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A NOTE ON X -COMPLETE LOCALLY CONVEX SPACES
IGOR KLUVANEK, GERHARD MAY

Dedicated to the memory of Professor Gottfried Kothe

Let E be a separated locally convex topological vector space with topology 7.
A sequence, {z_}22, , of elements of E is said to have finite variation if

D P(z; = 3;4) < oo,

j=1

for every T-conunuous seminorm, p, on E. Here and in the sequel, we put z, = 0.

Asct, A C E,i1ssaidtobe X closedif the limit of every convergent sequence of elements
of A having finite variation belongs to A.

A set, A C F,issaid to be X -complete if every sequence of its elements having finite
variation is convergent and its limit belongs to A.

In this note, we are concerned mainly with the 2 -complete locally convex spaces. Such
spaces, or classes of such spaces, were studied already a long time ago, although this ter-
minology was not necessarily used. -For example, the celebrated theorem of C. Bessaga and
A. Pelczynski about weakly unconditionally summable sequences, see [2], p. 98, can be re-
formulated by saying that a Banach space is X -complete in its weak topology if and only 1f it
does not contain an isomorphic copy of the space ¢, . Banach spaces or general locally con-
vex spaces which are X -complete in their weak topology play a significant role in the theory
of vector valued measures and vector integration. In fact, G.E.F. Thomas seems to be the first
to use, in [3], the term «weakly X -complete space».

We may note in this context that there exist Banach spaces which are 2 -complete but not
sequentially complete in the weak topology. The space J of R.C. James 1s an example of
such a space. For,if e ,n=1,2,..., are elements of its natural base, sce [2], p. 25, then the

sequence of vectors {z_}2,, where

n=1"

n

Th= )8

)=1

forn=1,2,..., is weakly Cauchy but not weakly convergent, because {e, : n=1,2,...}
is a shrinking base. And yet, J does not contain an isomorphic copy of ¢, and, hence, by the
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Bessaga-Pelczynski theorem, it is £ -complete. So, the class of X -complete locally convex
spaces 1s non-trivial and thus, it may be worth-while to study it in its own right.

We are going to show that in some well-known theorems on sequentially complete locally
convex spaces, the assumption of sequential completeness can be relaxed to Z -completeness.
S0 we prove that every X -complete bornological space is an inductive limit of Banach spaces.
We also prove the Banach-Mackey theorem under the assumption of X -completeness instead

of sequential completeness, see [1].
A sequence, {z_}2, , of elements of the space E is said to be summable if there exists

an element, s, of E such that
T
s = lim T,.
lim 3,
}:

If it exists, such an element, s, is unique and is called the sum of the sequence {z_

n—l'

Proposition 1. i) Let z_. € E,n= 1,2,...,2, = 0. The sequence {x_}°°, has finite
variation if and only if, for every absolutely convex neighbourhood, U , of zero, there exists a
sequence, {\;}2, €', suchthat (z; — z;_,) € \;U, forevery y = 1,2,

i) Every sequence having finite variation is Cauchy. If the space E is metrizable, then
every Cauchy sequence has a subsequence which has finite variation.

i) If a subset of E is sequentially closed, or sequentially complete, then it is L -closed,
or X -complete, respectively. If the space E is metrizable, then a subset of E is sequentially
closed, or sequentially complete, if and only if it is X -closed, or X -complete, respectively.

iv) Every L -complete subset of E is X -closed.

v) If the space E is X -complete, then every X -closed subset of E is X -complete.

vi) A vector subspace, F', of E is L -complete, if and only if, every sequence, {z_}22,,

of its elements such that
E p( m}') < Dﬂs
j=1

for every T-continuous seminorm, p,on E, is summable and its sum belongs to F'.

Proof. We prove only that, if the space E 1s metrizable, then every Cauchy sequence in E
has a subsequence with finite variation. So, let {z_}2, be a Cauchy sequence in £ and let
{p,: k=1,2,...} beafamily of seminorms determining the topology 7.

Choose inductively strictly increasing sequences {m,(m)}2, of natural numbers,
[=0,1,2,..., sothat |

1) my(n) =n,forevery n=1,2,...; and

i) forevery I=1,2,...,{m, (n)} °, 1s a subsequence of {m;_,(mn) }22, such that

1
Pe(Zm () = Tmy(n-1)) < I+l
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foreveryn=12,...and k=1,2,...,1[.
Now, let m(n) = m_(n),forevery n=1,2,.... Then

1
P( Ty — Tr(n-1y) < X%

forevery k=1,2,...and n=k+1,k+2,.... Therefore, {z,_,, }32, is a subsequence of

{z,}2, which has finite variation.
The X -closure, L(A),of aset A C F is defined to be the intersection of all X -closed
subsets of F thatcontain A. A set, A,issaidtobe X -denseinaset, B,if BC £(A).

Theorem 1. For every separated locally convex space, E, there is a L -complete space E

such that E is isomorphic to a X -dense subspace of E. The space E is unique up to iso-
morphims.

Proof, For E take the X -closure of E in the completion of E.

The space E of Theorem 1 is called the £ -completion of E. As customary, the space E
is identified with its image in E. So, one writes simply E C E.

A locally convex topology, p,on E 1s said to be X -linked with the topology 7 if it is finer

than 7, thatis, 7 C p, and if there exists a base of neighbourhoods of zero for p consisting
of absolutely convex sets which are X -closed with respect to 7.

Lemma 1. Let p be a locally convex topology on E which is Z -linked with the topology
7. Then every sequence, {z_}>2, , of elements of the space E having finite variation with

n=1"

respect 1o p which converges in the topology T to an element, x, of E also converges to
in the topology p.

Proof. Let U be an absolutely convex p-neighbourhood of O which 1s 2 -closed with respect
to 7. Let {X;}32, € I' beasequencesuchthat z, —z,_, € AU, forevery j = 1,2,....
Let N > 1 be an integer such that

Yoyl < T
j=N

Then
n+k
(Emk o In——l) € (E A}) U C Ul
j=n

foreveryn= NN+ 1, N+2,...andevery k=1,2,....



96 I. Kluvanek, G. May

Now, forevery n = NN + 1, N + 2,..., the sequence {z_,, — z__, }2, has finite
variation with respect to both topologies, p and 7, and converges to z — z__, in the topology
7. Moreover, (z—z__,) € U,forevery n= N, N+ 1,..., because the set U is X -closed
with respect to 7. Since U is an arbitrary member of a base of neighbourhoods of O for the
topology p, the sequence {z_}52, convergesin p o z.

n=1

Theorem 2. Let p be alocally convex topology on E whichis X -linked with the topology T.
Then every subset of the space ' whichis X -complete with respect to T is also X -complete
with respect 1o p.

Proof. Let {z_}2°, be a sequence of elements of a T -complete, in 7, subset, A, of the
space £ which has finite variation with respect to p. Because the set A 1s X -complete in 7,
the sequence {z_}°2, converges in 7 to an element, z, of A. By Lemma 1, the sequence

{z_}2°, converges to z in the topology p.

n=1

Theorem 3. Let A be an absolutely convex, bounded and X -complete subset of the space
E. Let F' be the vector space spanned by the set A. Let q be the gauge of the set A in the
space F'. Then q is a norm which makes of F' a Banach space.

Proof. Because it is absolutely convex, the set A is absorbing in F'. Moreover, ¢ 1S a norm on
F' because A 1s a bounded set. Hence, the topology, p, induced by the norm ¢ is finer than the
relative topology, 7|F', induced by 7 on the space F'. The collection of sets {e¢A : e > 0}
1S a base of neighbourhoods of zero for the topology p. It consists of absolutely convex sets
which are X -complete with respect to 7|F'. By Theorem 2, fore > 0, the set €A is X -
complete with respect to the topology p, that is, with respect to the norm ¢, and, hence, 1t 18
complete. Because every ¢-Cauchy sequence in F' 1s bounded, it 1s contained 1n a set €A,
for some € > 0, and, therefore, it is g-convergent.

We are grateful to the referee for turning our attention to an interesting consequence of
Theorem 3. Namely, it implies that a £ -complete locally convex space is locally complete,
that 1s Mackey sequentially complete.

This notion is of course derived from the notion of a locally convergent sequence and
the related notion of a locally Cauchy sequence. Let us recall that a sequence {z_}°, of
elements of the space F is said to be locally convergent to z if there exists a closed, bounded
and absolutely convex set A C E suchthatz, € A,n=1,2,...,7 € A and, if g 1s the
gauge of the set A 1in the space spanned by A, then ¢(z_, — z) — 0 as n — oo; see [1],
828, 3.

So, we can obtain many consequences of Theorem 3 by merely listing the properties of
locally complete spaces. We would like to menton just two such corollaries of Theorem 3,
viz., that a £ -complete bornological space is ultrabornological and that the conclusion of the
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Banach-Mackey theorem holds for all  -complete and not only sequentially complete locally
convex spaces.
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