Note di Matematica Vol. XIII - n.1, 135-142 (1993)

DUALS OF INDUCTIVE AND PROJECTIVE LIMITS OF MOSCATELLI TYPE
Y. MELENDEZ

Abstract. In this note we shall provide duality results between the general inductive and
projective limits of Moscatelli type. These extend the corresponding duality results in the
case of Fréchet and L B -spaces due to J. Bonet and S. Dierolf.

I. PRELIMINARIES AND DEFINITIONS

From now on, (L, ||||) will denote a normal Banach sequence space i.e. a Banach sequence
space satisfying:
(a) ¢ C L C w algebraically and the inclusion (L,||||]) — w is continuous (here w

and ¢ stand for KN = H K and @ K respectively).
kEN keN

(B) Va = (a,) € L,Vb=(b,) € w with [b,| < |e,| (k € N),wehave b € L and
0[] < llall-

Clearly every projection onto the first n coordinates p,, : w — w, (g} )epny — ((a )i
(0),.,) induces a norm-decreasing endomorphism on L. Other properties on (L, |||[) we
may require are the following:

(7) |la|| = lim ||p,(a)|| (n — o0),Va € L.

(g) lim|la —p,(a)|]|=0 (n— o0),Va € L (ie. p isdensein (L,||]])-

() Ifa € w,and sup, . |[p.(a)|| < oo, then a € L and ||a|| = lim ||p,(2)|| (n —
00) .

Unexplained terminology as in [6, 7, 10].

Let (L,||||) be a normal Banach sequence space, let ¥ and X be locally convex spaces

and f : Y — X acontinuous linear mapping. For every n € IN, we define F, := H Y X
k<n

L(( X),s,) provided with the topology of such a finite topological product. Note that this

topology is generated by the seminorms: (z,),en € F, —  [[((q(Z4))icn:
(p(x:) esn)]| With g Ces(Y). p € cs(X).

For e;fery n € IN, we also define the mapping: ¢, : F.., — F,, (T )ien
— ((T)gwns JCx,) . (T.)nn) - Clearly g, (n € IN) is a continuous linear mapping and
F_(n € IN) is Hausdorff (resp. complete. metrizable, normable) if and only if X and Y
have the same property. Moreover the spaces X and Y" are complemented subspaces of F,
for n > 1 and n > 2 respectively.

We define the projective limit F of Moscatelli type w.r.t. (with respectto) (L,|[|]),Y, X
and f:Y -» X by F=proj(F. .g,)

ne- IN
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Observe that F' is HausdorfT, (resp. complete, metrizable) if and only it ¥ and X have
the same property.

We shall first present another description of the space F' similar to the one given in [3] for
the case of Banach spaces X and Y.

1.1 Proposition. Let (L,||||) be a normal Banach sequence space, let Y and X be lo-
cally convex spaces and f : Y — X a continous linear mapping. The corresponding pro-

jective limit of Moscatelli type F coincides algebraically with {y = (yk)é:EN C H Y :
keN

(f(¥) enw € L(X)} and F has the initial topology w.r.t. the inclusion j : F — H Y
kelN

and the linear mapping f cF— LX), (Y een — (FU) ien.

Proof. Denote by H the space {(y,)en € H Y @ (f(y)en € L(X)} carrying the
keN

(2"

initial topology w.r.t. j and f and define v : F — H,(z“)kew — )keﬂ . It is easy to
show that ~ is linear, bijective, continuous and open. m
Note that we obtain the same space F' if we take the closure of f(Y) in X instead of X.

Therefore we may assume without loss of generality that f has dense range.

2. BOUNDED SETS

Before dealing with the duality between inductive and projective limits of Moscatelli type we
need some preparation. Our first two results are essentially well-known (see[10] for L = |,
or [12])

If Z is a locally convex space, b (Z) will denote the family of all the bounded sets
in Z and we shall always consider them closed and absolutely convex. Besides Z; :=

[Z,.8(Z', Z)] will stand for the strong dual of Z .

2.1 Lemma. Let (L,|l||) be a normal Banach sequence space and let Z be a metrizable
space. Then for every B € b (L(Z)). there exist B € b(Z) suchthat B € b (L(Zg)),

i.e., (pg(Ty))en € L forevery = (x; hew € B and Sui]:; (P (xe) ken |l < +o0.
el

We refer to [6] for df-spaces and properties of this class of locally convex spaces.

Every DF-space of Grothendieck (in particular strong duals of Fréchet spaces) and LB-spaces
belong to this class.

2.2 Lemma. Let (L.||||) satisfy () and let Z be a df-space. Then for every
B ecb(L(Z)), thereis Be b(Z) suchthat 1 € b(L(Zg))
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The condition that (L,||||]) satisfies (&) is needed in lemma 2.2. In fact if Z is any
locally convex space and (L,||||]) = (c,,||l|,) the fact that for every B € b(c,(Z)),
there is B € bk (Z) suchthat ® € b (c,(Z5)) implies that Z has the Mackey convergence
condition (seee.g. [10]). There are locally convex spaces Z which do not satisfy the Mackey
convergence condition.

We would like to recall -as it was done in [3]- that whenever (L, ||||) is a normal Banach
sequence space satisfying property (¢), its dual space (L', ||||') coincides with the aa—dual
L* and (L'||||") has properties (3) and (9).

2.3 Proposition. Let (L,||||) be a normal Banach sequence space which fulfils property ()
and let Z be a locally convex space such that

i) Forevery B € b (L(Z)), thereis B e b(Z) with®B €b(L(Zp)).

ii) For every u € L'(Z}), there is an absolutely convex equicontinuous set M C Z' with
u€ L'(Z)).

Then L(Z), is canonically algebraically and topologically isomorphic to L'(Z}).

Remark. In particular i) and ii) are satisfied if either L satisfies (6) and Z is a quasi-barrelled
DF-space or L satisfies (¢) and Z is metrizable.

Proof. For every k € IN, wedenote j, : Z — L(Z),z — (§;;T);cpy- Now we define
v . L(Z)g: — L,(Z.;)uv — (v Gﬂ.k)kEN

1. ¢ is well defined . (¢ is clearly linear). Fix v € L(Z),. Theremustbe U € 1 (Z) such
that [(v, z)| < |[(Py(z)hkenll, VT € L(Z). Take any B € b(Z). We denote pg.(u) :=

sup,.5 [{u, 2)|,(u € Z'). We must show that (pg.(v o j))ew € L', that is, EpBﬂ(v o
k€N

J)e, < +oo, forall @ € L with op > 0(k € IN). Fix n € IN. Forevery z,...,2_
belonging to B we may write:

n n

E\ < VOJy, 2 > |ak=zl~=’:vojk,ak3k>|
k=1 k=1

=(for suitable 3, € K, |B,| = I(k < n)) =

= E < VO Ji. Prayz, > v (Ejk(ﬁk&kzk)) < ”((PU(BkﬂkEk))’fiﬂ‘
k= k=1
(0);;;,“)||§P=”&H!

where u > 0 is such that p;;(y) < p forall y € B. Consequently ZpBﬂ(u o Ji)oy <
k=1

||| . Since n is arbitrary, the proof of 1. is complete.
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2. @ is continuous. Fix C € b(Z). We define the following bounded setin L(Z) : € :=

{E}.k(ﬁk&kzk) B e K, B =1(k<Lmn),z,....,2, eC,neE N,and a = (ﬂfk)kew €
k=1

L with ||(a)een|l = 1}
Take v € € °. Let us check that ||[(p.(v o ji))en|l' < 1 or equivalently that for every
n€ N, {|((Pe(v 0 Jk) dkcns (Osyll < 1. Fix n€ N . On one hand

ac L

||((Pcn('”ﬂjk))k.:_;n:(ﬁ)k;.n)w= Sup Epca(”ﬂf‘k)ﬂ'k |
ljafi=1 1 *71

On the other hand for every o = (a; ),y € L with ||af| = 1 and every z,,...,2, € C,
E| < vo oz > | = (for suitable 3, € K,|B] = 1(k < n) =
k=1

n
E <voj.,Baz, >=
k=1

v (Z Tk ﬁkﬂkzk)) :
k=1

Since v € € ?, the definition of € proves 2.
3. The mapping

Vv:L(Z) - L(2),
= (U hen — ¥(u) : L(Z) - K

I = (Ik)j:EIN — E < uk,Ik >
heN

is well defined. Fix z = (. ),en € L(Z). By i), there must be C € b(Z) such that
2 € L(Z,). Since (p(up))en € L'

E' < U, T, > | < Epcu(uk)pf(l'k) < H(pc'”( uﬁc))keh‘]H|(p.:(lk)}kenll
k=1 k=1

that is, ¥(u) is well defined (y(u) is clearly linear). By ii). there is U € 1l ,(Z) such that
(pro(ur))en € L'. Thus forevery r € L(Z) . we obtain

(D) =D 1 < > <Y prelw) () < ppo we)ien (P26 Dien |
k=1 k=

that is. ¥(u) is continuous and 3. is established.
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Clearly v is linear, ¥ o ¢ = ]L(x}; and po W = lL*{x;)

4. 1 is continuous. Take B € b(L(Z)). By i), thereis B € b(Z) such that B ¢
b (L(Zpg)). In particular there is u > 0 with |[(pg(z,) hien!l < 1, (z = (2 ey € B).
Thus ¥(u) € B forall u € L'(Z;) with |[(pgo(u) hen!l < u~'. Indeed for every z =

o0 o0
(T een €EB, | <P(u),z> | <) | <uz > [ <Y ppolu)pp(zy) <pp™ = 1.
k=1 k=1

3. DUALITY

Let us first recall the definition of a general inductive limit of Moscatelli type.
Let (L,||||) be a normal Banach sequence space, let Y and X be locally convex space,

Y continuously included in X . Forevery n € IN, the space E_ := H X X L((Y)i>,)
k<n
has the obvious meaning and should be provided with the canonical product topology. Now

we define the inductive limit of Moscatelli type w.r.t. (L,||]]),X,Y (and the continuous
canonical inclusion j : Y — X) as E = in?q E . (we refer to [8] for details).
ne

Let (L,]||||) be a normal Banach sequence space, let Y and X be locally convex space,
f 'Y — X a continuous linear mapping and F' the corresponding projective limit of
Moscatelli type. For every sequence of subsets ( B, ), In b(Y) and every subset B ¢
b (X), which we shall always choose closed and absolutely convex, we define the space
Fgg,y = LB N (B)],pg.ns 1(8)ken) (compare with the definition in [3]). Here

[A] means the linear span of A and p, is the Minkowski functional of A.
The space FH[B” is continuously embedded in F' ((By)cn INb(Y),Beb(X)).

3.1 Proposition. Let (L,||||) be a normal Banach sequence space, let Y and X be locally
convex spaces and f .Y — X a continuous linear mapping. Let F be the corresponding
projective limit of Moscatelli type and let Fp g | be as above. lf either X is a metrizable

space or the space (L, ||||) satisfies (6) and X is adf-space, then for every B € b (L( X)),
there are B € b(X) and (B )cn 7 b(Y) such that M € b (Fp Bﬂ)' In particular,

ind ( Fg, B,) - Beb(X),(Ben inb(Y)) isthe bornological space associated to F'.

Proof. Given 1 &€ b ( F'), we have f(E) € b(L(X)) (cf.1.1). By lemma (2.1) or (2.2)
we can find B € b (X) such that f(T) C {(zhen € L(X) 1 (pg(xp) Nhen € L and

(Pa(z ) kenll < 1}. Define B, := n: 'pr(B)(k € N) where (M en € L with

(o )ken!l = 1 and m, > 0,(k € N). Thus B € b (L([Birf ' (B)].Pg.As 1(B) ken)
since forevery z = (z,),cn € B, we may write:

PB,ny 1{3}(3:,{) = max(PBE(Ik)-PI I[B}(Ik)) < max(ﬂkng(f(l‘k)))(k cN)m
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3.2 Proposition. Let (L,||||) be a Normal Banach sequence space with property (€), let Y
and X be locally convex spaces and f ' Y — X a continuous linear mapping with dense
range. Let F' be the corresponding projective limit of Moscatelli type. Let E be the inductive
limit of Moscatelli type w.r.t. the duals (L'|||'), X,,Y, and f*' : X, — Y, (that we shall
always consider as an inclusion). If the following two conditions are satisfied:

i) Forevery B € b(L(X)) thereis B € b(X) suchthat B c b(L(Xg)).

ii) Foe every u € L'(X,) there is an absolutely convex X -equicontinuous set M C X'
such that v € L'(X),).

Then F' = E algebraically and E is continuously embedded in F) .

Proof. By proposition (2.3), we have F,, = HY}: X L'((Xphsn) = E,(n € N) alge-

k<n
braically and topologically. Besides, the continuous linear mapping;:

gy, : F'r:,fl = H Y, X L,((Xzz)k:_:*n) — F:&I,b - H Yy X L!((X;)kznﬁl)

k<n k<nt+ |

vV—vog,

thatis, g5 (v) = vog, = ((V)ken f(V,), (Vi )kom1 ) (v € F, ), coincides with the canon-
ical inclusion g} : E. — E__ ,(n€ N).

But F' is reduced (which is easily derived from the fact that f has dense range) and there-
fore by [7, 22.6(6)], we obtain F’ = E?\i (F.,g!) = E algebraically. Besides, the inclusion

E C F; is continuous because of the definition of the inductive limit topology.

The topological identity in the theorem above is rather delicate. We refer to [3] and [5]
for the case of Banach spaces Y and X .

3.3 Proposition. Let (L.||||) be a normal Banach sequence space with property (€), let Y
and X be locally convex spaces, Y continuously included in X . Let E be the inductive
limit of Moscatelli tvpe w.r.t. (L.||||).Y.X (and the continuous canonical inclusion j :
Y — X ). Let F be the corresponding projective limit of Moscatelli type w.r.t. the duals
(L' |, X,. Y, and jb. If the following two conditions are satisfied:

i) Forevery it € b (L(Y")) thereis B € b(Y') suchthat 8 € b(L(Yy)).

ii) Foe every u € L'(Y,). there is an absolutely convex Y -equicontinuous set M C Y
such that v € L'(Yy,).

Then E' = F albegraically. the inclusion E; C F is continuous and E| = F algebraically
and topologically whenever E is regular.

Proof. By proposition (2.3). we have £, = HX_; x L'((Y))s,) = F,(n € N) alge-
k<n
braically and topologically. If we denote j, : E, — E | . (1)en — ((2)ion- /(1)



Duals of inductive and projective limits of Moscatelli type 141

(Tr)isn) (n€ IN) we obtain that

Jn - E-:z+l,b - H Xp X L;((YDQnﬂ) — Epy = HX; X Lr((yb;)kgn)

k<nt | k<n

vV— V0],

coincides with the canonical mapping from F_, to F, (n€ IN).

Thus, by [7, 22.6.(4)], we have E' = F' (algebraically) and the inclusion E;, C F is
continuous because of the definition of the projective limit topology. Besides, if E' is regular,
we have E; = proj (E;’b , f£) = proj F, = F; algebraically and topologically. =

nEN nelN
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