p( T(émk)).

Theorem. Let n> 1,k > 1. Then
@) p,(G,y) = (k—m)py,
) p(Gs4) = 697

This result implies the non-parallelizability:

p—

Corollary [4). Letn> 1,k > 1. G, isstably parallelizable if and only if (n, k) = (2,2)
or (n k) =(3,3).

Proof. Tt is well known that G, , and G, 4 are w-manifolds [4]. Furthermore G, 3 is
parallelizable. Now let n# k. Since p, € H 4(5;‘“) has infinite order it follows from part
(a) of the above Theorem that p, ( f;'ﬂ_ .) # 0 . Finally we consider the case n= k(k 2 4) . Let
i @414 — ék.k denote the canonical inclusion. Since ‘i*_’i"(ék‘k) and ‘T(éd 4) are stably
equivalent we obtain from part (b) of the Theorem i*p, (&, ) = p,(G44)#0 and hence
Pz(é k) #0. | .

Another less elementary proof of the Corollary can be given using the roots of SO(n)
and Prop. 3.2 of [6].
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2. PROOF OF THE THEOREM
Let F, denote the flag manifold consisting of s-tuples (V,,..., V) of mutually orthogonal 2-

dimensional oriented subspaces of R**. Over F, are 2-dimensional oriented vector bundles
¢,..., €, where the total space of £, consists of pairs ((V,,..:,V,), ) with z € V,. Lel

a; € H:"(FS)(I < 1< s) denote the Euler class of §,.9mnce &, @ ... &, 1s trivial we get

p, (&, @®...@¢,) =0 and hence

-]

(1) al=0.

There is amap 7 @ F, — G,yp,_5(1 StSs — 1) assigning to (V},...,V,) the 2t
dimensional oriented subspace V, @ ... ® V, of R %°. Using bundles of complex quadrics

one sees easily that 7 : H*(G,4 55-p) — H*(F,) is a monomorphism.
Furthermore

4 3
(2) W*(sz,z(ﬁ_t}) = 69 f,*: W*(;T-Zt,l{a—t)) = 69 E}'
y=] J=t+1
and hence
t
(3) D1 (Ma(s-) = ) 05
i=1
From [1], §10 we know that
_ 2 2 2 242
(4) p(&;®&;) =1+ 2(af +aj) + (a7 —aj)”.

Recall that 7( @“1 k) = Tk @ Vnp [3], thus we obtain from (2)

|l

7 (7 ézt_zgs_t))) TT#(’Tsz(a_t)) v 'ﬂ'*(ﬁzt;(s—t}) =

P D (& ®¢E).

i=1 j=t+1

(3)

[l

Now we are ready to prove part (a) of the Theorem. Let us begin with the case n= 2¢,k =
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As—1t). If 7= 7(G,y s_p) We obtain from (1), (3), (4) and (5)

TP (1) = p(77(7)) =

i 8
=EE Pl(E;@}Ej) =

i=1 j=t+1
t s
=2 ) S:(af+ﬂf):
i=1 j=t+1
t s
2(3~t)zuf + 21 E af =

Since 7* is @a monomorphism we get assertion (a).
If n+k = 1 mod 2 we obtain assertion (a) by a similar calculation using the flag manifold
of s-tuples of mutually orthogonal 2-dimensional oriented subspaces of R 2°*! .

Finally we consider the case n,k = 1 mod 2. If 7 : @n’k_l C @'ﬂ'k denotes the inclusion
then

(1(Goi)) = 7(Grio1) ® Vopet -
Hence we get
i*p1 (Grp) = P1(Ghpoy) + D1 (Vppy) =
=(k—=n—=1D)p1(Yop_1) + Py (Vpp_1) =
= (k—m)"p (1)

This finishes the proof of assertion (a) because i* : H*( én, L) — HY( ("?m ,_1) 1S amonomor-
phism,

In order to prove assertion (b) we use the flag manifold F, . Recall [3] that

(F) = & (&¢E).

1< i<j = 4
Hence we get from (5)

T(Fa,L) = ‘“*('r(é.:;.:;)} & (f1 ®fz) D (63 @’&)-
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Since F, 1is stably parallelizable we obtain
(6) W*P(é4,4)P(f1 ®&§)p(6 ®@Ey) = 1.
It follows from (2) that for 1 S 1< 2

*> , 2 2 —_ 2 2
(7 TTP;‘=Uf(ﬂlaﬂz);“*ﬁ:g;(ﬂ?,;ﬂ.q)

where o; denotes the 1 -th elementary symmetric function. Using (4), (6), (7) we get

W*ﬁz(éa;,a) = P2(£1 ‘E’fg) + Pl(fj, ®52)P1(53 @*64) + Pz(fs @"54) =

2 4
2 22 2 2 2 252

j=] j=3
4
=) a;+4 " ala} —6(ala] +afa]) =
1=1 1< i<j <= 4
4 4
= P% (69‘5:) +4p, (69&;) — 67 (py + ) =
i=1 i=1

= —6 ﬂ*p?
and hence p,(G, 4) = —6p} . Assertion (b) follows from

Pz(éam) = P%(@4,4) - 3_3'2(@'4_4) = 613?-

This completes the proof of the Theorem.



An elementary proof for the non-parallelizability of oriented grassmannians 367

REFERENCES

(1] A. BoreL, F. HRZEBRUCH, Characteristic classes and homogeneous spaces I, Am. J. Math. 80 (1958), 458-
538. '

(2] S.S. CHERN, On the multiplication in the characteristic ring of a sphere bundle, Ann. Math. 49 (1948),
362-372.

(3] K.Y. LaMm, A formula for the tangent bundle of flag manifolds and related manifolds, Trans. Am. Math. Soc,
213 (1975), 305-314.

(4] 1.D. MiaTELLO, R.J. MIATELLO, On stable parallelizability of (-}‘k,“ and related manifolds, Math. Ann., 259
(1982), 343-350.

(5] P. SANKARAN, P. ZVENGROWSKI, Stable parallelizability of partially oriented flag manifolds, Pacific J. Math.
128 (1987), 349-359.

(6] W. SINGHOF, Parallelizability of homogeneous spaces [ , Math. Ann. 260 (1982), 101-116.

Received October 11, 1990

Rolf Kultze

Fachbereich Mathematik der Universitit,
Roben-Mayer-Str, 6-10,

D-6000 Frankfurt/Main

Germany



