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ON A CLASS OF SP-SASAKIAN MANIFOLD
MILEVA PRVANOVIC

1. THE OBJECT OF THE PAPER

The Riemannian manifold satisfying curvature condition R-R=0or R-R= L Q(g, R)
have been studied by various authors ([6], (7], [8], [9]). Manifolds satisfying these conditions
are called semi-symmetric and pseudo-symmetric respectively.

In the present paper we consider S P-Sasakian manifold M satisfying, in a neighborhood

% of r € M, the condition
(1.1) R-R=L Q(a,R)

where a =g ora = S’F, S = §°8 ,gisthemetrictensorof M, § = S‘.j 1s the Ricci
Pij P-l;lgj )

tensor, L is some function on % , while R - R and Q(a, R) are defined as in (2.4) and (2.5)
respectively. Our main result 1s the following.
If an SP-Sasakian manifold satisfics the condition

(1.2) R-R=L Q(S,R)
P

forsome p=1,2, ..., then

a) it is a space of quasi-constant curvature;

b) it can be transformed into a manifold of constant curvature -1 by a [D-concircular
change; and

c) it satisfics the condition (1.2) forevery p=0,1,2,..., (except for some special cases
when (1.2) may not be satisfied for one specific p).

2. PRELIMINARIES

Let M be a connected n-dimensional (n > 4) Riemannian manifold of class C* with
a positive definite Riemannian metric g which admits a unit 1-form 7 satisfying

V,n; - v,‘ﬂ;‘ =0,
Vkvj"?;‘ = =0k — 9N 27?1;7?;7?,;:

where V is the operator of the covanant differentiation with respect to Levi-Civita connection.
If we put

"= 90,90, = 8)), 0} = V,E, 0 = 905,
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we get
€% =1, plpl = 8 — 0, €0, =0, np! =0,

94 PLPh = 9oy — MpNyr Py = Pyjs TOUK(p)) = n—1.

These relations show that M is a special paracontact Riemannian manifold with a structure
(p,&,1,9). Such a manifold is called a P-Sasakian (para-Sasakian) manifold. The notion
of a manifold with P-Sasakian structures was introduced by I. Sato [10] (who also gave
exaples) and has been studied by Sato himself and other authors (see, for example [1], [2],
[5]). P- Sasakian structure is closely related to the almost product structure and may be
considered as analogous to the almost contact structure (which is closely related to the almost

complex structure),
In the P-Sasakian manifold we have the equations

(2.1) Re;i °N = 9y — 95k

(2.2) Sin® = —(n— N7,

where R, ;; * denotes the Riemannian curvature tensor.
If in a P-Sasakian manifold M the unit 1-form 7 satisfies the equation

(2.3) V= e(—g;+ M), €= %l

then M is called an S P-Sasakian (special para-Sasakian) manifold.
Let a be a symmetric tensor of the type (0,2). Then we define the tensors B - R, Q(a, R)

and Q(nn, R(1)) by the formulas
(2 4) (R ' R)kj ihrs — vaerkﬁh - vrva Rkjih'

Q(ﬂiﬁ)kﬁhra =
(2.5) =04, Ryin+ 6 Rygin + 6, Ryjpp + 0, Ry, —

- ﬂ'kaRrjih - ﬂjuerih o ﬂiaRkjrh - uthkjir!

Q(nm, B(1) )iines =

= My (9an95i — 96i95n) + M7, (9kn 90 — 9kiTsn) +
(2.6) + ﬂfﬂf(gkhgj, - gkagjh) + ﬂhﬂf(g.tagji - gi::’gja) —

— M, (9,rn 95 — Qﬁg,-h) - 7?;"?,( Gknri — IkiIrh) —

— 1M,(9knGjr — 9kr9in) — Mo 9kr9ji — 9kijr) -
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Using (2.1) and (2.3), we get
(2.7) (erkﬁ In, = ERk;’:’r t E(rigﬁ — gkl:gjr)-
Applying the operator V, to (2.7) and using (2.3) and (2.7), we find
(vserkﬁ a)nu + naRk}'ir + na(gjl'gkr - gkig}'r) =
=e(V Ry + VR,
from which we get
(vserk}'i - vrvaRkﬁ ﬂ)ﬂa = nrRkﬁa _ naRkjir-.-
+ 1095090k — 9ki9js) — M5( 94955 — 91i9j) -

Now, we use the condition (1.1). Substituting it into the preceding relation and taking into
account (2.1), we obtain

Lla, (g,m; — 9;m,) + 0, (9m, — 95iM) + G (GrsTly — 955Mk) —
28 — 0, (9,M; — 955M,) — 6;,(9kM, — 9,:M) — 64,(9k,M; — 9, M) +
+ utrftRkﬁa — utaftRkﬁr] =
= N, Ryjis — My Rijip + ﬂr(gﬁgak - Qkfﬁ',j) — 50959,k — gkigrj)'
Transvecting (2.8) with £" and using (2.1), we have
(1- Lﬂ:rftfr) Ryjis = —(gjigak = gkigaj)+
(2.9) + L{ay, £ (94m; — 9;m,) + 6,87 (955M, — 9 + 0, €7 (94, — 9,:M) +

+ ﬂtaft(gﬁﬂk - 5’1:{"?;) + ﬂﬁ:a(gji — ﬂ;ﬂ,-) — ﬂ}'ﬂ(gki — M) ]

3. SP-SASAKIAN MANIFOLD SATISFYING R-R=L Q(g, R)
In this case a, £' = g, &' = n_and (2.9) reduces to
(1 = L)Ryj, = —(1 = L)(9,i95 — 9i95;) s
from which, if L # 1, we obtain
Rkﬁs = _(gkagj:’ — 91:;'91.;)*

Thus, we have
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Theorem 1. If an SP-Sasakian manifold satisfies the condition R - R = L Q(g, R) with
L # 1,itis the space of constant curvature -1.

If L = 0, the considered manifld is semi-symmetric. Thus

Corollary. Ifan S P-Sasakian manifold is semi-symmetric, it is a space of constant curvature
-]

4. SP-SASAKIAN MANIFOLD SATISFYING (1.2)

In the case a;; = .5‘ , we find, in view of (2.2)
Psj

uu-f" S ¢ = S S“f""(l—ﬂ)s £ = (1 — n)Py,

FU F_" 10 P— ia

ﬂij{:iej = (1 - H)P~

(4.1)

Therefore, the relation (2.9) reduces to

[1-(1- 'n‘)pL]Rkﬁa = —(9;i%%s — 9i955) + (1 — “)pL(Qnﬂ;ﬂ; — GjsMMi) +

4.2
(2.4 +LIS (g=mm) =S (o= mn)
s ST

Interchanging in (4.2) the indices 1 and s and adding the obtained relation to (4.2), we get

L{(1 — m)P(gpem;m; — 95T + 91N M5 — 9iMk7,) + S (i = mym) -
ks
(4.3)

-8 (9 —mm) +S (9;,—n;m,) =8 (9 —m7,)}=0.
Pjs P ki P ji

Now, we suppose L # 0 (the case L = 0 has been considered in § 3). Then, transvecting
(4.3) with g¥ , taking into account (4.1) and denoting by 'r the expression S g‘f‘ we find

T—(1 —mn)P Wl —-n)?P—71
P p
= + .
'gka n-— 1 s n— 1 e
Substituting this into (4.2), we obtain
T—(1 —n)?
[1—(1 _n)PL]RkﬁJ: (P o 1 L'—l) (gkagji_gkigja)+
(4 .4)
W]l —-—n)P -1
¥ — L( Gk + 955MkMs — T Ms — 9j0TTi) -

n— 1
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If L # =7 » (4.4) can be written in the form

Ryjis = A(kaﬂﬁ — gkig;‘a)+
(4.5)
+ B((Qk,ﬂjﬂ,‘ + 9Ty — 9kiMiTy — Q’j,ﬂkﬂ,;):

, T—(1—nF
A= T - mrL ( n— 1 L_l)’

- n(l—'n)P—'rp I
S (n=D[1—-(1=mPL]

where

B

It 1s casy to sce that
(4.6) A+ B=-1,
On the other hand, from (4.5) we have

(4.7) S;;j=[(n—1)A+ Blg,; + (n— 2) By;n,,

(4.8) ’r='{=(n— D(nA+2B).

The rclations (4.6) and (4.8) imply

T+ 2(n—-1) B=_ T+ mn—1)
C(n—-1)(n-2)"  (n=1)(n-2)"

(4.9) A

The relation (4.5) shows that the considered manifold is the space of quasi-constant cur-
vature ([3], [4]). Thus

Theorem 2. If an SP-Sasakian manifold M satisfies (1.2) forany p=1,2,..., with L #

o _}"}F it is a space of quasi-constant curvature, the functions A and B, given by (4.9) are

independent of the number p.

There exists ina P-Sasakian manifold M an (n— 1) -dimensional distribution D defined
by a Pfaffian cquation n = 0 and called the D-distribution. Assume that in M are given two
P-Sasakian structures (p,€,7n,9) and (*p,*£,* n,* g) satisfying

*

2 2 2
g;; =€ °g;+(e”7 — e %)mm,,
(4.10) . . . .
n; =ee’n;, T =ee”°, o= ey,



330 M. Prvanovic

with functions « and o. Then (p,£,n,g) and (*p,* £€,* n,* g) have the same D-distribution
in common, because of which the relation (4.10) 1s called by G. Chuman [5] a D-conformal
change of (¢, &, 7, ¢9). The D-conformal change (4.10) satisfying

Qi = 9(9;{ — 7?}'7?;):

where @ is a function and

1 h 2
Qi = V}'ai — @,y = Ea(ﬂj'ﬁ',; + ﬂ,‘ﬂj) + E—(L’Ih& —e“7 + 1)(g}.l. — 7?;'7?;)+

h 2
+ (€0 " — e 7 + l)ﬂrg}-m-j

oo
%= ort’

- : do
— Ath -
a'=9"a,, o,= Fyvt
is called a D-concircular change. T. Adu and G. Chuman proved [1] that an §P-Sasakian
manifold is transformed into a manifold of constant curvature -1 by a D-concircular change

if and only if it is a space of quasi-constant curvature (4.5) satisfying (4.9). Thus

Theorem 3. If an SP-Sasakian manifold satisfies (1.2) for any p = 1,2,..., with L #

(l_ln},, , it can be transformed into a manifold of constant curvature -1 by a D-concircular

change.

5. SOME CURVATURE CONDITIONS ON A SPACE OF QUASI-CONSTANT CUR-
VATURE

In this section, we consider a space of quasi-constant curvature (4.5). We supposc that 1t
is not a space of constant curvature, i.e. we suppose that B # 0.
First, let us calculate the tensor Q( S, R) . To do that, we note that (4.7) can be expressed
p

in the form
Si}- = ‘ls‘ij = ag;; ¥ bﬂiﬂj:
where
a=(n—1)A+ B, =(n—2)B.
Then
S =aPg;; + [(a+b)P —aP]nn,,
1.e.
(5.1) S =19;;+ B,

P{j
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where
(5.2) y=[(n—1)A+ B]?, B=(n—1DP(A+ B)?-[(n—-1)A + B]".

Wenote thatif p=0,theny=1 and S=0. Thus § = g.
0
In view of (2.5), (2.6), (4.5) and (5.1), we have

Q(f,R) = —(9vB - BA)Q(nn, R(1)).

The relation (5.2) implies
B —-PBA=[(n—1)A+ B]?(A+ B) —(n— 1)?’(A + B)PA.
Therefore

(5.3) Q(f, R) = —(A+ B){[(n—1)A+ B]? — (n— 1)P(A+ B)*"' A}Q(mn, R(1)).

Inthecase p=0,if A+ B #0,(5.3) reduces to

(35.4) Q(g,R) = -BQ(nm, R(1)).

On the other hand, we have from (4.5) that

VrRkﬁh - Ar(gkhgji — gkigjh)-li
+ B (guamm + 95 — 9k — 95 +
+ B[gkh(ﬂ;vrn; + ﬂ)vrnl) + gjl'(ﬂhvrnk + nkvrnh)q

— 9k (M V1 + 1,V my) — 9n (VoM + e Vom) ],

where
dA 0B
A = , B_= |
R/ L id U/ &
and
strﬁkﬁh — vrvst;‘ih =
= B[gkh(vsvrnj - Vrvﬂj)ﬂs + g (V,V 1, — vrvaﬂi)ﬂj-l-
(5.5) + 9;(V Vo = V. Von ), + 9,,(V,Vony, = V.V on)n—

~ 9,(V, V0, = V.V i), — 9,,(V,V.m, — V.V )0, —

= gin(V, Vo = V.V 1), — g0 (V, Ve, = V.V n)mi ).
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Also, from (4.5) we have
R,y °%la = (A+ B) (9,1 — 9,,7,),
because of which the Ricci identity
V.V, -V, Ve, = R,,; °n,
can be expressed as
V,Vn, =V .V.n,=(A+ B)(g,;1, — 9,7,) -

Substituting this into (5.5) and using (2.6), we get

(5.6) R-R=(A+ B)B Q(nn, R(1)).

Thus ([3], theorem 3.1°)
The space of quasi-constant curvature (4.5) is semi-symmetric ifandonly if A+ B=0.

In the sequel we suppose A + B # 0. Then (5.4) and (5.6) imply
(5.7) R-R=—-(A+ B) Q(g,R).

Thus

Theorem. Non semi-symmetric space of quasi-constant curvature is pseudo-symmelric.

In view of (5.3) and (5.6) we find

[(n—1)A+B]P—(n-1D)P(A+ B)P A

Q(.g.R)= 5 R-R.
Thus, if

[(n—1)A+ B)P—(n—-1)P(A+ B! 40,
we have
(5.8) R-R=L Q(S,R)

P P

where
(5.9) L= - 5 .

5 (n—1)P(A+ B)P-'A—[(n—-1)A+ B)P

Thus, the condition (5.8) including (5.7) for p = 0, we can state



On a class of SP-Sasakian manifold 333

Theorem 4. A non semi-symmetric space of quasi-constant curvature satisfies (5.8), (5.9) for
everyp=0,1,2,..., exceptinthe case (n— 1DP(A+ B)P'A—[(n—1)A+B]?P=0.

If A+ B=-1,wefind

1+ A
(n=-DP(=1)P1A-[(n—2)A—1]P"

(5.10) L=
p

Thus, taking into account Theorem 2, we have

Theorem 5. If an SP-Sasakian manifold satisfies (1.2) for any p = 1,2,..., with L #

“_] 7 » then it satisfies this condition for every p=0,1,2,..., where L = L, has the form

(5.10) and A— the form (4.9), exceptin the case (n— DP(-1D)F1A-[(n—-2)A-1]P=0.

In § 3, we did not consider SP-Sasakian manifold satisfying R - B = Q(g,R). The
thecorem 5 shows that, in view of [, = 1, an SP-Sasakian manifold satisfying (1.2) for any
0

p=1,2,..., satisfies R- R = Q(g, R), too.
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