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Abstract. We characterize the domain of a Fleming-Viot type operator of the form Lp(z) :=
Sy @i(1— i) Disp(x) + 0L (@i(1 — @) — aipa@i) Dip(x) on LP([0, 1], ) for 1 < p < oo,
where p is the corresponding invariant measure. Our approach relies on the characterization of
the domain of the one-dimensional Fleming-Viot operator and the Dore-Venni operator sum
method.
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1 Introduction

In this paper we are dealing with the following Fleming-Viot type operator

N N
Lo(x) := Y @i(1 =) Dup(x) + »_(ei(1 — ;) — aipam) Dig(x), @ € [0,1]",
i=1 i=1
where the constants «; > 0 for all i = 1,..., N + 1. Note that in the one-dimensional case

the above given operator is the classical Fleming-Viot operator arising in population genetics,
whereas the usual N-dimensional formulation of the Fleming—Viot model takes place on a

iThis work was done while A. Rhandi visited the university of Ulm, Germany. He wishes
to express his gratitude to the University of Ulm for the financial support.
http://siba-ese.unisalento.it/ (C) 2011 Universita del Salento



140 D. Mugnolo, A. Rhandi

simplex instead of a cube (see however also [2]). We refer to [10] for the original derivation of
the model and to [8,9] for surveys on the theory of Fleming—Viot processes and its applications
to the genetic evolution of a population.
Let
1
Bi =

= fol xai71(1 _I)ai+171dx.

Since a; > 0 for all + = 1,...,N + 1, it is not difficult to see that 0 < B; < oo for all
i=1,...,N 41 and the probability measure

N
dufe) = [ piad ™ (1 — )™ 0 Ve, w= (.. o) € 0,17
i=1
is an invariant measure for the operator L, i.e.
/ Lo(x)du(z) =0,  for all o € C*([0,1]™).
[o0,N

We refer e.g. to [5, Chapter 11] or [6] for an introduction to this theory.
It is known that if N =1 then

Lo(x) = z(1 — 2)¢" (z) + (a1 (1 — x) — az)¢’(x), =« € [0,1] with domain
D(L)={peC'0,1]NnC*(0,1) : lim =x(1—=x)¢"(x)=0}

z—0t, 1~

generates a Cp-semigroup T'(-) of contractions on C[0, 1] which is positive and analytic, and
C?[0,1] is a core (see [11] and [1, § 3]). Hence in particular the invariance of the measure p1
is equivalent to saying that

/ T(t)p(z)dpi(z) = / p(z)dpi(z), for all p € C[0,1] and all ¢ > 0.
[0,1] [0,1]

Since the probability measure dyi(z) = Bi1z** " (1 — z)*2 tdx, x € [0,1], is an invariant
measure for L, it is known (see e.g. [6, Thm. 3.7]) that the semigroup 7'(-) can be extended
to an analytic Co-semigroup T (+) of contractions on LP(0,1; u1), 1 < p < co. However, to the
best of our knowledge an explicit form for the domain of the generators of such L?-semigroups
has not yet been obtained — not even in the one-dimensional case. Aim of the present article is
to solve this problem. We remark that a related result has been obtained for p = 2 and under
certain technical assumptions in [1, §4].
In [0,1]Y the operator L, defined on C2([0,1]Y), can be written as

Since the operators L@ are commuting in the resolvent sense, it follows that the realization
L, of L in L*([0,1]", 1) generates an analytic Co-semigroup Tj(-) of contractions. Moreover
L, is the closure of the sum L,(DI) +... L;M defined on D(L;l)) Nn...N D(LéN)).

The aim of this paper is to give an explicit characterization of D(L,) by mean of some
weighted Sobolev spaces. To get such a characterization we have to compute the domain in
the one dimensional case and to apply the Dore-Venni theorem which gives us the closedness
of the operator sum L + ... L") defined on D(Lz(,l)) n...N D(LLN)).
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2 Main results
We first investigate the domain of the one-dimensional Fleming-Viot operator
Lo(z) == x(1 - 2)¢" (2) + (ar(1 — 2) — a22)' (), ¢ € C*([0,1]),
on the space LP(u1) := LP(0,1; p1) for 1 < p < oo, where
dp (z) := fraz® (1 — ) Hda.
To this purpose let us introduce the weighted Sobolev spaces
WP (1) and WP ()

as the completion of C*[0,1] and C?[0, 1] respectively with respect to the norm

lely1m,y = 1010y + Ve 7, and

12,y = 1P rn g, + 19”2y o

where ¢(z) :=z(1 — ), z €]0,1], 1 < p < c0.

Lemma 1. If o € W2P(u1), 1 < p < 0o, then there is a constant M = M (p,a1,az) > 0
such that

||(Oé1(1 - '1") - aﬂ)@”ip(ul) < M(H\/ESDHZL),P(;H) + H cp HLT’(Hl) (1)
Hence, if ¢ € W2P(u1), 1 < p < oo, then

o1 (1~ 2) = ao2)¢| ) < Ml - (2)

Proor. To prove (1) it suffices to consider p € C*[0,1]. Then,

=1 [ (1= 2) = cam)” sign(en(1 =) = ass)p(a) 4

(@1 (1 — 2)°2)dz
=0 [ (1~ ) — ) sign(aa(1 — ) — )l (1~ ) da
== las +a) [ f@1(1 = 2) @z sign(an(1 ) - azo) ol ele)dus
- / (@11 = 2) - aze) P sign((as (1 - 2) - ase)e(a)) (&) (@)~ c(w)dhn
=:(p—1)(a1 + a2); — pla.

Step 1: 2 < p < 0.
Applying Hoélder and Young inequalities we get

< ([ Nar(1 = 2) — camota) P ) (/ o) Pele) b dus (o >>
<eita P2 1

Jo(@)|Pdpn (z 2)|Pe(@) dpa ()
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and

p—1

21 ([ a1 =) — aamot@Pain @) 7 ([ et ) s ()

» p—1

Yo(@)Pdpn () + — / e(@)' ()P dpa ()

for any € > 0. Hence,

<(p— 1)1 + az)e22 P2 / (a1 (1 = 2) — as)p(@)[Pdps (x)
—1
+2 a1+a2)/ lsp( z) % dyun ()
pez2

+(p—1)e7" 1/ (a1 (1 — ) — asa)o(@)Pdpur (z)

/ ()" ()P dpa (2

[1—( “1)(a+ ag)ere 2E

Thus,

—(p —15”1 / [(a1(1 = 2) — coz)p(x)[Pdp

< 2p =Dl tas) / (@) [Pe(x)? dpa (o / |e(2)" (2) [Py (=
P€2

So, one gets (1) by taking a sufficiently small € and (2) follows from (1).
Step 2: 1 <p < 2.
We have only to estimate

/0 (a1 (1 = ) — a2) P2 (a) () dper ().

(251
aitaz

Set v 1= and consider £ < min(y,1 — v). Then

/O [(a1(1 = 2) = a2a) [ |p(w) P e()dpra ()
B /0%5 (1 (1 = ) — a2) "~ o) "c(@)" Pe(2) '~ 2 dpa ()
+ / [(on (1 = @) — aa) "~ p(a) |"e(2)" e(w) ™" 2 dpn ()
y+e
vte

(a1 (1 = 2) — a2) [P (x) " c(x)dpua (2)

/ o ()["e(@)" 2 dps (@ )/ E|(041(1—fc) — ) "o () P e(z)dp ().
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Using the Sobolev embedding WP (y —¢,v 4+ &) < L*®(y — ¢,y + €) we get
vte 9
[ a1 = 2) = ax)P (o) Pe(e)din (o)
-

—€

vte
<y / l(er (1 — ) — a2) P~ p() P do
"/*5

lxe—v|<e —e

p
< Cs( sup Iw(f)>
|z—v|<e

Y+e Yte
<y ( [ et [ Iw'(w)l”dfﬁ)
y—e y—¢e

<o ( / @) Pl () + / B \d(z)#’a(z)pdm(ﬂc))

P ryte
SCQ( sup Iw(x)> / [(ar (1 = @) — aa) [P da

<c ( / ;Iso(w)IPC(w)”/Zdul(w) + / 1 s;'(w)IPC(w)pdul(fv)) ,

since the functions c(:)™! and @ + z'~*1(1 — z)'~*2 are bounded on [y — &,7 + €]. Thus,
there is a constant M > 0 such that

/0 (@11 = 2) = )" (@) Pe(@)dp (@) < M (IIVeglly, g,y + 6 [0g,,) - B

Now, (1) for the case 1 < p < 2 follows from the estimate of |I2| and (3). QED

As a consequence we obtain a first characterization of the domain of the realization L, of
L in LP(u1).

Proposition 1. For 1 < p < oo the realization L, of L in LP(u1) is the closure of the
differential operator L defined in W2P (u1).

Proor. It is known that L, is the closure of L defined on C?([0,1]) (see [1, Theorem
4.3]). So, let ¢ € W2P(u1) and (pn) C C?([0,1]) converges to ¢ in the norm of W2 (u1).
Then ¢, € D(L,) and using (2) one obtains that Ly¢, = Ly, converges to L. Since Ly is
closed, it follows that ¢ € D(L;) and Lyp = L.

Our purpose is now to prove that the operator L with domain W2? (1) is closed in LP ().
We start with the following lemma.

Lemma 2. If p € D(L,) and 1 < p < oo then ¢ € WP (u1) and the following holds
1ol oy < MULoll iy + 190 20 es) (1)
for some constant M > 0.
PROOF. Take ¢ € C?([0,1]) and set f := ¢ — Ly and 9 := ¢’. Then,
F@) = ely) = -y =)' (y) — (a(1 —y) — a2y)d(y), y€[0,1].
Integrating we get (assuming for simplicity 81 = 1)
1

(1 —a)* () = / (f(y) = e(y))dp (y) (5)

x
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and
21(1 — 2)*29(z) = — / (FW) — o))dp (v)- (6)

Setting v(z) ==z = (1—-x) 2= Y(z) and g(x) ==z = (1—=) 2 (f(z) —¢(x)), we obtain,
by (5) and (6) respectively,

ag—1

w)\/C(T"):/zlg(y) 1 G_Di Cl(m)dy (7
and 1
x)\/@=*/;g(y) (%)Q%1 (i:z)i Cl(x)dy, ®)

where % + i = 1. Applying first (7) and Hoélder’s inequality we deduce
1| p1 ap—1 . 2271 P
/\\/ @Pas= [ | [ s (L) 7 (15Y) 7 A=dy| do
L 1L WG [y )
p—1

S o) ([ @ (1))

<M, / / mmwpdydm

1
=M1/ l9(y (/ %dw>dy<M/ lg()I” dy,
%
since

(A Q%%%%%f(i:z)“”%dy:x%ﬂ”vqiigé (1= t(1 — 2)) 2 Tar < M,

for any z € [3,1].
Now, using (8) and by the same arguments we have

/h/ PM<M/ [P dy.
0

Therefore,
IVeR 1y < MIUS =@l nay) -

So, by Proposition 1, the above estimate holds for any ¢ € D(L,) and this ends the proof of
the lemma.

The first main result of this section is the following characterization of the domain of the
operator L, in dimension one.

Theorem 1. The operator L, defined by
Lop = o(1 = 2)¢" + (a1 (1 — ) — azz)¢’

with domain
D(Ly) = W2 (1)

generates an analytic Co-semigroup on LP(u1) for all 1 < p < oo.



Domain of a Fleming-Viot operator on L” () 145

PROOF. By (2) we know that
HLP‘PHLP(M) < My H‘P”vap(m) :
Hence it suffices to prove
H‘PHW? Py = < My( ||LP<P||LP(M) + ||‘PHLP(H1)) (9)

To this purpose let us recall the first step of the proof of Lemma 1. For ¢ € C?([0,1]) we have
1
/ etz ()" (@) [Pdpir () = (p — 1) (1 + @2) [y — pl,
0
where
€ar,a0 (@) = a1(1 — 2) — sz, z €10,1],

1= / a0 @596y, (@) () Pe(a)das () and

I = / oo @507 (€ay 0a (@) (@) ¢ (@) (@) P cla)dus (2)
-/ s an (00 @) s (€anrns (006 () L) s ()
/ s (006 @I i (2).

Thus,

(1- / €0z (@) (@) dpis ()
(a1 + ag)1—
/ €ar.az (@) @) sign (€ s (210 (2)) Liio() s ().
So, using Holder’s and Young’s inequality we deduce that
Hgal’%@ HLP(M) <(a1 + az) ||§°‘170‘250 HLP(M) ”\/E@lHip(m)

+ Ifl ||£a1,a2§0 HLP(M1> H P‘pHLPWI)

for 2 < p < co. Therefore,

Hgm,azﬁﬁluip(m) < (o +a2) H\/E@/Hip(m) + % H&‘l")@@/HLP (1) HLPL‘DHLP(M)
< (@1 +2) V9 I+ 502 N ian? oy + gy Il

for 2 < p < oo and any € > 0. Hence, using Lemma 2 and taking e sufficiently small we obtain

(9) for 2 < p < 0.
Let us now consider the case 1 < p < 2.
ap—1 ag—1

Tilfiso € 02a(2[9,11]) and set f := ¢ — Ly, v(z) ==z~ 7 (1—=x) 7 ¢'(z) and g(z) =
z » (1—z) 7 (f(z)—e(x)). Using (7) and (8) we get

@ = [0 (D) ()T (22w

T
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and

o

@) =~ [ o) (2) 7 (124 o (-2 )a ay

By the same arguments as in the proof of Lemma 2 we have, applying (10) and Holder’s
inequality

p—1

Ig(y)pdy>-

-1
ap—1 1— ag—1 P
O (=) W) -
p—1
lg(y)[” dy dx

g a2

a1 (6]

Yo e

p—1 1
dr | dy < M Pd
o z> vt [ ol

since 2 —p > 0 and

/

a1 Q2

az—1
ar _ y)”‘“l L-y\™
T 1—x (x (l—w Y
ai(l —x)
x

11—«
=g M — Qg

1
/ 1 —t(1—z)* "2 dt < My
0

for any x € [%,1]. We repeat the same argument and use (11), we obtain
2

/ ? s (@0 (@) dz < M / * o) dy.
(0] [0}

Thus,
||€0é1;0¢2(pl”Lp( <M HL@HLP(;”) ‘

K1) —

This and Lemma 2 imply (9). QED

We now treat the N-dimensional case. To this purpose let us denote by C' the diagonal
matrix

C(z) = diag(c(z1),...,c(zn)), == (21,...,2n5) € [0,1]",
and consider the N-dimensional weighted Sobolev spaces

N
WEP () == (\WeP (), k=12,

=1
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endowed respectively with the norm

N
18, 1y = 100y + 22 IVEDeI 20
=1

N
P — P D.oll?
oIS 2.0 0y 3= 1000, + 2_:1 lleiDispll? 5,y
where ¢;(z) := z;(1 — x;) and LP(u) := LP([0, 1]V, u(dz)).

We come now to the main result of this paper.

Theorem 2. Let 1 < p < co. Then the realization L, of L in LP (i) with domain W& (1)
generates a Co-semigroup of contractions which is positive and analytic.

PrROOF. By Theorem 1 we know that the operator L;i) = (L“),W,i’p(u)) generates a
positive Co-semigroup of contractions on LP(u) which is analytic. Thanks to the transference
principle [4, Section 4] (see [3, Theorem 5.8]) the operator I — L' admits bounded imaginary
powers on LP(u) with power angle

H(L(i)) = lim i log H(I - L;i))is

P |s|—oc0 |S‘

<T
=3

Moreover, Lgi) is self adjoint on L?(u) and thus has power angle 0 on L?(u). So, by the
Riesz-Thorin interpolation theorem, we get

Therefore one can apply the Dore-Venni theorem [7] in the version of [12, Corollary 4], since the
resolvents of L;,l) commute. Thus, L,(,1> +.. .+L§)N) is closed on the intersection of D(Lgf)), 1<
i < N. Hence, D(L,) = WZ" () and the theorem is proved. QED
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