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A FRAMEWORK INCLUDING THE THEORIES OF CONTINUOUS FUNCTIONS
AND CERTAIN NON-CONTINUOUS FUNCTIONS

J.K. KOHLI

Abstract. A framework unifying the theories of continuous functions and certain non-conti-
nuous functions including weakly continuous functions, almost continuous functions, ¢ -con-
tinuous functions, c* -continuous functions, ¢ -continuous functions, s -continuous functions,
H -continuous functions, € -continuous functions and others, i1s presented. This unifies and
frequently improves known resulls.

1. INTRODUCTION

Several types of non-continuous functions occur in literature. The theories of certain of these
non-contnuous functions run, either in part or in whole, parallel to the theory of continuous
funcuons. In [10] we proposed and developed a unified theory which encompasses continuous
functuons and certain non-continuous functions having properties analogous to the properties
of continuous functions; that thcory was further elaborated in [11]. However, the framework
of ([10], [11]) does not seem to include, among others, the theory of weakly continuous func-
tions. The purpose of the present paper is to enlarge the framework of ([10] [11]) to include
the theory of weakly continous functions along with several other such types of functions.

2. A UNIFIED FRAMEWORK

Let P denote a property, not necessarily topological, possessed by certain subsets of a topo-
logical space.

The properties P that we consider in this paper are listed in the accompanying table. It
may be obscrved tht some of these propertics are not necessarily preserved under topological
embeddings, while others are only continuous invariants; note that the property of having a
complement of diameter > e 1S not even a topological property.

A w-set [28] 1n a space is the intersection of finitely many regularly closed setss. In the
secquel, the complement of a  -set will be referred to as w-open. The interiorof aset A ina
topological space B will be denoted by int A or int 3 A and closure by A.

Definition 2.1. Let X be a topological space, and let A C X . Then we say that
(i) A isa P-setif A possesses property P, and
(it) A has P-complement if X — A possesses property P.

Definition 2.2. Let f : X — Y be afunction from a topological space X into a topological
space Y . Then f is said to be

(i) P -continuous [10] if for each x € X and each open set V' containing f(z) and
having P -complement, there is an open set U containing x suchthat f(U) C V ; and
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(ii) P*-continuous if for each x € X and set B with f(x) € int B, whenever B has
P -complement, there is an open set U containing T such that f(U) C B.

The following table lists the type of P -continuous function and P*-continuous function
induced by a property P, and gives explicitly the weak forms of continuity to which they

correspond.
Table
Property P Type of Type of
P* -continuous function P -continuous function
1. closed set continuous continuous
2.(a) open set

(b) regularly open set

(c)

(d)
3.
4.(a)

(b)

10.
11.

12.
13.
14.

15.

16.

é -open set

T -open set

zero set

regularly closed set
6 -closed set [27]
closed compact set

regularly closed
compact set

closed countably
compact set

closed connected set
closed Lindelo6f set
H -closed

closed set having
complement of
diameter > ¢

hard set ([22] [23])
closed G5 -set.

strongly closed
Gs -set ([3] [4])

the boundary of
an open set

clopen set

weakly continuous [14]

z -continuous [25]

almost continuous [24]

¢ -continuous [2]

almost
c-continuous(S]

c* -continuous [21]

s -continuous [ 8]
£-continuous [12]

H -continuous [16]

€ -continuous ([6] [7])

h -continuous [13]
D -continuous [13]

weakly
D -continuous [13]

w* -continuous [14]

mildly continuous [26]

mildly continuous{26]

z -continuous

almost continuous

c -continuous

almost
¢ -continuous

c* -continuous

s-continuous
Z -continuous

H -continuous

£ -continuous

h -continuous
DD -continuous

weakly
D -continuous

w* -continuous

mildly continuous
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3. BASIC PROPERTIES OF P*-CONTINUOUS FUNCTIONS

The class of P*-continuous functions constitutes a subclass of the class of P -continuous
functuons, and the two coincide if the property P implies the property of being a closed set.

Theorem 3.1. Let f : X — Y be a function from a topological space X into a topological

space Y . Consider the following statements:
(a) f is P*-continuous,
(b) for every subset A of Y having P -complement

f~!(int A) C int f7'(A)

(c) for every open subset V of Y having P -complement f~'(V) isopen.
Then (a) and (b) are equivalent, and either implies (c).

Proof. (a) = (b). Let A be a subset of Y having P -complement, and let z € f~!(int A).
Then f(z) € int A C A and so by P*-continuity of f, there is an open set U containing z
such that f(U) C A. Thus U C f~'(A) and hence z € int f~'(A).

(b) = ('a)* Let z € X and let V be a neighbourhood of f(z) having P-complement.
Then f(z) € int V and hence z € f~'(int V) C int f~'(V). Consequently, U =
int f~'(V) isan open set containing z and f(U) C V and, so f is P*-continuous.

(b) = (¢). Obvious.

Without restricuons on the type of property P, a P-continuous function may not be P*-
continuous. For example, if P denotes the property of being an open set, then the concept of
P -continuous function coincides with that of mildly continuous function, and P* -continuous
functions arec precisely weakly continuous functions. Examples of mildly continuous func-
tions which are not weakly continuous abound. For instance, every discontinuous function
into a connected regular space is mildly continuous, but fails to be weakly continuous.

Corollary 3.2. For a function f from a topological space X into a topological space Y the

following statements are equivalent:
(a) [ is weakly continuous,

(b) for every closed subset A of Y f~'(int A) C int f~1(A),

(c) for every regularly closed subset B of Y f~!(int B) C int f~!'(B),
(d) for every open subset V of Y f~Y(V) Cint f~1(V),

(e) for every regularly open subset W of Y f~Y (W) C int f~Y(W).

Proof. (a) = (b) follows from Theorem 3.1 with P = open set. (b) = (¢) is obvious. (¢) =
(d). Let V be an open subset of Y. Then B = V is aregularly closed setand V C int V.
So f~H(V) C f“(im V) C int f‘l(V) . (d) = (e) 1s obvious. (¢) = (a). Let z € X and
lct V be an open set containing f(z) . Then W = int V is a regularly open set containing
Vand W =V. Thus f~5(V) c f~(int V) C int f~1(V).Let U = int f~'(V). Then
r €U and f(U) C V . and so f 1s weakly continuous.
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Remark 3.3. Equivalence of (a) and (d) in Corollary 3.2 is due to Levine [14]. Again, us-
ing 3.2 (b) 1t is easily shown that for a weakly continuous function f and for any open set

V. f-1(V) c f~1(V), aresult due to Noiri [19].

Theorem 3.4. Let f : X — Y be any function. The following statements are true:
(a) If f is P*-continuous and A C X, then f‘A : A > Y is P*-continuous.

(b) If {U, : « € A} is an open cover of X and for each a € A, f, = f|U, is
P* -continuous, then f is P*-continuous.

Proof. (a) Easy.
(b) Let A be any subset of ¥ having P complement. Since each f_ 18 P*-continuous,

by Theorem 3.1 f.'(int A) C int;, f-'(A) and hence

f7i(int A)NU, Cinty (f7(A)NU,) =intyf~'(A)NU,.
Again, since {U_ : a € A } is a cover of X , by taking union over a we get

fH(int A) C int, f71(A)

and so in view of Theorem 3.1 f 1s P*-continuous.

Let f : X — Y be any funcuon. Then the function ¢ : X — X x Y defined by
g(z) = (z, f(x)) is called the graph function with respect to f.

Theorem 3.5. Suppose P is a finitely productive property and let f : X — Y be a func-
tion such that graph function is P*-continuous. If X possesses property P, then f is P*-
CONLINUOUS.

Proof. Let z € X and let V be a neighbourhood of f(z) having P-complement. Since
X possesses property P and since P is finitely productive, X x V 1s a neighbourhood of
g(z) = (z, f(x)) having P-complement. By P*-contunuity of g, there is an open sct U
containing z such that g(U) C X x V. Consequendy, f(U) C V,and so f is P*-
continuous.

Remark 3.6. Using the table Theorem 3.5 includes several results in the literature. For ex-
ample, with P = compactness it yields Theorem 9 of Long and Hendrix [17] pertaining to
c-continuous function, and for P =connectedness it gives [8, Theorem 2.7] pertaining to
s-continuous functions.
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Theorem 3.7. If f + X — Y is continuous and g : 'Y — Z is P*-continuous, then
gof : X — Z is P*-continuous.

Proof. Let z € X and let W be a neighbourhood in Z of g( f(z)) having P -complement.
By P*-continuity of g, there is an open set V' containing f(z) such that g(V) C W.
Since f 1s continuous, there is an open set U containing z such that f(U) C V, and hence
gof(U) =g(f(U)) C W. Thus gof is P*-continuous.

Remark 3.8. The substitution P =closed set in Theorem 3.7 gives the well known result
that the composition of continuous functions in continuous. The above theorem yields [2,
Theorem 3], [8, Theorem 2.9], and [16, Theorem 5], respectively, on substituting P = closed
compact set, P = closed connected set and P = quasi H -closed set, respectively. Moreover,
it P = regularly closed set, then Theorem 3.7 yields corresponding version pertaining to
almost continuous functions.

Remark 3.9. In the general the roles of f and g cannot be interchanged in Theorem 3.7 (See
(8, Remark 2.2]). However, in particular, it 1s true that if f is weakly continuous and g is
continuous, the gof is weakly continuous.

Theorem 3.10. Let P denote a property such that every clopen set is a P -set. Then every
P* -continuous image of a connected space is connected.

Proof. Let f . X — Y bea P*-conunuous function from a connected space X onto a
space Y . Supposc Y is not connected and let Y = AU B be a partition of Y. Then A
and B are nonempty disjoint clopen sets and hence P -sets whose union 1s Y. Since f 1s
P* -continuous, by Theorem 3.1 f~'(A) c int f~'(A) and f~'(B) C int f~!(B). Thus,
the nonempty disjoint open setss f~!(A) and f~'(B) constitute a partition of X . This
contradiction to the fact that X 1s connected shows that Y is connected.

Remark 3.11. Reading from the table Theorem 3.10 contains several results 1n the literature.
For example, with P = open set it gives that weakly continuous image of a connected space
1s connected, a result due to Noiri [19]. Thus, €-continuous [1] image of a connected space
is connected. Similarly, with P = regularly closed set it yields a result due to Long and
Camnahan [15].

Corollary 3.12. If P denotes a property such that every clopen set is a P -set, then every P* -
continuous function is a connected function. In particular, every weakly continuous function
is a connected function.

Proof. This is immediate in view of Theorems 3.4 and 3.10.

Theorem 3.13. Let f : X — wX_ be a function into a product space such that each X,
possesses property P, and suppose that P is productive. If f is P*-continuous, then each
P of is P*-continuous.
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Proof. Let z € X andlet Vs be a neighbourhood in Xg of pﬂ(f(:r)) having P -complcment.

Then PEI(V,&) = Vg X (ﬂgﬁXu) 1s a neighbourhood of f( r) in wX_ . Since each X

possesses property P, and since P is productive, pg' (V) has P-complement. So by P*-

continuity of f, there is an open set U containing z such that f(U) C pz'(Vy). Thus
pgof(U) C Vg and hence pﬂﬂf 1S P*-continuous.

Remark 3.14. According to the table, Theorem 3.13 represents the unification of various
results in the literature. For example, if P =open set, we get a result pertaining to weakly
continuous functions; and if P = regularly closed set, the same yields Theorem 3.17 of Singal
and Singal [24] on almost continuous functions. Similarly, for P equal to H -closed, the
outcome 1s Theorem 4.7 of Noiri [20] pertaining to f -continuous functions; and for P =
closed connected set this yields [9, Theorem 2.3] on s-continuous functions. For P =closed
set, this gives the classical result pertaining to continuous functions.

Theorem 3.15. Foreacha € I,let f : X_ — Y_ be a function; andlet f: nX_ — 7Y_
be defined by f((z,)) = (f,(z,)) for each (z,) in wX_ . If f is P*-continuous and if
each Y_ possesses property P and P is productive, then each f_ is P*-continuous.

Proof. Foreach o € I,letp, : mX_ — Y_ be projections. Then by definition of f, we
have g of = f op, foreach o € I. Let z_, € X and let V_ be a neighbourhood in Y

of f (z_) having P-complement. Let x € pgl(mn) be any point. Since each Y possesses
property P and since P is productive, g_ H( V,) = (ﬂ'r; Yﬁ) x V isancighbourhood in 7Y
of P-complement. By P*- continuity of f, there 1s an open set U containing z such that
f(U) C q;“l(Vn) and so ¢q_( f(U)) C V_. Now, since projections are open maps, p_(U)
1S an open set in X _ containing z_ and f_(p (U)) = f, op (U) = q of(U) C V. Thus
f, 18 P*-continuous.

Remark 3.16. Using the table Theorem 3.15 unifies several known results. For example, if
P = regularly closed set, then it yields Theorem 1 of Long and Hermrington [18] on almost
continuous functions, and for P = H -closed, the same gives Theorem 4.3 of Noin [20]
pertaining to H -continuous functions. Similarly, the substitution P =closed connected sct
yield [9, Theorem 2.2] on s-continuous functions; and if P denotes the property of being
a zero set, we get a similar result pertaining to z-conunuous functions. The classical result
pertaining to continuous functions follows by substituting closed set for P .

Theorem 3.17. If f : X — Y is P*-continuous andif Y possesses a base of neighbourhood
having complements which are finite unions of P -sets, then f is continuous.



A framework including the theories of continuous functions and certain non-continuous functions 43

Proof. Let z € X andlet V beanopensetin Y containing f(z). By hypothesison Y there
1s a neighbourhood W of f(z) suchthat W C VandY — W = p} S, ,whereeach S, isa

P-setinY . For k=1,...,n, Y — §, is a neighbourhood of f(z),and so P*-continuity
of f there is an open set U, containing z such that f(U,) CY — S,.

LetU = ,f]] U, . Then U is anopen set containing z and f(U) C kri f(U,) C kﬁl(y —

S,) = W. Thus f is continuous.

Remark 3.18. Recading from the table, Theorem 3.17 contains several known results in the
literature. For example, with P = regularly closed set, it gives a result of Singal and Singal
24] pertaining to almost continuous functions; and for P = closed connected set, it yields
8, Thcorem 2.12] corresponding to s-continuous functions. For P = open set we get that a
weakly continuous function into a regular space is continuous.
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