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Abstract. In [3], [7] and [8] results concerning the parallelness of the Lie derivative of the
structure Jacobi operator of a real hypersurface with respect to £ and to any vector field X
were obtained in both complex projective space and complex hyperbolic space. In the present
paper, we study the parallelness of the Lie derivative of the structure Jacobi operator of a real
hypersurface with respect to vector field X € D in CP? and CH?. More precisely, we prove
that such real hypersurfaces do not exist.
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1 Introduction

A complex n-dimensional Kaehler manifold of constant holomorphic sec-
tional curvature c¢ is called a complex space form and it is denoted by M, (c).
A complete and simply connected complex space form is complex analytically
isometric to a complex projective space CP", a complex FKuclidean space C" or
a complex hyperbolic space CH™ if ¢ > 0, ¢ = 0 or ¢ < 0 respectively.

Let M be a real hypersurface in a complex space form M,(c), ¢ # 0. Then
an almost contact metric structure (¢, &, 1, g) can be defined on M induced
from the Kaehler metric and complex structure J on My(c). The structure
vector field £ is called principal if A = o€, where A is the shape operator of M
and a = n(A¢) is a smooth function. A real hypersurface is said to be a Hopf
hypersurface if £ is principal.
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The classification problem of real hypersurfaces in complex space form is
of great importance in Differential Geometry. The study of this was initiated
by Takagi (see [10]), who classified homogeneous real hypersurfaces in CP™ and
showed that they could be divided into six types, which are said to be of type Ay,
Ag, B, C, D and E. Berndt (see [1]) classified homogeneous real hypersurfaces
in CH™ with constant principal curvatures.

The Jacobi operator with respect to X on M is defined by R(-, X)X, where
R is the Riemannian curvature of M. For X = £ the Jacobi operator is called
structure Jacobi operator and is denoted by | = Re = R(-,£){. It has a fun-
damental role in almost contact manifolds. Many differential geometers have
studied real hypersurfaces in terms of the structure Jacobi operator.

The study of real hypersurfaces whose structure Jacobi operator satisfies
conditions concerned to the parallelness of it, is a problem of great importance.
In [6] the non-existence of real hypersurfaces in nonflat complex space form
with parallel structure Jacobi operator (VI = 0) was proved. In [9] a weaker
condition D-parallelness, where D = ker(n), that is VxI = 0 for any vector field
X orthogonal to £, was studied and it was proved the non-existence of such
hypersurfaces in case of CP™, (n > 3). The {-parallelness of structure Jacobi
operator in combination with other conditions was another problem that was
studied by many authors such as Ki, Perez, Santos, Suh ([4]).

The Lie derivative of the structure Jacobi operator is another condition
that has been studied extensively. More precisely, in [7] it was proved the non-
existence of real hypersurfaces in CP", (n > 3), whose Lie derivative of the
structure Jacobi operator with respect to any vector field X vanishes (i.e. LxI =
0). On the other hand, real hypersurfaces in CP", (n > 3), whose Lie derivative
of the structure Jacobi operator with respect to ¢ vanishes (i.e. L¢l = 0, Lie
&-parallel) are classified (see [8]). Ivey and Ryan in [3] extend some of the above
results in CP? and CH?. More precisely, they proved that in CP? and CH? there
exist no real hypersurfaces satisfying condition £Lx! = 0, for any vector field X,
but real hypersurfaces satisfying condition L¢l = 0 exist and they classified
them. Additional, they proved that there exist no real hypersurfaces in CP" or
CH™, (n > 3), satisfying condition Lx! = 0, for any vector field X.

Following the notion of [8], the structure Jacobi operator is said to be Lie
D-parallel, when the Lie derivative of it with respect to any vector field X € D
vanishes. So the following question raises naturally

" Do there exist real hypersurfaces in non-flat Ms(c) with Lie D-parallel struc-
ture Jacobi operator?”

In this paper, we study the above question in CP? and CH?. The condition
of Lie D-parallel structure Jacobi operator, i.e. Lxl =0 with X € D, implies

V)((ZY) +IVy X =V X +IVxY, Y eTM. (1)
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We prove the following

Theorem 1. There exist no real hypersurfaces in CP? and CH? equipped
with Lie D-parallel structure Jacobi operator.

2 Preliminaries

Throughout this paper all manifolds, vector fields etc are assumed to be of
class C*° and all manifolds are assumed to be connected. Let M be a connected
real hypersurface immersed in a nonflat complex space form (My(c),G) with
complex structure J of constant holomorphic sectional curvature c. Let N be a
locally defined unit normal vector field on M and £ = —JN. For a vector field
X tangent to M we can write JX = p(X)+n(X)N, where ¢ X and n(X)N are
the tangential and the normal component of JX respectively. The Riemannian
connection V in M, (c) and V in M are related for any vector fields X, ¥ on M

VyX =VyX +g(AY,X)N, VxN = -AX,

where ¢ is the Riemannian metric on M induced from G of M,(c) and A is
the shape operator of M in M, (c). M has an almost contact metric structure
(p,¢,m,g) induced from J on M, (c) where ¢ is a (1,1) tensor field and 1 a 1-form
on M such that (see [2])

9(pX,Y)=G(JX)Y), n(X)=g(X,)=G(JX,N).
Then we have

P’X = -X+nX),, nop=0, @t=0, =1 (2
g(pX,9Y) =g(X,Y) —n(X)n(Y),  9(X,9pY)=—g(pX,Y) (3)
Vxé=pAX, (Vxp)Y =n(Y)AX — g(AX,Y)E (4)

Since the ambient space is of constant holomorphic sectional curvature c, the
equations of Gauss and Codazzi for any vector fields X, Y, Z on M are respec-
tively given by

C
R(X,Y)Z :Z[Q(Ya Z)X —9(X,2)Y 4+ g(¢Y, Z)pX — g(0X, Z)pY
- 29(30X7 Y)SOZ] + g(AY7 Z)AX - g(AXa Z)AY7

(VxA)Y = (VyA)X = Z[1(X0)eY —n(Y)eX —29(pX.Y)E]  (6)

where R denotes the Riemannian curvature tensor on M.
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Relation (5) implies that the structure Jacobi operator [ is given by
IX = Z[X —n(X)¢] + aAX — n(AX)A¢ (7)

For every point P € M, the tangent space TpM can be decomposed as
following

TpM =< & > @ ker(n),

where ker(n) = {X € TpM | n(X) = 0}. Due to the above decomposition,the
vector field A¢ can be written

A = af + BU, (8)

where 3 = |pV¢{| and U = —%@Vg{ € ker(n), provided that 8 # 0.

3 Some Previous Results

Let M be a non-Hopf hypersurface in CP? or CH?, i.e. Ma(c), ¢ # 0. Then
the following relations holds on every three-dimensional real hypersurface in
M2 (C)

Lemma 1. Let M be a real hypersurface in My(c). Then the following rela-
tions hold on M

AU =~U + 06U + B¢, ApU = 60U + pepU, (9)
V€ = —6U + ~pU, Voué = —puU + 06U, V& = Bel, (10)
VU = k1pU + §€, VouU = kopU + p&, VeU = k3pU, (11)

VupU = —k1 U — ~€, VoupU = —kaU — 6€, VepU = —k3U — ﬁ(f, |
12

where v ,0, 1, K1, K2, k3 are smooth functions on M.

PRrROOF. Let {U, pU, £} be a local orthonormal basis of M. Then we have
AU = ~yU + 00U + €, ApU = 6U + U,

where v, §, u are smooth functions, since g(AU, &) = g(U, A¢) = B and g(AeU, &)
= g(pU, A) = 0. The first relation of (4), because of (8) and (9), for X = U,
X = U and X = ¢ implies (10). From the well known relation Xg(Y, Z) =
9(VxY,Z)+g(Y,VxZ) for X,Y,Z € {{,U, pU} we obtain (11) and (12), where
K1, ko and k3 are smooth functions. QED
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The Codazzi equation for X € {U,oU} and Y = &, because of Lemma 1
implies

UB — &y = ad — 20ks,
65=a7+ﬁm+62+uﬁ3+§—w—%3—62,
Ua — &8 = —300,
§n = ad + Bra — 20ks3,
(pU)a = aB + Brs — 3Bu
(@U)B = ary + Bry + 20 + % — 2y + a.

Furthermore, the Codazzi equation for X = U and Y = pU implies

Ud — (pU)y = pk1 — K1y — By — 20k2 — 2B, (19)
Up — (pU)6 = vk2 + B — Kop — 20K1. (20)

We recall the following Proposition ([3])

Proposition 1. There does not exist real non-flat hypersurface in Mas(c),
whose structure Jacobi operator vanishes.

4 Auxiliary Relations

If M is a real non-flat hypersurface in CP? or CH?, i.e. Ms(c), ¢ # 0,
we consider the open subset W of points P € M, such that there exists a
neighborhood of every P, where 3 = 0 and A the open subset of points Q €
M, such that there exists a neighborhood of every @, where 8 # 0. Since, [ is
a smooth function on M, then W U N is an open and dense subset of M. In W
¢ is principal. Furthermore, we consider V, 2 open subsets of A/

V={Q € N |a=0 in a neighborhood of Q},
Q={Q € N|a#0 in a neighborhood of Q},

where V U Q is open and dense in the closure of N.

Lemma 2. Let M be a real hypersurface in Ma(c), equipped with Lie D-
parallel structure Jacobi operator. Then V is empty.

PRrROOF. Let {U, U, {} be a local orthonormal basis on V. The following
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relations hold, because of Lemma 1

AU =~'U + 6 U + B¢, ApU = 8U + U, AE = U (21)
V€=U ++'oU, Veué=—pU+doU, V&= ppU, (22)
VoU = kiU + 8¢, VU = rypU + ('€, VU = kiU, (23)

VupU = —kU =€, VeupU = —ryU — 8¢, VepU = —rgU — g, (24)
where v/, &', 1/, K}, Kb, K4 are smooth functions on V.
From (7) for X = U and X = U, taking into account (21), we obtain
c c 9
U = SoU, IU = (5 = B4)U. (25)
Relation (1) , because of (22), (23) (24) and (25), implies
§=0, for X=¢U and Y =¢ (26)
(W — K,g)(g — %) =0, for- X=¢U and Y =¢ (27)
ky =7, for X =U and Y =¢. (28)
In V relations (14), (17), (18) and (19), taking into account (26), become:
B+ Wy + 2 =+~ + B2, (29)
= 3, (30)
c
(pU)B = Br1+ 5 —29'W, (31)
(PU)Y = 619" + By +28u" — p's). (32)

Due to (27), suppose that there is a point @ € V, such that 32 # ¢ in a
neighborhood of @. Then we obtain y/ = kf. Because of relations (28) and (30),
we obtain ' = k5 =+' = 0. Relation (1), for X = U and Y = U, due to (23),
(24) and (25), implies &} = 0. Substituting in (29) ' = k4 =+' = &} =0, leads
to B2 = 7, which is impossible. So the relation p? = ¢ holds on V. In V, because
of (28) and (30), we have v/ = k4 = 3u/. Substituting the last two relations
in (29), implies Bx} = 9u'%. Differentiation of 5% = ¢ with respect to U and
taking into account (31), v' = 3u’ and Bk} = 9u'?, yields ¢ = —6u'2, which is a
contradiction because % = 7. Hence, V = 0. QED

In what follows we work in Q. By using (7), because of (9), we obtain

U = (Z + ay = BHU + adpU,  loU = adU + (ap + g)ch. (33)
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Relation (1) because of (10), (11), (12) and (33) implies

S(aks + S — %) =0, for X=U and Y =¢

4
(z—i—au)(ﬁg—’y)—i—aéQ:O, for X =U and Y =¢
(E+a’y—ﬁz)(u—m3)—a52:0, for X =pU and Y =¢

4
5(@/&3—1—2):0, for X = U and Y =¢&.

Due to (37), we consider the open subsets € and Q] of Q

0 ={Q € Q| §#0 in a neighborhood of Q},
2 ={Q € Q| 6§=0 in a neighborhood of Q},

where 1 U Q] is open and dense in the closure of €.

In Q, from (34) and (37), we have 5 = 0, which is a contradiction, therefore
Q1 = 0. Thus we have § = 0 in Q and relations from Lemma 1, (33), (35) and

(36) become respectively

AU =~U + B¢, ApU = upU, A€ = af + BU
Vi =pU, Veul=—pU, Ve&=ppU
VU = k19U, VouU = koU 4 p&, VU = k39U,
VupU = —r1U = 7§, VeupU = —koU, VepU = —r3U — f¢,

U= (g +ay— B, loU = (ap+ Z)@U,

(5 +av = 8%(n—rs) =0,

(2 +ap) (ks —7) =0.

Owing to (43), we consider the open subsets Q9 and € of Q

Q={Q € Q| p+#ks in a neighborhood of Q},
Qy={Q € Q| p=rs in a neighborhood of Q},

where Q9 U €, is open and dense in the closure of . So in 5, we have

B2 e o
v=——— and (42) implies (U = 0.
a  doa

(45)
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Lemma 3. Let M be a real hypersurface in Ms(c), equipped with Lie D-
parallel structure Jacobi operator. Then 2o is empty.

PROOF. Due to (44) we consider Qs and %, the open subsets of {2y

Do ={Q € D] p# —i in a neighborhood of Q},

V%, ={Q € Q| pu= —ﬁ in a neighborhood of Q},

where Q91 U Q) is open and dense in the closure of Q. In Qy since u # —ﬁ,

due to (42), we obtain lpU # 0. Furthermore, because of (44) k3 = 7.
Relation (1) for X = U and Y = U owing to (40), (41) and (45) implies

kolplU = 0 and so k2 = 0. Due to the last, relations (16) and (20) imply

Up =&p=0. (46)

Relation (1) for X = U and Y = ¢U taking into account (40), (41), (42) and
(45) implies p = —y and k1 = 0. Substitution in (14) of the relations which
hold on Qg implies v = 0 and this results in 3% = 7- Differentiation of the last
with respect to U, because of (18) leads to ¢ = 0, which is a contradiction. So
Qo1 is empty and p = —4= holds on Q. So in €2, (42) implies lpU = 0 and
because of (45) we obtain that the structure Jacobi operator vanishes in 3. So
because of Proposition 1 we have that the subset 5 = () and this completes the
proof of the present Lemma. QED

Summarizing, in 2 we have § = 0 and pu = k3. Due to (44), we consider {23
and €% the open subsets of Q

Q3={Q € Q| p# —i in a neighborhood of Q},

WB={Q € Q| pu= —i in a neighborhood of Q},

where Q3 U 2 is open and dense in the closure of €. Since p # —45, due to
(42) and (44) we obtain lpU # 0 and v = p = K3, in Q3.

Lemma 4. Let M be a real hypersurface in Ma(c), equipped with Lie D-
parallel structure Jacobi operator. Then 3 is empty.

PROOF. In Q3 relations (14), (17), (18) and (19) become respectively

47
48
49

c
a7+ﬁm1+1252+v2

(pU)a = af — 28y

Cc
($U)B =20y + Brin + 5 — 29°

(
(
(
(U = (pU)y = 3p. (

)
)
)
)

20
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Relation (1) for X =Y = U, because of (42), (48) and (50) implies (2 —
v) = 0. Suppose that there is a point ) € 23, such that v # 0 in a neighborhood
of @. Then we obtain v = 2«. Differentiation of the latter with respect to U
and taking into account (48) and (50) leads to a8 = 0, which is impossible. So
in Q3, vy =0.

Resuming in Q3 we have v = p = k3 = 0 and relation (16) implies kg = 0.
Relation (1) for X = U and Y = ¢U, because of (40), (41) and (42) yields
k1 = 0 and so relation (47) implies 5% = £. Differentiation of the last along pU
and because of (49) leads to ¢ = 0, which is a contradiction and this completes
the proof of Lemma 4. QED

So in €2 the following relations hold

C

520’ H:KSZ*Ev

and relation (42), because of the last one implies lpU = 0.

Relation (1), for X = U and Y = U, because of (40) and (41) implies
k1IU = 0. Suppose that there is a point @ € €2, such that k1 # 0 in a neigh-
borhood of @, so we obtain [U = 0. Since lpU = 0, we have that the structure
Jacobi operator vanishes. Owing to Proposition 1 we derive a contradiction and
so in Q x1 = 0 holds.

In 2 relations (17), (18) and (19) become respectively

(U)o =oaf+ 2 (51)

(PU)B=ay+ 2+, (52)
gy B

(U)y =5y =5 - (53)

Relation (1) for X = U and Y = U taking into account (40), (41) and (42)
yields

(wU)(E +ay—p%) =0 (54)
ra( +av— 4% =0 (55)
(u+v)(§ +ay— %) =0. (56)

Lemma 5. Let M be a real hypersurface in Ma(c), equipped with Lie D-
parallel structure Jacobi operator. Then ) is empty.

PROOF. Due to (55), suppose that there is a point @ € €, such that § +
ay— 3% # 0 in a neighborhood of Q. Then from (55) we obtain x2 = 0. Relation
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(56) implies ;1 = —v and since u = — ;% we have that v = ;= and this results in
ay = §. Relation (54), owing to the last relation, implies that (¢U)S = 0 and so
relation (52) taking into consideration the relation ay = § implies 492 +¢=0.

Differentiation of the last one with respect to ¢U and because of (53) we lead to
the following ¢ = 0, which is a contradiction. So in €2 relation v = %2 — 15 holds.
Because of (42) [U = 0 and since lpU = 0, due to Proposition 1 we obtain that

Q = () and this completes the proof of Lemma 5. QED

We lead to the following due to Lemmas 2 and 5

Proposition 2. Every real hypersurface in Ms(c), equipped with Lie D-
parallel structure Jacobi operator is a Hopf hypersurface.

5 Proof of Main Theorem

Since M is a Hopf hypersurface, due to Theorem 2.1, ([5]) , we have that «
is a constant. We consider a point P € M and we choose principal vector field
Z € ker(n) at P, such that AZ = A\Z and ApZ = v¢Z. The following relation
holds on M, (Corollary 2.3, [5])

o' c
Relation (7) implies
1Z = (% YaNZ lpZ = (2 + av)eZ. (58)

Relation (1) for X = Z and Y = ¢Z and for X = ¢Z and Y = Z, because of
(58) and taking the inner product of them with £ implies respectively

(A + V)(% +av) =0, (59)
(v + )\)(2 +a\) =0. (60)

Suppose that A, v are distinct and unequal at point P. Then from (59) we
obtain A = —v and because of (57) we have ¢ = —4\2. From the last relation we
conclude that ¢ < 0 and A\ =constant. The only hypersurface that we have in
this case is of type B in CH?. Substituting the eigenvalues of this hypersurface
in relation A = —v leads to a contradiction (see [1]).

So the remaining case is that of A = v at all points. Then from (59), we
obtain that either A = 0 or § + aX = 0. In both cases, substitution of these
relations in (57) leads us to a contradiction. This completes the proof of Theorem
1.
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