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A NON-REALIZABLE LOPSIDED SUBSET OF THE 7-CUBE
WALTER D. MORRIS, JR.

Abstract. A lopsided set is a subset of the vertices of the n-cube that has a combinatorial
property shared by the collection of orthants intersected by a convex subset of R"™. The con-
nection between lopsided sets and oriented matroids is exploited to obtain a lopsided subset of
the 7-cube that cannot be realized as the collection of orthants intersected by a convex subset

of R7.

1. INTRODUCTION

Let E be a finite set and let V( F) denote the set of all real valued functions f on F. Let
C(F) be the subset of V(E) consisting of all functions f from E to {—1,1}. A set
L C C(F) is lopsided if for every pair of subsets A and B of E,with ANB =0 AUB=F,
and every function f € C(FE), either:

(a) All or none of the functions in C( F) that agree with f on A arein L ; or

(b) There is a function g that agrees with f on A so that the function ¢’ € C(E), given
by g'(e) = g(e) fore € A,g'(e) = —g(e) fore € B,isnotin L.

The set of f in C(E) will also be called the set of vertices of the cube C( F). The set
of f of C(FE) that agree on a subset A of £ with a function g of C(E) will be called a
face of C(F). A subset L of the vertices of C( E) i1s lopsided if for every face of the cube
C(E), either L contains all or none of the vertices of the face or L contains an asymmetric
subset of the vertices of the face.

Lopsided sets were introduced by Lawrence [ L ]. Many lopsided sets arise as collections
of orthants of V( E') intersected by convex sets, in the following manner. Let K C V(E)
be convex. Defineaset . C C(F) by f € L iff there exists g € K with g(e) f(e) > 0 for
all e € E. Thus, for example, L = C(E) when 0 € K. It was shown in [ L ] that every set
L arising in this way is lopsided. In this case, L is said to be realizedby K . An example of
a lopsided subset of the 8-cube that is not realizable by any convex subset of R? is given by
Lawrence in [ L ], and he asks if there are any non-realizable lopsided subsets of the 7-cube. It
has been conjectured that lopsided sets correspond precisely by a duality map to the shellable
subcollections of faces of the n-dimensional cross-polytope.

In this paper, a non-realizable lopsided subset of the 7-cube will be constructed similarly
to the construction of the non-realizable subset of the 8-cube givenin [L ].

2. LOPSIDED SETS AND ORIENTED MATROIDS

Many lopsided sets, including those realizable by convex subsets of R ™, arise as subcollec-
tions of the sets of topes of simple oriented matroids. This was proved in [ L ], and a brief
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description of the connection will be given here. The basic definitions of oriented matroids
will be given next. See [BLV],[ FL], or [ M] for more on oriented matroids.

Let E be a finite set. A signed set X on E is an ordered pair (X, X™) of disjoint
subsets of E. The set underlying asignedset X = (X, X") istheset X = X~ UX". The
opposite of X = (X, X™) is the signedset —X = (X", X7).

Definition. An oriented matroid is a pair (E, ), where E is a finite set and % is a collec-
tion of signed sets on E satisfying:

(Cl) 0 ¢ &, and C € & implies —C € €.

(C2) C,,C, € &,C, CC, implies C, =C, or C; = —-C,.

(C3) C,,C, € &,C{# —C,,and e € (C{ NCy)U(C; NC53) imply there exists Cy € &
with C§ C (Cf UCH\{e}, C C (Cf NC\{e}.

An oriented matroid ( E, &) is simple if there is an integer m > 0 so that |C| = m + |

forall C € ¥, and U C = E. The rank of a simple oriented matroid is m. If (E, &)
Cel

is an oriented matroid, then £ is the set of circuits of (E, %) . A tope (This term is due to
Mandel [M]) of a simple oriented matroid ( E, ¥) is a signed set (T"~,T") with T = E,
such that there exists circuits C,,C,,...,C, of € with T~ = C; UC; U...UC_ and
T =C{UC; U...UC;. The set of topes of ( E, £) will be denoted 7 E, %).

For any simple oriented matroid ( E, £°), define the set L( E, %) C C(FE) by: for all
f € C(E),f € L(E, %) iff the signed set (f~'(=1),f1(1)) € AE,%). The set
L(E, ?) is a symmetric subset of C(F), so it will only be lopsided if L( E, %) = C(FE).
On the other hand, [ L ] showed that the restriction of L( F, £) to any proper face of C( E)
1s lopsided.

Theorem 1. ([L]) Let (E, ¥) be asimple oriented matroid. Let f € C(E) andlet A and
B be disjoint subsets of E sothat AUB = E, and A#0. Let Lg be the set of g € C(B)
such that there exists a function h € L(E, %) that agrees with f on A and with g on B.
Then L g is a lopsided subset of C( B).

It is not known if every lopsided det arises in this way. Thus the connection between
oriented matroids and lopsided sets is only partially understood.

Next we will outline the connection between oriented matroids and sphere systems, which
will be used to illustrate properties of our oriented matroid that gives rise to a non-realizable
lopsided set. The connection between oriented matroids and sphere systems was first proved

in [ L], and then elaborated upon and improved by Edmonds and Mandel [ M]. The next
definitions come from [ M].

Definition. Ler S = {z € R™' : 27 + 23 + ...+ 22, = 1} and identify S™" with

{ze S":zx_,, =0}. Ann-sphere is a topological space homeomorphic to S™. A subset K
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of an n-sphere S is a hypersphere of S ifit is the image of S™' by a homeomorphism of S™
to S; the components of S-K are called the sides of K .

Definition. A4 sphere system is a triple (S, E, . #), where S is a topological sphere, E is a
finite set, and # = {H! : e € E,j € {0,+,~}} is afamily of subsets of S satisfying:

(a) Foreach e € E, either (H) H} ,H;) = (S,0,9) or S? is a hypersphere of S with
sides S, , S,

(b) For every nonempty subset A of E, the subspace (\{S° : e € A} is a sphere. This is
called a flat of the system.

(c) For every flat F and hypersphere S° not containing it, S° N F is a hypersphere of F
with sides S, N F and S; N F.

For a sphere system (S, E, . #), define the signed support of a point z € S to be the
signed set (X_,X;)on Ebye € X_ iffx € H ,e € X, iff z € H . The set of
(X7,X,) forpoints z € S that are maximal intersections of collections of H E is the set of
circuits of an oriented matroid. The representation theorem says that every oriented matroid

can be represented this way.
Let {z, : ¢ € E} be a subset of R™ indexed by a finite set E, and let S™! = {y ¢

R™ : yTy = 1}. Fore € E, define H; = {y € S™' : 2Ty < 0},H? = {y €
Sm1 . 2Ty =0},H = {y € S™!' : 2Ty > 0}. The triple (S™ !, E, #), where
# = {(H;,H),H}) : e € E} is a sphere system, and the set {z, : e € E} is said to
realize the oriented matroid obtained from (S™~!, E, #) as above.

Finally, let ( E, ) be an oriented matroid, let e € F,and F' = E\{e}. Let ' = {C €
¢ :e & C}. Then (E', ") is called the oriented matroid obtained from ( E, ¥) by con-

tracting e. Given a sphere system representing ( E, ") , the sphere system (H? , E', {{H } N
H? 7 € {0,+,—}}}) represents (E', ") .

3. ANON-REALIZABLE ORIENTED MATROID

The oriented matroid which will give us a non-realizable lopsided subset of the 7-cube will be
constructed in this section. Let the vectors z, in R* be given by the columns of the matrix

(4 —1 -1 -1 1 0 0 0)
“1 4 -1 -1 0 1 0 0
1 -1 4 -1 0 0 1 0

\—]~1-l40001/
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where E = {s,,s,,83,5,,t;,t5,%t3,t, } and the elements of E ordered this way index the
vectors z, as they appear in the matrix. The circuits of the oriented matroid ( E, £) realized
by {z, : e € E} are given below, in abbreviated form. The circuit ({s,,¢,}, {s,,%>}), for
example, is written as 3, s,t,t, . A complete list of the circuits of ( E, &) would include the
negatives of those given below.

Sisatity 8158384t 815,53t 1ty 553staty 5154t tat;
518313 515,5354ty  F15;53h0ty 5,535, 1y 58,4t tsty
5,845ty 5,5,8354t;  5,5,83t3ts By5354tty  Sy3s3t taty
5,8,5,t; 3,5,5:84ts  S;5234t ty 35,5384t ts  Fp53t,tsty
5y8aTots  Sititatsty,  5;8y34tats Sy Syt tats  Sy54titats
338403ty Sytitytsty  5,Sy84t3ty  S;Sytytity  S,8.ttst,

Sytitytsty  Si535atity  S33tityty S35t tyts

Sutitotsts 5y8354tyts 5ySitatats SiSstityt,

Mandel [ M] introduced a technique, called surgery, to transform one oriented matroid into
another. This technique is used here to transform ( E', £) into a simple, nonrealizable ori-
ented matroid ( F, £’) . Form the set £’ from ¥ by replacing

Sisatity by {S1sy8381t5, F5:3,8t, §isytitaty, Fysyititat,}
Sis3tit3 by {515,83¢t5, Sysysatyts,  Sis3titaty, Sys3tytsty},
Sisatity by {Sisas4tits, 31S3s4tits, Sysatitats, 5ysatitsty},
Sys3taty by {51528385t5, $2835,0aty, Sys3titaty, Spsytytsty),
Sas4taty by {55,8480ty, Sisysutaty, Sisatitaty, Sysuthtst,}, and
S3S4tsty by {5,538583ty, 5:5384t5ty, Sysgtityty, Sysetatsty ).

The negatives of the replaced circuits of ¥ also have to be replaced by the negatives of the
signed sets above to get all of ¥ '. By Mandel’s surgery , ( E, ¥') is an oriented matroid.
Clearly, (E, ") is simple. (E, ¥ ") is also non-realizable. In fact, ( E, ¥ ") is isomorphic
to the oriented matroid M R(8) from [ RS].

4. A NON-REALIZABLE SUBSET OF THE 7-CUBE

Let (E, ") be as defined in section 3. Define £’ = E'/{s,}. Foreverytope T € ./{E.”")
suchthat s, € T, define a function f. of C(E) by(T~, T /{ss}) =(f7'(=1). f='(1)).
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Theset L = {fr: T € /AE,%),sy, € T"} is alopsided subset of C(E’), by theorem 1.
The goal of this section is to show that it is non-realizable. The strategy is to pick a set of
four vertices of L and show that any lopsided subset of L. containing these four vertices must
contain all of L. We start by listing all of the topes T" of Z{ E, £”) with s, € T". Along

with each tope, we describe the type of region of S* it would correspond to in a representation

of (E, ") as a sphere system.

1.

2.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.
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simplex, sides s, s,, 53,3, -
simplex, sides s;,s,,t,,%,.
simplex, sides s,,s,4,%,,%,.
simplex, sides s;,s4,t5,1,4.
prism, sidess,, s;,t,5,t3,%, .
prism, sides s;,s4,t5,t5,14.
6-sided, sides s,,s85,54,t;,t5,1,.
prism, sides s,,s,,t;,%5,%, -
prism, sides s,,s4,%;,%t,,14-
6-sided, sides s,,s5,54,t,t3,%, .
prism, sides s;,S,,t;,%t5,%, -
prism, sides s,,s,,t;,%3,%,.
6-sided, sides s, s,5,84,85,85,14 -
prism, sides s,,s,,t,,%;,%,.
prism, sides sy, s,,t,,t,,t, .
prism, sides s;,84,t,,%t5,%, .
cube, sides s;,s3,54,t;,83,14.
cube, sides s,,s,,83,54,83,%4 .
cube, sides s,,385,8,,t5,85,8, .
cube, sides s,,s,,83,54,84,%, .

cube, sides s,,84,84,t;,t5,84 .



22.

23.
24.
25.
26.
27.
28.

29.
30.
31.
32.
33.

34.
35.
36.
37.
38.
39.
40.
41.
42.
43.

44.
45.
46.

47. s

cube, sides s,, s,,383,54,8;,t, -
prism, sides s;,S,,83,84,14 -
6-sided, sides s,,s3,54,%5,%3,t, .
prism, sides s, s3,%t,,%,,t;.
prism, sides s,,5;3,%;,%,,1;.
simplex, sides s,, s3,%,,15.
6-sided, sides s,,5;3,84,%;,%5,13.
prism, sides s,, s3,%,,%5,13.
cube, sides s,,s,,5;,%;,%5,%5.
cube, sides s, s,,83,34,%5,15.
cube, sides s,,s,,83,84,8;,t3.
prism, sides s, s,, 83, 3,4,t3.
prism, sides s;,5;,%,,t3,1,.
prism, sides s,,s5,%,,13,1,.
6-sided, sides s,,s,,55,%;,t3,t,.
simplex, sides s,,s;,t,,t3.
prism, sides s,,3;,¢,,t;,%, .
prism, sides s,,s;,t;,%3,84.
6-sided, sides s, s,,384,t,,15,1%;.
simplex, sides s,,5,,t,,t,.
prism, sides s,,s,,%,,t,,t5.
6-sided, sides s,,s;,5;,t,,t5,t4.
prism, sides s, s,,t,,%5,%;.
cube, sides s;,s,.5;,8;,t;,t,.
prism, sides s,.8,,385,384,%.

prism, sides s,,5;,t,,t5,¢,.

Walter D. Morris, Jr.
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48- EISE EE]EZ 3t4 6'5idﬁd, sides 31152,53,t2,t3,t4.

49. s,;8,84t,t,t5t, prism,sides s;,8,,t;,%5,t,.

50. 3132_31'15 E3t4 pl‘ism, SidBS Sz,ﬂd,tl,tz,tqf

51. 5,8,53t,t5t5t, 6-sided, sides s,,s,,54,8),t3,14.

52. §,38,8;t,t,t5t, prism,sides s, s;,t,%5,15.

53. EIE S3tlf t3t4 6'5id¢d, Sides 51,53,34,t1,t3,t3 .

54. §,s,8;t,t,t3t, prism,sides s,,S,,83,58;,%;.

55. SI-E-SEIEE 3t4 6‘5idﬂd, sides 3},31,53,t1,t2?t4.

56. 51_23351 2t3t4 pl"ism, sides 31154,t],t3,t4.

57. 315153E|t2 3t4 pI’iSI’I‘I, SidES Slfszitlit:’?t#'

58. 5131§3t1tzf3t4 7"5idﬂd, sides 51,99, 54,t1 ,tl ’t3?t4 ]

59. SIEE 33tlfz t3t4 7'5idﬂd, SidES 5] y 33 y 54 y tl y tz y t3 y t4 .

60; EI 3253tttjt3t4 T‘Sided, Sides 33 ’ 53,54,t1 ,tz Tt.}-"t" .

61. 5,5,5,t,t,t5t, 7-sided, sides s,,s,,55,t),t5,t5,t,-

Lemma 1. [falopsided subset of C( E') contained in L contains the vertices corresponding
to topes 2, 3, 4, then it must contain all of the vertices corresponding to topes 2-23.

Proof. The topes 2-23 are exactly those topes T° for which ¢, € T~ . In a representation

of (E,¥") by a sphere system, each of these topes would be bounded by Hi . The ori-

ented matroid (E', ¥'") obtained from (E’, ©') by contracting s, has topes of the form
T(T\{s,},T*\{s4}), for topes T of (E, %) that are bounded by H; . Thus, the set

of topes 2-23 of .7{ E, ¥ ') correspond to the topes T' of (E', ¥"'') for which ty € T-.
The oriented matroid ( £, ¥ '’) can be represented as a sphere system, as in figure 1. Figure

| shows the hemisphere H, of such a representation.

correspond to the topes 2, 3and4 of (F, ¥ ').

The components labelled 2, 3 and 4



28 Walter D. Morris, jr.

———

Figure 1

to

Now let E'' = E'\{t,}. If the set of topes T of (E,¥') that have s, € T" is to
yield a lopsided set, then the set of topes of (£, ') that have s, € T",t, € T~ must
also give a lopsided set. This set contains the topes 2, 3 and 4. The argument of [ L] which
proved the existence of a non-realizable lopsided subset of the 8-cube can be used to show
that any lopsided subset of L that contains vertices corresponding to topes 2, 3 and 4, must
also contain the vertices corresponding to topes 5-23.

Lemma 2 ([L|). A4 lopsided subset L of acube C(E) must be connected, that is, if f,g are
in L, then there is a sequence f,, ..., f_ofvertices in L with f, = f, f_= g, such that for
1=1,...,r— 1, there is a unique e, € E such that f(e)# f..,(e;)

Denote by J, the set of vertices of L that correspond to topes 1-23.

Lemma 3. A lopsided subset of L that contains J, must contain the vertices corresponding
to topes 33, 46, 54, 58, 59 and 60.
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Proof. Consider the set of vertices f of L for which f(s,) = f(s3) = 1. This set contains
fr for tope number 1. The set also contains f for several 7" in J, with |[T7| > 3. On
the other hand, the only f, in this set for which 0 < |T"7| < 3 are the f. corresponding
to topes 54 and 60. By the connectivity lemma, a lopsided set containing J, and contained
in L must also contain f. for topes 54 and 60. Consideration of the set of vertices of L for
which f(s;) = f(s;) = 1 leads by the same argument to the inclusion of f. for topes 46
and 59, and consideration of the set of vertices of L for which f(s,) = f(s,) =1 leads to
the inclusion of f, for topes 33 and 58.

Let J, be J, U {f, for topes 33, 46, 54, 58, 59, 60} .

Lemma 5. [fa lopsided subset of L contains the vertices of J,, it must also contain f. for
topes 24, 31, 32, 43, 45, 51.

Proof. Consider the set of vertices of L for which f(s,) = —1, f(s,) = f(t,) = f(t,) = 1.
The f. of L in this set are f for topes 2, 32, 51 and 54. Now f,. for topes 2 and 54 are
in J,, so by the connectivity lemma, any lopsided set contained in L, containing J, , must
contain fr for topes 32 and 51. Considerationof {f € L : f(s,) = —1, f(s;3) = f(t,) =
f(t;) = 1} leads by the same argument to the inclusion of f. for topes 43 and 45, and
consideration of {f € L : f(s;) = —1, f(s,) = f(t,) = f(t;) = 1} leads to the inclusion
of f for topes 24 and 31.

Let J, = J, U {f fortopes 24, 31, 32, 43, 45, 54}.

Lemma 6. A4 lopsided subset of L that contains the vertices of J, must also contain the f
for topes 28, 34, 40, 50, 53, 56, 62, 63, 64.

Proof. Considerthe set {f € L : f(s;) = —1, f(s,) = f(t,) = 1}. The vertices of J, that
are in this set are f. for topes 2, §, 6, 7, 32, 51, 54 and 60. The vertices of L\J; in this set
are fr fortopes 28, 34 and 63. The restrictions of the set of f. fortopes 2, 5, 6, 7, 32, 51, 54,
60 to the set F' = E'\{s,,s,,t,} forms a symmetric subset of the cube C( FE) . Therefore, a
lopsided subset of L containing J, must contain at least one of the f,. for topes 28, 34, 63.
Suppose it contains f. for tope 28 as well as J; . Then the lopsided set contains f.. for topes
7 and 28 from the set {f € L : f(s;) = f(s3) = f(t,) = —1,f(s,) = f(t,) = 1}. By
connectivity, the only other member of L in this set, namely f,. for tope 63 must be in the
lopsided set. On the other hand, suppose the lopsided set contained f. for tope 34 as well as
J5 . Then it would contain f;. for topes 34 and 51 from the set {f € L : f(s,) = f(t;) =
—-1.f(s») = f(t,) = f(ty) = 1}. The only other member of L in this set, namely f..
for tope 63, would also have to be in the lopsided set. Finally, suppose that the lopsided set
contained fr for tope 63 as well as J,. Then it would contain f, for topes 60 and 63 from

theset {f € L : f(s)) = f(t;) = —1.f(s,) = f(t,) = f(ty) = 1}. By connectivity,
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the lopsided subset would have to contain one of the other two members of L from this set,
namely f. for topes 28 and 34. We have now shown that a lopsided subset of L containing
J; must also contain the set { f. for topes 28 and 63} or the set { f for topes 34 and 63}
or both.

Suppose we have a lopsided subset of L containing the f,. for topes 28 and 63 as well as
J;. Consider the set {f € L : f(s,) = f(t,) = —1, f(s,) = f(t5) = 1}. The vertices
of J, U {f for topes 28 and 63 } that are in this set are {f. for topes 28, 32, 51, 54, 60,
63 }. The restrictions of this set of f. to the set F' = {s;,t;,t,} form a symmetric subset
of C(F"). Thus the only other member of L in this set, namely f. for tope 34, would have

to be in the lopsided set.

On the other hand, suppose a lopsided subset of L contained the f. for topes 34 and 63
as well as J, . Consider theset {f € L : f(s;) = —1, f(s,) = f(t,) = f(ty) = 1}. The
vertices of J, U { f for topes 34 and 63} that are in this set are {f. for topes 32, 34, 51,
54, 60, 63 }. The restrictions of this set of f. tothe set F'' = {s;,t,,t;} form a symmetric
subset of C(F"") . Thus the only other member of L in this set, namely f,. for tope 28, would
have to be in the lopsided set.

So far we have proved that a lopsided subset of L containing J, must also contain f. for
topes 28, 34 and 63. An entirely analogous argument shows that it must also contain f, for
topes 40, 50 and 62, and another analogous argument shows that it must also contain f. for
topes 53, 56 and 64.

Let J, = Jy U {f for topes 28, 34, 40, 50, 53, 56, 62, 63, 64 }. The result of lemmas
1-6 is that any lopsided subset of L that contains f, for topes 1-4 must contain J, . Note

that J, is the set of f. for T° such that Hi bounds the region of S> that T corresponds
to in a representation of ( £/, ¥'") as a sphere system. The remaining functions of L are f
for topes T" that correspond to regions of S° in the interior of H ; . An argument used by

Lawrence [ L], in the construction of a non-realizable subset of the 8-cube, shows that if a
lopsided subset of L contains J,, corresponding to the «boundary» topes of H :4 , it must

also contain the other vertices of L, corresponding to the «interior» topes of H ; . Thus any

lopsided subset of L containing f, for topes 1-4 must contain all of L.

Now suppose that L is realized by some subset K C V(E).

For i = 1,...,4, let z* be a point of K in the closed orthant {z € V(E) : z(e) <
0 ifeec T ,2z(e) >0 ifeec T, foralle € E}. Let F be a 3-dimensional affine
subspace of V( E) containing the points z*,¢ = 1,...,4 . The lopsided set realized by F N
K must contain all of L, since it contains the f. for topes 1-4. The intersections of the

coordinate hyperplanes of V( E) with F', together with a sphere H i «at infinity», would

yield a realizable sphere system that represents the oriented matroid ( E, ¥ ') . But the oriented
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matroid (E, £') is not realizable. On the other hand, the number of 3-dimensional regions
created by a set of 7 hyperplanes in R cannot be more than |L|, by Zaslavsky’s formula
(see [Z]). Thus L is not a realizable lopsided set.
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