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A REMARK ON LOCALLY DETERMINING SEQUENCES IN INFINITE
DIMENSIONAL SPACES

P. GALINDO, D. GARCIA, M. MAESTRE

Abstract. We obtain a real version of a result of J. M. Ansemil and S. Dineen [2], i.e., every
locally determining at O set for analytic functions in a metrizable separable real locally convex
space contains a locally determining at O null sequence.

Chmielowski and Lubczonok in [6] proved that every locally determining at O setin €™
contains a locally determining at O null sequence. Chmielowski [S] also asked if this was
true for metrizable separable locally convex spaces. In [2] Ansemil and Dineen solve this
question for holomorphic functions. In this note we give an affirmative answer for analytic
functuons.

Thanks are given to J. M. Ansemil who asked the authors about this case.

We refer to Kothe [8] for the theory of locally convex spaces and to Dineen [7]) for the
theory of infinite dimensional holomorphy.

Definition 1. Let E be a metrizable complex locally convex space. Let (V,),.n be a de-
creasing basis of balanced open neighbourhoods of 0. For every n € N, let #  be a
7,-closed subspace of Z>(V,) such that # |, C F, form > n Welet H :=

(“%n)n.EN .

A subset L of E is said to be H-locally determining at the origin if for any connected
open subset U of E with 0 € U and for any f € #(U) such that f|p; € # _ for some

n € N, we have that f|,;~, =0 implies f = 0.

Theorem 2. Let E be a separable metrizable complex locally convex space. Let H =
(F,).en be asin Definition 1. If L is an H-locally determining at O subset of E, then
there is a null sequence in L which is also H-locally determining at 0 .

Proof. We follow the pattern of proof in Ansemil and Dineen [2, Th. 3].
By Montel’s theorem the set B, := {f € (V) ' ||fll, < 1} is 7,-compact, hence

C,:={fe&, |lflly <1}=B,NAH&  is 7,-compact.

Now, by a result of Ng [9], the space F, := {® € (F | ll) : Plg is 7, -
continuous} endowed with the norm [|®||}, := sup{|®(f)| : f € F |Iflly, < 1} is
a Banach space and

(F;)ﬂ =(F,||.) =#, , n=1,2,....
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For every z € V_, the evaluation mapping at z

EII%W(VN) — C
J — 6,(f) = f(z)

IS 7,—continuous , SO 3;_. ¥, — C, 3; = §,| g¢ ,is 7,—continuous , therefore 3;_. € F,.
Since E is metrizable and separable there exists in V, a dense sequence (z,,,),.cN -
Let us show that (F,,||.||.) is a separable space. If f € #_ and < f, 3;“ >= 0

forevery m € N then f(z,,) = 0 forevery m € N, hence f = 0. This mean that

(3-:‘_ )men S€parates points of ' ,soitis o( F,, # )-total and therefore is u( F,, # ) =

B(F,, %) = ||, total.

For every n € N, select a dense sequence (w N in F, . Using the identity theorem

mm Ime

for open sets we see that, for every n € N, the set {31 : £ € LNV, } spans a dense subspace
of F, for each integer k > n.

For each pair of positive integers (n, k), k > n, choose a finite sequence of points in
LNV, Z,;,1 <7 < a(n k) such that

where F, . is the subspace of F, spanned by {glw,l <) < a(nk)} and d, is the
distance defined by the norm on F,, .

Let
L* := U {Tos; }

(nk)
k>n
1<j<a(n,k)

By construction L* isasubsetof L and [{€ € L*: € ¢ V_}| < oo foreach n € N.
Hence L* can be rearranged to form a null sequence in E. If f i1s a holomorphic function
defined on a connected open subset U of F with 0 € U suchthat g := f Iv_ € #_and

fIL.nV_ =0 forsome n€ N, then < F, ,,g >= 0 for each positive integer k£ > n. Since
Ug>q Pk SPans a dense subspace of F, it follows that < F,,g >= 0 and hence g = 0.

Since U is connected the identity theorem for open sets implies that f = 0 . This completes
the proof. =

For every real locally convex space E we consider its complexification E + 1 E.
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The following Proposition is duc to A. Alexicwicz and W. Orlicz [1] for real Banach
spaces. (Sce also [3], [4]). Since analytic functions on locally convex spaces factor locally
through normed linear spaces and we can extend locally to the completion of normed linear
spaces, Proposition 3 can be deduced from Theorem 5.7 of Alexiewicz and Orlicz. For the
sake of completness we include a proof.

Proposition 3. Let E be a real locally convex space. Let U C FE denote an open set with
O € U. Foreach f € A(U) (analytic function) there are an absolutely convex open neigh-

bourhood of 0 V C U and f € #>(V +iV) such that f(x) = f(z)Vz € V.

Proof. Since f is analytic there are polynomials P, € 9("E; R), n=10,1,2,... and an
absolutely convex open ncighbourhood of 0, W, contained in U such that

f(z) =) P,(z)
n=0
uniformly on W . We may also suppose that f is bounded on W . Select p € N such that

q
f(z) = ) [P (2)| < 1,Vz €W, Vg >p.

n=0
Foreach j = 1,2,...,p choose an absolutely convex open neighbourhood of 0, W,
such that [|F",-[|],JVj = sup{|P;(z)|: z € W;} < oo. Pulling V := =(Wnw,n...n W)
we¢ have that

1P, llaey < max{IP (O] IPllw, - 1P lly, 2} = M < 00, n=0,1,2,...

Let A_(n > 1) denote the unique real n-lincar symmetric form associated to P, ,and A_
denote the complexification of A_ defincdon E+1E. Define ﬁ’n(z) '= ﬁn(z, ...,2), V2 E
E +1E. Since

270" CM

n!4nen H'Pnlldev < 2_-“’

= y n nnﬂ
”Pn”VHV S: ”An”VHF S 2 ”Aﬂ”V S: 2 HTHPHHV =

ﬂ“

< C forevery n € N, it follows that P, €

n=12, ..., where C > 0 satisfies

FP("(E + 1E); €) and that the series

nl e

f(2) :=) " P,(2)
n=0

converges absolutely and uniformly on V + 1V . This means that f € F°(V +1V) and
Clearly f( ) = f(x), Vx € V. This completes the proof. &
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Observation 4. If f,g € F#(V +1V), where V is an absolutcly convex neighbourhood of
0 in a metrizable real locally convex space E, and f and g coincide on V' then f is cqual
to g. Indeed, if P is a continuous n-homogencous polynomial on E + 1+F which is null on
V we have that for each z in F the mapping A € € :(— P(Az) 1s an n-homogecncous
polynomial of one complex variable whose restriction to R 1s zero. By the fundamental
theorem of algebra P = 0.

Theorem 5. Let E be a metrizable separable real locally convex space. If L C F isa
locally determining at O set for analytic functions, then L contains a null sequence which is
also locally determining at O for analytic functions.

Proof. Let (V,),.n be a basis of absolutcly convex open neighbourhoods of O with V., C

%Vﬂ, for every n € IN. The complexification of FE, F + 1F, 1s a metrizable scparable
complex locally convex space for which the sequence (W), . 18 a basis of neighbourhoods
of 0, where W,_ denotes the balanced hull of V_ + 1V .

For a given balanced open necighbourhood of O, W, in E + 1FE, we put #8(W) .=
{f € F>(W) : the m-homogencous Taylor polynomials of f at 0, (P, )2, , satisfy
P _(z) e R,Vz e E}.

Let # = {(h € (W, : 3W C W,_, balanccd open neighbourhood of 0, and
3f,g € (W) suchthat h(2) = f(2) + 1g(2),Vz € W}.

Clearly # ' is a subspace of ™ (W,) and # ,, C.# ,  forallneN.

We proceed to prove that # is 7 -closed in #™(W,). Given a net (hy)ycp C
F T,-convergent o h € (W, ) we have, fora fixed z € F, that (h,),., converges
uniformly to A on the compact set

A:={taz:|t|<1,t € C}

where a > 0 1ssuchthat oz € V. If an (resp. R, ) denotes the m-homogeneous Taylor
polynomial at O of h, (resp. h) we have

(1) ”RL_Rm”ﬂgllhl“h“ﬂrm=0-1=21”'=

by the Cauchy inequalities. Since h, € #_, by definition there are W* and f,,g, €
B (W?*) with hy(2) = f,(2) +19,(2), Vz € W?*. Denoting by P,i (resp. Qi‘n) the
m-homogencous Taylor polynomial at 0 of f, (resp. g,) we have R} = P) + iQ?} in
E + 1E. Now, it follows from (1) that

"R, (z) = R, (az) = lim R) (az) = IiF(P;(M) +1Q> (az)) =

= a™(lim P,(z) + ilim Q;.(z)),
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hence R_(z) = lim, P(z) + ilim, Q (z)..
Put P, (z) := lim, P)(z),and Q_(z) := lim, Q) (z). P, and Q,_ are m-homo-
geneous polynomials on E. Since ||P, ||, < |[|R,lly < [Bullw, < lIfllw, < oo, the

series f := Y .-_o P, converges uniformly on %—Vn and f € A( %—Vn). Analogously g :=

E:ﬂ} Qm € 'A( %Vn) '
Applying Proposition 3, we can find an absolutely convex open neighbourhood of 0, Y,

in £ withY C %_-V“ and ?,E € (Y + 1Y) such that f(:.c) = f(z) and g(z) = g(z),
forall z € Y. Thus ﬂwtﬂw € J8 (W) for a balanced open neighbourhood of 0, W,

o

contained in Y + 1Y . Since h(z) = f(x) + ig(z), Vz € Y, Observation 4 yields h € # .

We claim that L is H := (# ), -locally determining at 0.

Let U C E + 1E be a connected open set with 0 € U. Consider h € #(U) such that
hlw € #, forsome n€ N and h|,n, =0 (we may suppose that W, C U).

There exist 4 balanced open neighbourhoodof 0, W,in E+iE,and f,g € 2 (W) such
that h(z) = f(z) + 19(2), Vz € W. Select T an absolutely convex open neighbourhood
of 0 in Fsuchthat T+1T C W. Forallz € TNL, f(z) + 1g(z) = h(z) = 0,
hence f(z) = g(z) = 0. Since L 1s H-locally determining at O for analytic functions and
flr, glr € A(T), it follows that f|. = g| = 0, hence h|, = 0. Again, by Observation 4,
hlpesy=0.Soh=0.

Theorem 2 ensures that there is a null sequence L* := (z;),n C L which is H-locally
determining at 0 . Finally we will see that L* is locally determining at O for analytic func-

tions.
Suppose V' C E a connected open set with 0 € W and f € A(W) such that f|, . w =

0. Applying Proposition 3 we can find V., C V and a function f € FC(V, + 1V ) such
that f(z) = f(z),forall z € V,. Moreover, since W, C V, + 1V it follows easily that
.ﬂwﬂ €EH# -

As L* is H-locally determining at 0 and fl,.vy ,iv.y = flieav. = flpeny, = 0, then
flv_ﬂ-v_ = 0, hence f|v_ = 0. Thus f = 0 on W by the identity theorem. This completes
the proof. m
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