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ON FAMILIES OF VARIETIES
MEASURABLE WITH RESPECT TO THE SIMILARITY GROUP
IN THE THREE-DIMENSIONAL SPACE

S. VASSALLO *

Abstract. In this note all the families of varieties which are measurable with respect (o a
subgroup of the general similarity transformations group of the space R*> are determined.

1. Let G, be the similarity transformation in the affine space:

r=h{(1+02 -—m? = )z+2(lm —n)y+ 2(ln+ m)z] + a

(1) v = h(2(lm+nz+ (1 =P +m? —nP)y+2(mn—Dz] + b

2

Z=h(2(ln—=m)z+2(mn+ Dy + (1 — P —m?2+nt)2]+c

where h,l,m,n,a,b,c € R h#0 and h(1+ > + m? + n?) is the homothetic ratio [2]. This
group 1s gencrated by the infinitesimal transformations

__of of of _,0f of _ . of  of

Xif=agotvg 2y, Xaf=vg 250 Asf=—1oo+zg
_.of of _of _of _of
X4f_m3y ”az XSf_EJ:r Xﬁfﬂ@y X?f_az

Remark 1. X, f is a generator for the dilatation group, (X, f){X; f){(X, f) are the groups
of rotations around the axes z,y, z respectively and X f, X f, X, f generate the translation

group.
In the note [3] I have determined all the subgroups of the group (1). These subgroups,
when written down through the infinitesimal transformations X, f, are, up to isomorphism:

GY(N) = [ X, f+ XXy flier, Gi(e) = [Xof + X7 flerony, Gi = [X7f);

Gy = (X, £, X, fl, GA(N) =[X,f+ > Xof, X3 hher, Ga=[X,f, X115

G, = [X¢ f, X4 f1;

* Work supported by M.P.1. (40% - 60%).
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Gy =X, £, X4 f, X7 f), G3(N) =X, f+AX4f, Xsf, Xeflyer,
G3(€) = [Xsf + X7 f, X5 f, Xe flecgo .y G3 = [ Xy f, X3 £, X4 ),
G3 = [Xsf, X f, X115
Gl =X, £, Xof Xaf, Xaf], Gi=[X,f.Xof Xcf X5,
Gy = X\ £ Xs [, X6 f. X7 f), Gy =1Xyf Xsf, Xef X7 f):
Gy p) = [ X\ f, Xy f+ M Xy f+ pXy [, Xs . X6 £, X7 Fluer

= [XZfJX3f!X4f1X5f:X6f:X?fJ;(1)

From the general theory [3] it is known that, if ' is a transformation group in the homoge-
neous space X with coordinates (z,,...,z_) and G_ is a subgroup of G depending on r
paramelers, a family of varieties % depending on the parameters (o, . ., ) for which G,
is the maximal invariance group, has an associated group f/_ depending on the parameters
(ay,... ,::rq) isomorphic to &G,. One obtains the equations of these families of varieties as

solutions of the system:

@ G@2EE k@2 _ o i mk=1,0 ()

I: &k

In this note we shall find all the families of varicties admitting the group (1) or on¢ of its
subgroups as invariance group and, particularly, the measurable familics.

2. FAMILIES OF VARIETIES DEPENDING ON 7 PARAMETERS

We shall present in detail a method for obtaining the families 97, . In order to determine these

families in the parameters o, (1 = 1,...,7) letbe H4( ¢y, ..., aq) atransitive group depend-

ing on 7 parameters isomorphic to the group G, = [ X, f, Xy f, X5 f, Xy f, Xs f, X f, X5 f]
d o —

of similitudes in the space A,; and letbe A, f = a a—f(: = 1,...,7) its infinitesimal trans-

formations: these transformatuons will satisfy the equations

(A, A4,) =(A),A;) =(A,4,)=0

(3.a)
(A, A5) = —Ag: (A, Ag) = —Ag; (A, A;) = - A,

(1) The groups G; (X, ) and Gé have been determined by Cirlincione [1].

(2) We use Einstein's convention.
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(3.b)
(Ay),A,) = —A, (A A,) = —Aq (A, A) =05 (A,,A¢) = —Aq (A, A7) = A

(3.c) (A3, Ay) = —Ay; (A3, As) = A7, (A3, A44) = 0,(A43,4;) = — A

(3d) (AdiAS)=_A5;(A41A6)=A5;(A4:A?)=O
(3.e) (ASIAﬁ) =(A51A7) =(A6:A7)=0
The change of variables o), = p,(a,,...,a;)(k=1,...,7) with DGy, ..., 1) # 0 where
D(ay,...,aq)
the functions ¢, satisfy 3
( Oy, *
ﬂ*?aﬂ‘:k:Oi:l, ,6
<
dp
ok =L =1
l ?a&k
. P : B 3)’ _df
brings the infinitesimal transformation A, f = a-, 8 in the form A5 f = -é;z—- and so we can
of
scl A, f = '5;:
j Of

By the third equation (3.¢) we have that A, f = uﬁ 3 wuh u.ﬁ u{;(cxl yoee, Q).

The change of variables

{ﬂc’k= o(oy,...,0¢) k=1,...,6

ﬂ',? =EE?+ p?(ﬂll"'!ﬂﬁ)

D e . .
with (P11 P6) # 0 and where the funcitons p; satisfy
D(ay,..., ag)
dp. .
ot =0 (i=1,...,5)
Joyg
¢ 09
ﬂﬁ_ = ]
Ja,
9,
ag 291 4 ag =0
\ aﬂk
(3) The system is certainly compatible, due to transitivity of the group H7, the funcuons cz;(nrl ..... a7 ) are not

all cqual to zero: likewise for the system below.



106 S. Vassallo

leaves A, f unchanged and brings the infinitesimal transformation A, f in the form Ag f =

of o0t

3&{5 3&6

| Y- ¥
By the first two equations (3.¢) we have A f = a _é_;f_? with ¢ = al(qy,..., aq).

The change of variables

"o = pp(ay,...,a5) k=1,...,5

!

Lo, =a, +p (a,...,as) m=6,7
D
with (o, ’%)#0 and where the functions ¢, satisfy
D(ay,...,qas)
¢ 0p; _
ujaﬂ;—0(1=1,...,4)
k 905
= ]
ﬂsaﬂzk
0v,,
- +al =0 6,7
Qg aﬂgk ﬂj m =

d
leaves A f and A, f unchanged and brings A f in the form A§ f = ——-'f- and sO we can set

das

A f = Baci By the last three equations (3.a) we have A, f = aq ::5 + g aaii + 0y 66{{?

uljf (j=1,...,7) witha)} = a’(ay,...a,). The change of variables
{crf,‘ =p(ay,...,a4)1=1,...,4

o =a_+¢p (a,...,a) m=5,6,7

: -D('pli” :pd
with
D(ﬂla II:1‘:*.1.)

# 0 and where the functions ¢, satisfy

ow.
af el
aﬂk

a‘Pq
ﬂl aﬂk

r Op
“1 3a,

= () 1=1,2,3
=1

—2+al' —p,, =0 m=5,6,7
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leaves As f, Ag f, A, f unchanged and brings A, f in the form A} f = aaf 3 f
oy
 Of | 9F _of , of ,  8f  of
o7 aa’ 8&7 and sowecanset A, f = 8a4 Qs 6&5 6:1'6 ol E.

By the first equation (3a) and by the equations (3b) we have:

d 2, 7, d
Azf_ﬂgaTL+E (ﬂza{:{h) ?8f ﬁé (k=1,...,4;h=5,6,7)

with a5 = a4 (¢, oy, &) . The change of variables

a, = p,(a;,0,,05) k=123

oy = ag + pa(a),a,,a;)

[ —
o =a +eMp (a;,a,,a;) m=5,06,7

D(p,, 0y, 93)
Do), a,,ay)

with # 0 and where the {unctions ¢, satisfy

Jo.
a¥ Pi_0 i= 1,2
aﬂ!k
3993
=1
az aﬂk
dp
k9P | 4 _ ¢
ﬂz aﬂrk ﬂZ
¢ Op 4 S
ﬂ-zaﬂi +ﬂ2¥]5+{12 =0
%,
ﬂza(pﬁ +ayp6 + a3 + 7 =0
dip7 4 7
agrﬂ+a2{p?+u2 — Pg =
_ af
leaves A, f, Asf, A¢ f and A, f unchanged and brings A, f in the form A f = £
‘-'-“3

, of ., Of of of of
3&6 ,53&5 andsmwccansclAzf-aQB 7 e 6+aﬁan7
The further conditions expressed by the equations (3) give
af af
A, f = b, —— + ™ b
1 f = (a;cos ay + scna3)aﬂ + €™ (a5 COs a3 + bg sen a3)3&5

)
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Y 3
+e™(ag COS 23 + bg sen 2 a5 + u?)a—f + ™ (ag Sen 2y — bg COS 2 a5 + b-,,)a—f+
Qg Qg

af af

+ & —
?3&5 Saﬂ?

0 0
Ad-f_ (ﬂ- S€n Ifl’a — b COS ﬂ'a)_f‘l‘ Eu‘(ﬂs SCN ﬂ‘l'a —bs COS &3) ac;f
5

3&),

of .

+e™(ag sen 2aq — by €08 25 — by )3
l

af af af

+e%(—ag CcOS 23 — by SEN 2005 + a7) — + g

Y
aﬂf'? 6 3&5

with j = 1,...,4 and where a, = o (o;,,),b, = b (ay,,);8 = 1,...,7, such that
ab, —a,b,#0 and (A5 f, A, f) = A, f.

The change of variables

a, = p(ay,a,) k=1,2
a_ =a_ +¢ (a,a,) m=34
ﬂs —_ l:l.'fS + E“"!ps(tll,{l*z)

ag = g + €™ [pg(a;,a,) COS ay — po(ay,ay) Sen ay]

ar = a; + e[ pg(ay,a,) sena; + p,(ay,a,) COS ay )

D(py,9,)

with
D(ﬂ-’1 ;ﬂfz)

# 0 and where the functions ¢, satisfy
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dp; dp; 2
[u18a1+ 2 Bar, \/(1'*‘%)003993

blaﬂ"‘bz 001 _ —\/(1""502) SEN 5
2

Jdo, Oa
a gz? + a; g{p‘;’ = (1+ p3) sen py
b, gz? ”"Zgzj = (1+ p?) cos p,
a gz? ta; g:; = — P, COS 3
b, Zz? + b, Zzz = ©, SeNn ;,
alg:: +azgzz +a, =0
b1§{i? +bzgz‘:+bd—-0
132? + 2222 tasp05 +as = g
b, g{::‘:; + by gzj + by ips + bs = pg
a, ZZf +uzgzz — Q307 + 8,06 + Qg + Gy =0
bIZZ? '*'bzgzz 397 + bypg + bg + by + 5 =0
ﬂl%+ﬂzg~z—;—+ﬂ3tpﬁ+a4w7—*b6+b-}-+tps=0
b, ZZ:’ +b2§zz + by + bypr + ag —ap =0

leaves A, f, A, f, As f, Ag f and A, f unchanged and brings A, f and A, f in the form

af 3)’

A f = ‘/]+&2005&33__+(1+&2)Sen&36
)

8f af af

— 0, COS &> _—— Qg —
e 3 8&3 ? aﬂs 3 aﬂf?
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af af
Asf = \/1+azsena3al (1+a2)cosa36ﬁ2

of af af

—Qly SEN Qg —— 3a3 Qg 635 + o 8&6
The measurable group H, = [A, f, A, f, A3 f, A, f, As f, Ag f, A; f] we have obtained ad-
mits the (elementary) measure

e3% (14 o)~ d, Ada, A ... A da,

where e~ (1 + a3) 3/ is the solution, up to a constant factor, of Deltheil’s system for
the group H,. The required family of varieties depending on 7 parameters is obtained by
integrating the system of type (2).

3_F+3_F 0
dz Odo,
?.J_;‘..q._a._.ﬁ_‘.—[]
dy Odaog
a_F+a_F—U
0z Oas
m?ﬁ+ QE+36—F+8—F+Q aF+cx 8F+& ?ﬁ,_g
9z Yy Y0z Bag  Sdas  Sdag  T0a;
OF _9F OF  9F  OF _
Yoz " %3y " 9a;, " 8ag Y 0a;
I3F+z?—£+-¢l+n COS a—F+(l+a ) sen « oF a, COS o 3F+
0z oz 2 ? da, 2 ? da, 5 > Aoy
+ oF &EE- 0
"0as O da,
oF dF doF dF aF
z—é;— E+\/I+a%sena3é?]—(1+a2)cnsn3a&2 azscnﬂ3aa3+
68(15 56&'6-—

So we obtain the family of varieties %, (%)

(4) We shall use the notation %, for the measurable families of varieties depending on k parameters and E for
the non-measurable ones.
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F(z,y,z) =0

7= [ay(z —ag) + (y —ag) COS oy + (2 — ) Sen o, ]
3/1+c1-:22

_nd

€

y=
Vv 1+ cx%
—(z—ay)(ay,cosa; + 1+ cz% sen ay ) sen oy ]

._n-4

[(z —a5)cosa;, +(y— ﬂ:ﬁ)(\/l + a2 sen oy — @, COS ¢y ) COS Qiy +

€

N
1

= [(z —ag)sena; — (y —ag)(a, sen oy + \/l+ a5 COS ;) COS s+
2

C + (2 —ay)(W/1+ a3 cos a; — a, sen a;) sen ;]

3. FAMILIES OF VARIETIES DEPENDING ON 6 PARAMETERS

3.1. Families admitting the group (; as maximal group

By using the same process as in section 2, one finds the groups:

of af af of af
1 _ | Y/ _
He(X) = [8a3+ 43&4+ 58&5 + 63&6 (1+:::.::1)s,cn«:mzékml

of of of .

+a, COS &~ +)&J1+ﬂ‘ COS @y —— — +
: 23&2 1 % Oy 63::1'5 56&6

(1+a?)cos::r2(,ii+alsena2;é+k\/1+ﬁlsena2-§£+aﬁaai 486,:{6
aan; &5;{2+ 4;;*36;’;1’62]*““
H? = a@{i]a@; 56&,4 “6&:5 \/1+a2 coscrgajl +(l+ﬂz)sena3i{2+
—%003“336{]2 crdcrgaaf (1+ﬂ5)§%+“53&6 \/1+ﬂ2 > a3§ci
Y, 3f of of . E?f

2
—(1+ a5) cos & + a, Sen « +(1+u:)——+cr
2 33{1'2 2 383 4 3&4 4 53&'5
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( af  af f)ﬂ_ Of o, Of

_a4 aﬂ4 E * E 5[1'4 3&'5

group H, () is measurable if and only if A = 0 and, in this case, it has measure

e (1+ a?)?da; A... Adag

On the contrary the group H¢ is not measurable. In correspondence to the group H, () one
finds the families of varieties:

—

?I(A) F( sen njz| -+ En:c-s 7| ¥ = cos ek — -i-scn £"|Il> = (

A T A I A T A

if \# 0 and
Fe F(Z,58+7)=0 if =0

where

e~

T = [(r—as)cosa, + (y—as)sena; —a;(z — ag)]
v 1+ ﬂ!!i

y=e"[(y—as)cosa, — (T — a,) sen a, ]

—Qry
z= [(z—ag) + a;(z—ay)cosa, + a,(y — as) sen o, ]
+ O

1

In correspondence to the group HZ one finds the family

%r(53)

where

- ]

T = [ze™™ — 1 —ay(ye™™ — ay) COSay — a, (2% — ) sen oy )
\/1+a22

CoS oy — [(ze™™ — ag) COS a3 — (ye™ @ — ay) S€n a3 ] sen q

- ]

y = [(ye™ ™ — a,) cos a, + (ze™¥ — ac) sen a, + a, ze” % — a, |
\/m%' 3 b 3 2 2

_ sena _ _ ~

2= 1 Y —1—-a,(ye™™ —a,)cosa; —a,(ze™ — ag) sen a, ]+

[ze€
Vv1+ E%

+ COS a; [(ze7% —ag) COs a; — (y —e™% — ay) sen a4 ]
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3.2. Families admitting the group G, as maximal group

One finds the group

af df df
H3 = [\/1+ a%ms%ﬁ—]— — (1+ a3) sen a3 —— 5o + @, COS a; 5,
af af af

of _ of of of of of

da; B0y M Bas’ Doy Bas’ Doy

This group 1s measurable and it has measure
(1+ a2) % day A ..\ doyg
[t 15 associated to the family of varieties
F: L F(%,9,2) =0

where

T

y=1(y — as)cosa; — (z — a,) sen ;] Cos o, +
SCn Qy

113

af af .

8] + &
6 3&5 3 3&6

of of .

—F_H'u‘ e ——
ﬁaﬂd 48&6’

1 |
\/_2.[(:1: — ) COSaz+ (Y — ag) sen a; — a, (2 — ag)]

4 \/—I[(z“’ ag) + oy (T — y) COS a3 + (Y — ag) S€n ay ]

1+EE2

- COS a

z = [(z—aﬁ)+&2(z—a4)cf£}5ﬂ3+(x2(y—&5)56ﬂﬂt3]+

1+{}:2

4. FAMILIES OF VARIETIES DEPENDING ON 5 PARAMETERS

4.1. Families admitting the group GG, as maximal group

One finds the groups

Hs

—— (1 + aj) cos o + oy Seén o
dag : 28&] :

| Of 2 af of 9f .

" 3&'2 e 333

of .

33&4'
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of af af of  of
(1“‘“1)53"“23&1 a msazaﬁz a3a4a —(1+ 4) 4 +ﬂ43ﬂ5
af of of of af f)
1 —_ —Qs | __ v i
3&2 * ( * &3) ¥ 33 a4 3#:!4 aa 3&5 ( ﬂg, 3&'3 ad aﬂ4 ¥ 3&5
0 2L o 2L ]
¢ 3&;, day
and
) _[0f L Of 9f Of Of . la0f, . Of
HS [3{15 ] zaﬂ!] laﬂz 46{13 * @3 3:1:4' (l+ &1)3:&:1 ¥ A% 3&'2+
0 9 of 2 Of __Of _of
+ 0l Oy — 3{13 + a0y 3::!4 Q4 Oy aﬂtl. (1+ cul)a ) Oty Oy 3::!3 — a0y Jar, :

3 o 2B pe ]

+
ﬁfa 1 3:‘:!4 3.*.*13 ' 3{1'4

The group H! is not measurable and it corresponds to the family of varieties

— T2 + 2°
ﬁ’;:F( = )=0

Y

where

T=(ze ™ —1)cosa, + (ye™™ — a3) sen o,
1

Y \/ml,[(ye

~ 1
z \/mz.[(mf:"'Jlrj —ay) —a(ye™™ —ay) cos a, + a,(ze™™ — 1) sen a, ]
1

—a3)cosa, —(ze™™ —1)sena, + a,(ze™ — a,)]

On the contrary the group H? is measurable and has measure

(1+af +a3)%day; A...ANd/ag

and corresponds to the family of varieties:

& . F((1+a1 + a2 T+ a,T)? + [(1+a2)z+a1m-a1u2§]2) ~ 0

(l+nt2)(l+nr1 +n:2)
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where
T = e 9s
- — -
y=ye 3 — ay
z=2z2e"" —a,

4.2. Families admitting the group GG, as maximal group

Onc finds the measurable group

H? = |—(1+ a?)sen a, :{i + oy COS azaacri Qg :{i + oy ;ﬂfs
(]+uf)cosa2;‘£ + a, sen a2%+a5;é ﬂ3;fi5
of __of . 3f of of of
da, 3a3 s da,  Oa; 0o, Oosg
This group has mcasure
(1+ af)?da; A... A das

and 1t 1s associated to the family

where

~ 1
I

v 1+ crzl
g (y—cr4)COScr2 _(I—f}f3)5Cﬂ %)

1

W1+ nrzl

1

0}
I

4.3. Families admitting the group G (X, ») as maximal group

For fixed A\, 4 € R one finds the group

. _[of . of  of _ of of i
s = [3&:1 T 36::1'3 8&:4 s das’ da, + (Aas = pay)
of of . of of  Of

+Hpay — ag) —— e + (ay — Aay)
4

aﬂ's * 30:3 ’ 34:1:4 * 3&5

[(z —a3)COSay + (y—ay)senay, —a; (2 — as)]

la;(z —ay)COSay + a;(y—ay) Sen o, + (2 — ag) ]

of
da, *

115
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which is measurable with measure
e%da; A...Adas.
In correspondence one obtains the family
#:: F(%,§,2) =0
where

e %

1+ 2% + u?

81
Il

[(z—a3) + My —ay) + p(2— ag) ]

<1

_ e~ r(I o) psen\/1+1\2+p2a2+
VI+ X2+ p2 | ¥ V14 22+ pu?

+)\(1+)\2+p2)008\ﬁ+ )\2+;12a2)+

1+ )2

(1+ 2%+ p?)cos\/1+ X2+ p2a, prsen/1+ 22+ pla,
+(,U_ﬂ4) 7 +
1+ ) V1+ 22+ p?

(1+A2)sen \/1+ X2 + p2a, |
\/1+)\2+p2

e~ ™ — cos /1 + A% + pla
(z — ar) L
\/1+}'2+“2_ ? \/l+)\2+,u,2

A1+ A%+ p?)ysen/1+ 22+ pla, N
1+ )2

+(z — ag)

Z =

(v —a) }.COS\/1+A2+;;2&2+(1+k2+p2)scn\/1+kz+n2a2 .
)T Vit 422 1+ A2

(I+)\2)COS\/1+)\2+;¢2{12-
V1+ A2+ 2

+(z — ag)

—
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5. FAMILIES OF VARIETIES DEPENDING ON 4 PARAMETERS

3.1. Families admitting the group G, as maximal group

One obtains the groups:

af of . Of Of df. afJ

e da, %2 day ' = 3&:2 *2 5, da, O, % da,
af of af of af af
2 - —_—
Hi = [8&4’ &1&23&1 (1+ « 2)3{12 ﬂ'z&aa (1+ﬂl)3&'1 +{1‘1CE23&2
to|o E—— ; —Q Bf + « af e Bf e Mo Bf af] .
13 6&3 2 aﬂfl : aﬂz ! 533 ’ 2 aﬂ'a 3&3 ’
, _[8f. of  of of  af af af
He _[31'14 26&‘1 ¥ 2+(]+ 3)8:13 3 da, (14 )3u1+ﬂ1a23az
s, s, s, d
+( oy ay —azﬂg)é+a2ﬂ3a;; alazai (l+ﬂ2)3ci
af af .o 9f |
of Of , 81 Y. e Of
* B 3&4 (“&3 Oar, ¥ day, ) '€ 3::!3}

The group H, is measurable and it has measure

E_3nl dﬂ:'l AL A d&4

the corresponding family of varieties is:

Fy P (2 - )2 + (y—03)2 + (2 - 0)%]) = 0

which includes as a particular case, the spheres with centre (a,,a;,a,) and radius e™ :
et [(z— )%+ (y— ;)% + (2 —a,)2] - 1=0[2).

The group H} is measurable and it has measure

(1+af +a?) ?da, A...Ada,
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The corresponding family of varieties is:

P .opf it mye Mt aze™ —ay )
4 - ) -
V1+ o +cx%-

The group H; is not measurable; the corresponding family of varieties is:

7.5 (1+ a3)(ze ™™ —ay) + a;ze™™ — aa,ye™™ + a, a, _ 0
) \/I + ::1:12 + cr%-(ye‘“** + ayre”™ — 1)

5.2. Families admitting the group G, as maximal group

Onc only finds the group

o f of of df of of

Hj: _ﬂza_a'l+a18a2 “4£+ﬂ3£‘2“1ﬂzé‘;+(1+ﬂg)£+
of of of of of df
tons g 5&:;”(1+a%)E_QIQZE_QIH3£'_&2&3"6";1';

L Of . . Of 8f of

o ; ; ,
'da, 200, Oay” Oary

This group has measure

(1+ af +a3) *da, A...Ada,

and 1t 1s associated to the family of varieties

+ 2

P F([alz+(l+&%)(y—-c13) Halaz(z—a‘,)]z (z+ azm—aq)z) _ 0
4 (1+a? +a2)(1+a?) 1+ o -

which includes, as particular case, the family of straight lines [2].

5.3. Families admitting the group G (), 1) as maximal group
One obtaines the groups
af

+ (poy —aa,y — 33)%—+
2

H:f(ﬂ,f) = {g—;(ka3 — pa, — o + €)
4

9f
da
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Of | Bf . e Of. a9, Bf}

— — A
witha € R;e € {—-1,0,1};a-¢=0 and
of 9f of of
HS = [8{:&!4 3‘11 + (,un:z + 4= Gy — A0y Q) T S, +(a, + payay — A — Aﬂ%)aﬂa
Of . —a, of of f) Of . o, Of
HAay —pag) 5 i ( 230, M ba, 90y )¢ oy " 3&3]

The group H} (a,¢€) is measurable if and only if ¢ = 0 and in this case one finds the family
of varieties

Fi  F(7,2) =0
where
v=[(z— ) +(y—a,)? + (z— ay)*le*™
{ tfe=0
z=[(z—a)) + M(y—ay) + p(z—ay)]e™™
and

v = |k(y —a,) cos kz’' — edu(y — a,) ksen kz' — e(1+ pu®)(z — ay) sen kx'+

\r' — 2,1
eﬂ“ A cos kz' — e™ eud’T + A sen kx'| e~
k k2
1fe#0
zZ= [Ek(y — ay) sen kx' + Apk(y — a,) cos kz' + (1 + p?)(z - a,) cos kz'+
k*z' + )\ AT —
+ %4 s :2 cos k' — e™e¢ z p i sen kI’] e ™

where k= \/1+ X2 +p2andz’ = [(z— ;) + My — ay) + p(z — az)]e™%.
If a# 0 one finds the family

Z, : F(§,3) =0
where
= [(y_frz)kcask In|z’| -—pJ\(y az)kscnk Injz'| — (1+u )-(-5:-7%‘—2-
ar ﬂI ax
A
sen k In|z’'| + pe™ sen k In|z'| — 7 608 k Injz'|
az’ ax’ az’

cos k In|z'| — pe™ cos k lnjz'| — — 7 sen k In|z'|

(z —aj) A
ar' ]
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where k= /1 + X2 +p2andz’ = e [(z—a;) + My —a,) + p(z — ay)].
The group H{ is not measurable and it is associated to the family of varieties

I I

?;:F(E,E)=D

where

1

=ze ™ + ANye ™™ —a,) + p(ze™™ — ay)

z 1+ )2

y= 1+A21+ > [—ze % (usen \/1+}\2+p2ﬂ:1+
+ AT+ 22+ p2cos 1+ 22 + p2a;) + (ye ™ — ay ) (V14 A2 + p?
cos \/1+ X2 + p2ay —dpsen \/1+ 22 + pu2a)) + (14 2?)(ze™% — a3)
sen \/1+ 22 + p2a; + Acos \/1+ A2 + pla,]

~ 1 _

z = 1+k2+ﬁ2[e AUr(AV1+ 22+ p2sen/1+ 72 + pla, — p

cos \/1+ X2 + p2a;) + (e™™y — a,)(hpcos \/1+ X2+ pla, +

+ 1+ 22 4 pZsen \/1+ 22 + p2a)) + (1+ X2)(ze™™ — ay)

cos \/1+ 22+ p2a; — Asen\/1+ 22 + p2ay]

5.4. Families admitting the groups G, as maximal group

One obtains the groups below ( H5® ~ G%)

7 of of
Hy = [Bad \/1+u:2(:05a36 (1+cx2)scna3aﬂ2

of .,

+ a4 COS a \/1+a sen o
‘ 36&3 2 36&1

oaf 3f_3f]_

2
+(1+ a5) COS v —— + o, S€N o :

o - laf of . of of of . Of of 8f].
4 da, 331:1:3 48&54'8&2 43&:3 38::!4’8&3’6&4 '
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af o0f af L Of  of . af}

H] = | S5 4 oy + @y = + @y} =) =
? Doy, > Ba, 4" O, ' Oy’ Doy

¥

Hm__[af of , . 9f 0f df. 61‘]'

¥q —— + (8 ’ ’ »
5&'1 3 aﬂ‘.'z 2 8&3 aﬂz 5{13 3&4
Each of these groups is associated to a measurable family of varieties (H,;c — ﬁj*z)

ﬁi:F(ﬁTa{

(z+ a,TCOS a3 + ayysena;)) = 0

with measure d%; = (1+ a2) 3 2day A ... A day;

_u* E—{]‘

(zCoSay + ysen oy — a,z), e “(ycos a; — T SeN ay),
Vv 1+ cr%

ﬁ'ﬁ F(em Mz, em™M[(y—a3)Cosay, + (2 —ay)sena,], e ™ [(z—ay)cosay, —(y+
ay) sen o, ]) =0

with measure d%s = e 2% da, A...Aday;

F o F(e™(z—ay),e®(y—a3),e®(z—ay)) =0
with measure d%, = e da, A...Aday;

.93'3 F((z—ay)cosa;+(y—aq) sena,,(y—a3)cosay —(z—a,) sena;,z—ay) =0

with measure d%; = day, A ... Nday,.

6. FAMILIES OF VARIETIES DEPENDING ON 3 PARAMETERS
6.1. Families admitting the group (G, as maximal group

One obtains the groups

of of of of of of
1_ |9 OJ aJ . 9] L1+ 2L, 9.
3= 5y M50, T M ga, M1, PTG m g
df af af _ af of of
_ 1 2 v - _ " . E‘I3 . .
( * o ) affl 1% aﬂz ¥ %1 aﬂt'a € (&1 aﬂfl * %2 aﬂfz 633 ‘
o 2]
3&'1 ’ aﬂl’z
of of 2y 9f of 2 9f 2] 0f
Hy =|7—;— — —(1 —— — ) — —— + a; —;
S T 1% da, (1+)) da, "2 da, (1+0o) da, Hiather: Jda, T Oary
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8f  Bf . o 8f. . Of ua_f]

+ a , o€ €
%2 da,  '0ay,’ day’ *2 Oay da,

The group H; is not measurable and it is associated to the family of varieties

?3 (ye™™® —ay)? = k[(ze™™ + 1)? + (ze™® — a,)*] (k = constant)

that is a family of cones or cylinders and, if & = —1, the family consisung of single points.
The group H# is not measurable and it is associated to the family of varicties

? zt o Tt o,y —e
3-

= constant
Vv 1+ &? + a%

This family is obviously the family of the planes.

6.2. Families admitting the group G, as maximal group

One obtains the groups

3 [ of af af of . of 9f 0f Of. 51’}

13 = =5, da, * % 5, Oas 93 da, * dasy 8&:1 nt Oa, Oay Oa, Joy
d J 9, d
H;:[ ﬂfi“zaf —(1+ « )6;; E!EEH}a{i; (1+ 2)—5:+a1a26£{2

of af of . of . Of af}

+ —« + o
1N Sa, day’ 3&:1 . 3&:2 "M e, Oday “2 61:1'3 douy
This groups are both measurable: the first has measure
da, A da, A day
and 1t 1s associated to the family of varieties
F i F(z—a) +(y—a)? +(z—0a3)?) =0

which includes, as a particular case (z — «; )2+ (y— &,2)2 +(z— u.r3)2 = R? i.e. the family
of the spheres of fixed radius and, if £ = 0, the family consisting of single points [2].
The group H; has measure

(1+ af + a2) da, Ada, A da,

and it 1s associated to the family

ﬁ%:F(Z+ﬂ1I+ﬂ'2y—ﬂ3) =0

\/1+u%+a§_

which has, as particular case, the family of the planes [2].
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6.3. Families admitting the group G (), ) as maximal group

One obtains the group

af af o f
H3 = [5&3 (hayag + pag —af = g+ (g —ayag —pay +3) 52-+
Of | _ay Of . _a Of af of  of
— )\ —
+Hay — day) 7— EP 6&2 80:1 ( “ 3~ %2 Gay + 5,

which is not measurable and it is associated to the family of varieties

Eij - E*B3I—ﬂzh+ A(E_ni'yf—ﬂ:])"i'#(ﬁ_ui‘z—]) \ =0
’ \/(E‘“JI""&’z)z+(E_“W—‘ﬂ1)2+(e_“33_1)2}

6.4. Families admitting one of the groups G as maximal group

One finds the family of groups H? () each of one isomorphic to

of Of af af
s HS (M) = [ s —(1+ af
G, 3 () S, Do ( +u1)scnaza + 003&23&2
af .
+A\/l + af cos @) —— o,
(1+&)COS& —-ai+cx sen o +}\\/1+cr sen o of
] Zaﬂ'l 2 28&'2 l 28&'3

with d € R.
For each value of ), H??(A) IS a measurable group and it has measure

(1 + &%)"3{’25'!&1 Adﬂz Adﬂ.‘j

it 1s associated to the families of varieties

123

PN 1 R L] iﬂJyI lﬂl.ﬂl) -
F COS — — &en =S =0 1fX#0
F(N) (y A J Ay y A Az
(2 + 2% 7)) = ifA=0
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where

e

* Vvi1+ &51

(z+ a;yCos ay, + ;2 8€N @y )

€
\/1+cr11 (

e " (zcos ay — ySen ay)

yCoS oy + zS€N €, — | T)

!
Il

z

There exists a family of groups and two groups isomorphic to G} :

Oy T + & Qy — + «

of af of . df af af af 6f}
7 — | 2L e
H3 (}‘) - I:aﬂl ¥ 2 aﬂz 3 aﬂ‘f} 1A3ﬂ1 3 3&‘2 2 3&3 ] 6&2 , @l‘.’}:‘-jI ’

with A € R
af af of of of OJf BfJ
3 — —— —_— ——
Hs = [az Jda, T day ' o & da, t o Oay ' O, ' Oay
of of of af of af]
9 - | 2 = (1 2 i .
H3 [6&1 T B, ( +“2)aa2 2% 30, 2 80y’ B,

The group HJ ()) is measurable if and only if A = 0 and in this case has measure

E_Zul dﬂ!l A dﬂ'z A df_‘r3

To this group are associated the families of varieties

ﬁ()\):F gcoslniml f_—sen-mlzl;y;sen £ﬂ'|$|+_£__cos inl7| =0 1f2#0
T A T ) N A T

where, in both cases,

The group HS is not measurable, it is associated to the family of varieties:

— < — X < — (¥ —
&P (122 cosa, + 2 sen a ; dcosa; — L2 senq, ) =0
I I L L
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The group /3 is measurable and it has measure
e~ (1+ o) da, A da, A da,

It 1s associated to the family of varieties:

& F e (2 — aq + crgy)rehulm ~ 0
Vv 1+ crzz

One finds only one group isomorphic to G .

i = [ o B 2 (B g, B o 2
’ doyy 6&2 3::13 Oa, * Oa,

which 1s not measurable; it is associated to the family of varieties:

e ® T — Qly e o — o,

One finds two families of groups and one group isomorphic to G

af of of of adf Oof
Hat () ==[A———-— — yeR:
3 ( ) aﬂfl 3 3&’2 ta 2 f3&3 5&“2 aﬂ't'3 3{1'1 E ’
af 3f of df Jaf df af
HIZ(\) = : : - .
37 (A) [89:1 * 9, | Zaa;aaz'aa;“ﬂ”la%”SC““laan"\*ER'
o f of of 48f Oof
Hy? = | —(1 —~ :
3 [ ( * ﬁz} 2 {}:2&3 3&3 2 3&3 aﬂfa aﬂl }

The group H5' () is measurable and its has measure
dﬂt’l A dﬂ."z JAY da3
It 1s associated to the family

E—EEI

A

2 — oy

A )

F ((m—az)ms + (y — o) sen

F5(N)

(z — ;) sen —(y—crg,)casz;&l):{) if Ax#0

F((I—ﬂ:z)z-f-(y—ﬂ3)2,z—-cr1):0 ifA=0



126

The group H1?()\) is measurable and it has measure

It is associated to the family of varieties

S. Vassallo

.9'73(}.) c F((z—ay)cos a;+(y—ay) sena; + Az, (y—ay) cos a; —(z—ay) sen a;) = 0

The group H4> is measurable and it has measure

(1+ a3)*da; Aday Ada,

It is associated to the family of varieties

— Qy +
.?g:F % ﬂzm;z—-al =0
q.,/1+¢':1.:22

6.5. Families admitting one of the groups G} as maximal group

One finds the measurable groups H5 where Hf ~ G5~

it = (2L s o, 2L, 2L 0

+ o which 18 associated to the family:
aﬂl J aﬁg‘ aﬁz aﬁ'?' ] y

ﬁg c F(eT™(zcosa, +ysena, ), e M (ycosa, —zsenao,),e 1 (z—a;z)) =0

with measure d.9?._§ = e " Mda; A da, A day;

d d d d d
H3 -[afl+(n:2—Aa3)£+(a3+haz)a;;a;;ai

family:
ﬂn
a,) sen da, ], e *z) =0

with measure d.ﬂﬂ = e~ *%da, Ada, Ada,
[3f of ., 91 0f of
H3® =

- + o which is associated to the family:

.
with measure d%;' = da, A da, A das;

} which is associated to the

 F(e™™[(z —ay)cos day + (y — ag) sen day ], e ™ [(y — a3) cOS Ay — (z +

: F((z—aj)cosay+(y—az) sena,,(y—a3) COS oy —(T—ay) sen o, z—eay) = 0
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of of of
17 _ 2
Hy" = [\/1 + t:?z COS a4 Jax, (1+ o) sen oy —— Ser, + oy COS Qg —— o, \/1 + o3 sen a,

0 f of of . of

2
—— + (1 4+ ay) COS & + o, SeNn ;
da, - Yda, 2 36&:3 da,

which 1s associated to the family:

TCOS Q3 + YSEN v — iy 2
ﬂZ:F( 2 3 2 ,(ycos a3 — z sen ay ) COS ary +

v 1+ ﬂs%

a, (ZTCOSax + ySeNna, ) + 2 a, (TCOSQq + YSCN avr ) + 2
! 3ty 3) sen o 2 ( 3+ Y 3) N

~.4/1+522 b \/1+af%

—(ycoS a3 — TSeN a3) sen o ) = 0

with measure dﬁ';z = (1+ &) ?da; Ada, Ada;

i [0 3f of
3 da,’ Oa, ' day

ﬂ3ZF(I—ﬂ],y*ﬂ1,z—ﬂ3)=0

J which 1s associated to the family:

with measure d%3° = doy A da, A das .

7. FAMILIES OF VARIETIES DEPENDING ON 2 PARAMETERS

7.1. Families admitting one of the groups Gs( A, u),G¢, G, as maximal group

There are not groups isomorphic to G¢or G5 ; there is the group H,isomorphic to Gs(A,p) :

Bf af uz,u\/l+}@ + p?cos \/1+ 22 + p2a; — Asen \/1+ 72 + p2q,

71
& 5&:2 6&:1 1+ p?
% e “?scn\/l+/\2+p o ;fz

—a, B SEN V1+ A2+ pla, — 1+ 2+ p2cosy/1+ X2 + pla, af—

€

This group 1s not measurable; it is associated to the family of varieties:
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e~ (x+ Ay + uz) =k,

e~ [—(Acos\/1+ 22+ p2a, + uy/1+ 22+ pu2sen\/1+ 22 + p?a,)z+
tcos 1+ A2+ p2a; + (\/1+ 22+ p2sen/1+ 2%+ p2+
7, - — uhcos /1+ 22 + p2ay) 2] = k,
e~ [(hsen\/1+ 22+ pla; —pu\/1+ X2+ p2cos \/1+ A2 + pla;)z+

—ysen \/1+ X2 + p2a, + (\/1+ 22+ p2cos \/1+ A2 + pla+

AL sen \ﬁ + A2 + p?a,)z] = ky where k; = constants

7.2. Families admitting one of the groups G as maximal group

There are not groups depending on two parameters isomorphic to G5 and to G5 ; one finds
one group isomorphic to G2: the group

Hz_[ 9f . 3f, of , of of. of
2 3&‘1 2 aﬂz 2 3&'1 l 3&'2 , 3&'1 ‘ 3&'2

iIsomorphic to Gﬁ* This group 1s not measurable and it 1s associated to the family of varieties
— . 2
ﬁ;‘: : F(m&"zl(”*“‘} +(z—ay) }) =0

BeSidcs one ﬁﬂds [he gro.up H% = ["*‘aa—;{— COS o 1 aaf s€n ﬁi aaf aaf
| o728 @, 0Q

This group is measurable with measure

] isomorphic to G5 .

da, A da’

It 1s associated to the family

¥, F(z—a, +1C0s ) + ysena,) = 0
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7.3. Families admitting one of the groups G% as maximal group

There are no two parameter groups isomorphic to G3 .

One obtains two groups isomorphic to G;

of df Of

*Oay ' Do, ' Oaxy

} and I3 = [—+r:.r2 ,

Hy = [u:

The group H; is not measurable and it is associated to the family:

2 Z—D.’Z z—ﬂ.‘z

The group //; is measurable with measure
day A de,
[t 1s associated to the family:
ﬁ’% c F(e™zsen[e™™(z—ay)] +e M ycos[e ™™ (2 — )],

e Mzcos[e ™™(z—ay)] —e Mysen[e™™(z—w,)]) =0

Onc obtains two groups isomorphic t0 G2 () :

af df Jf OJf
6 _ B . .
Hy = [(r:r1 ,\32)8&1 + (Aay + &2)81&'2 . 3&2]
~and, iIf A#0,
df af df Of
]{1?: [(14-}«2{!%)67‘14-(}&2&1&2+&2)"3—'&'-2",— HIE,E]

The group H5 is not measurable; it is associated to the family of varieties:

:ﬁ K (I ;al cos( A In|z]) + / —zﬂ'z sen( A In|z|);

y— ay o,

cos( X In]z]) — I; sen (A anzD) =0

129
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the group H, is measurable with measure
(1+22a2)3 25" da, A da,

It is associated to the family of varieties:

.93 : P((y - dayz — &2)-\/1 + Aza%e'mih ;ze"mih'l y=0
One obtains two groups isomorphic to G3 ( €)

of of of  odf ]
8 _ |_
& [ 2 dar, T 8&2 da, ’ da,

and

af of  of 3)‘J

H) = [(1+af)——+ ;
2 [( o) da, e da, " da,  Oa,
the group H2 is measurable with measure

dﬂfl N dﬂ‘fz

It is associated to the family of varieties:

S. Vassallo

F((z—a;)cosz+(y—aj)senz;(z—a;)senz—(y—ay)cosz) =0

%,
F((z—a)* +(y—a)*,2) =0

The group H; is measurable with measure
(1+a?)?da, Ada,

It 1s associated to the family of varieties:

.fg ; F(¢l+a%(y—ﬂlz—a2),z-—-saz arctg ;) = 0

One finds only one group isomorphic to G5

of af af of

H) = (1+ a?)cos a o, Sen o «, COS o
2 3 a, 1 23&!1 1 Zaﬂl ] 23&2

1fe =1
1fe=0
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This groups 1s measurable and 1t has measure
(1+ a})**da, Ada,
It 1s associated to the family of varicties

FRE+ 55,2 =0

where
T=+/1+cf(T+ysena, —a,2zC08 a,)
Yy = yCos v, + zSen c,
z=+/1+ crzl(culx — ysen a, + 2COS a,)

7.4. Families admitting one of the groups G, as maximal group

0 d . .
One finds the group: H,° = [é—g—; an] isomorphic to the groups G5, G5 and G5 .
1 2

This group 1s measurable with measure
doy N dayy

and one obtains respecuvely the families of varieties associated
ﬁ'g c F(e™™(zcosa, +ysena, ), e” M (ycosa, —rsena,),e”*z2) =0

S, 1 F(zc0S o, + ysen a;,ycos a, — z sen a;z2—ay) =0
5?2 F(r,y—ay,z—ay) =0

o, 05 o
da, 2 da, ' Oa,

Then there is the group H,' = [ J isomorphic to G% (), measurable

with measure
e"Mda, A do,

[t 1s associated to the family of varieties

F  F(e™™(zcos Aoy + ysen Aa,),e ™ (ycos Aoy — zsen ey, ), e % (z — a,)) = 0
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8. FAMILIES OF VARIETIES DEPENDING ONE PARAMETER
8.1. Families admitting one of the groups G, with k£ > 2 as maximal group

There are neither one parameter groups isomorphic to a group G, with k£ > 3 nor 1somor-
phict0 G},G3,G;.

-?-J-r-,e‘“' _8_,_1’_] isomorphic to G5 ().
da, Jda,

The group H, is not measurable and it is associated to the family of varieties:

There exists a group H, = [

1

7 . p (ICOS(J\ In|z — e~ ) + ysen() lnlz — e~ )
|- z
Z — e

2 — e M

yCos( X Injz — e~ |) — zsen(X Injz — e™1|) ) -0

8.2. Families admitting one of the groups G* as maximal group

There 1s only one group H 12 = [g—f—-] isomorphic to any group G} .
&%

The group H? is measurable with measure

dao,

It is associated (resp. in the case of isomorphism with G1()\), G?(&),G3) to the family of
varieties:

ﬁ'{ : F(e ™ (zcosday + ysen hay ), e M (ycos oy, —zsen e, ), e *z2) =0

F F(zcosa; +ysen a,,ycosa, — TSen ay,z — eay) = 0

ﬂ?:f cF(z,y,2—a,)=0.
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